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Chapter 6 



AdQITION. AN3i> SUBTRACTION OF RATIONAL NUMBERS 



• PURPOSE OP THE UNIT 



The purposes of the unit are t^hese: 

'l. To increase understandfflg of the meaning of ratl~onal 
numbers and their use as measure's of regi'&ns, segments, ^ndt* , 
s,ubseta of a set. 

2. To develop understanding of fraction and decimal' ^ 
notation for rational numbers; to develap facility in renaming 
rational ntimb^rs, by f ration and decimal numerals; to make use 
of cpmplete factorizations of counting numbers for this purpose. 

3. To develop, understanding of. the operations of addition 
and subtraction of rational numbers and of their properties. 

,4. To compute .sums arKTTddends using fraction and decimal 
numerals': to solve RggJ&j^s requiring the use of the operations 
of addition and subtraction. 

5-/ To encourage pupils , to discover relations and 
procedures for themselves. 
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MATHmTICAL BACKGROUND 

Introdi[ictlon , ' ' ' ^ , 

In the study of ma-thematic s in the elementary school, a 
child iBarns to use several sets of nmbers. ThS first of these 
is the set of counting numbers,. 1, 2, 3, 4, . . . *The sepond , 
'is the set'of'whole numoers,- 0, 1, 2, 3, ^, ... . The child 
also may have learned certain p^roper.ties of whole numbers. 

During the primary, and middle grades the^idea of "number" 
is''enlarge(3, so that by the end of the sixth grade the child 
recogoizek each of the following a§ a nsime for a number: 

'3-, |, 3.6, 2i, 8, ' 0; |, |, .01 , 

*In tra^tional language, we might say *t):iat when th^ chilc[^||ll 

completed.'^he first six years Of school Mathematics he k^ows 
about "the whole numbers, fractions, decimals, and mixed numbers. 
This language is primarily numeral language. It obscures the 
fact that a single number can have -names of maay kinds. "Frac- 
tions, decimals, and mixed numbers" are kinds of number nam^s 
rather than different kinds of numbers. • Whether we make a pj,ece 
'of ribbon 1^ in. long, or 1.5. in.* long, or ^ in', long makes 

no difference — our ribbon is •the eame whatever our choice d'f 

1 3 

numeral* . That is, 1^, 1.5, ^ are all names for the same* 
number . This number is a member of a set of numbers sometimes 
called the rion-negative numl>ers or the rational numbeirs of 
arithmetic. For- our purposes here, we shall call them the 
r^^onal 'numbers, r^ealizfng that, they are only a subset of the 
set of all rational numbers,. It also should be realized that 
within the set of rational numb'ers is a s^t which corresponds to 
the set of whole niiriberS. For example, ^0, 3, 7 are all 
rational numbers that ^are also whole numbers. ^, and .2 
are ratilonal yiu^ibers that are not whole numbers. 
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First. Ideas About Rational Numbers 

Children develop early Ideas about rational numbers by 
working with reglons--rectangular regions, circular regions, 
triangular* regions, etc.. In Figures A, B, and C, rectangular 
peglons have been used. *For any type of region we muSt first 
identify the unit region.-. In Figures A, B,"and C, the'unlt 
region Is, a square region. 

In Figures A and we see that: . ' . 

(l) The unit region has been separated into a number 
of cbngrue«t reglojis. 
' <. (2) Some of the regions have been shaded. 

(a) Udlng regions. Let us see how children use regions to 

develop tnelr first ideas of rational numbers. jThe child learns 

' ' '12^' 
in simple oases to associate a "number like ^ pr with a 

'shaded portion of the figure. (Rational n^bers carl also be 
asBpciated with the unshaded portions.) • * • * 

Using two Or more congruent regions (Fig.-C), he can sepa- 
rate each into the same number of congruent parts and shade some 
of the parts. Again, )\e can associate ^a number with the resulting 
shaded region. 



FiQ. 

A 



Fig. 
B 



Fig. 

C 



t m i m ttt m 



i. 
2 



The v^nit square 
Xfi separated into 
2^ I coxigru^ht re- ^ 
glona. 1 is 
shaded. 

! • 1 



The unit square 
is separ^te'd -^nto 
2 (songruent^ re- 
gions. ' 2 are 
shaded. ' * 



Each unit square 
is separated into 
*^ co/igruent re- 
gions. 3^ are 
shaded. Ve, have 
^ of »a un-lt square . 



•At this point, the ohlld is only at the beginning of hiB * 
concept of rational -numbers. ^ However, let us note What we are 
dblng *when we. intr*oduce, for exam^e ' |-. We separate the (\inlt) 
region into 3 congruent parts'. *' Then we shade " 2 of these 
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parts. Similarly, -in ^, we separate each ( unit ) region intd 2 

con^sf^efit regions', and sh^ade 3 parts. In using regions to 

3 

represent a number like ^, we must emphasize the fact that we 
3 ^ — — ^ 

are thinking of ^ of a unit regioja, as in Pig. C. . . 

(b') Using the number line . The 'steps used with regions can 
be carried' out on the number^ line. It is easy 'to see that this 
is a very practical 1*iirig to do. iT we- have a ruler marked only ' 
in incho^s, we cannot^ make certain t^es of useful measurements. 
We :need t'o have points between the unit internals, and we would . 
like to have numbers associated with tjiese points, ^ 

The way we locate new points on the ruler parallels the 
procedure we- followed with regions. We mark off each unit seg- 
ment into congruent" par^. . We count off these parts. Thus, in 
order to locate the point corresponding 'to we must mark off 
the unit segment ±b 3 congruent parts. We then count off 2 - 
of them. (Figi D) If we have separated each unit in]berval in 
2^ congruent part^ and counted off 3 .of them, we have located 
the point which we would associate Kith |-. (Pig-. E) 



2 Ports I 

:: A;- 



3 Ports 



^ I .20 'I . 2 
• • 0- — • ^ • ^^-N, — • — > 

^ » i ' ^ 

5 , 2 



Fig. D ^ ' Fig. E 



Once, we have this construction in mind, we see that all 

3 5 2 1 4 11 
such numbers as -jj-, g-, -j^, j, ^, can be associated with 

• particular points on the number line.* .To locate for 

example, we mark the unit a^ginents into 8 congruent'y6egments. 



9- 



(I Segments !] 

_I 5 




V 



: — r 

8 Ports 8 Ports 

Pig. P 
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(c) Numerals f ot pairs of numfiers , 'Suppose that we con- 
sider -a pair of counting numbers such as 11 and 8 where 11 
is *^the 'first, number and' 8 is the second number. We can^make a 
symbol, writing the\name of the first number of the pair above 
the" line and that' of the second below. Thus for the pair of 
numbers^, 11 and, *8, oul* symbol would bfe 
of 8 



11 



If we had thought 
as the first number of the pair and 11 as the second, 



we would have said .the pair and 11, arid the symbol would 
8 ' ^ • ' 



For the numbers . 3 



and 4, 



the symbol would be 
3, tne symbol would be 



hdve been 
3 

-jr. For the numbens^^^^^ and o, tne srymooj. wouia ^» 

With the symbol^escribed in the pr^eding paragraph, we 

can 'associate a point Ion the r^umber line. The second number 

^tells intc^ how many cc^ngruent segments to separate each unit 

segment/ The fir.st number tells how many segments to count off. 

We alj3o can associate each of our symbols with a shaded . 

region as^ in ?ig. A, B, and - t. ' Ttie second number tells us in^o 

how many congruent parts we must "separate each unit region. IVie 

first number tells us how many of these parts t(p shade. 

■ For young children, regions are easier to see and' to work 

with than segments. However, the number line has one strong 

3 

advamtage. For Example, we associate a number as* -g-, .with 
exactly one point on the number line. The number line also g3,ve 

and ^. 



A region 



am unambiguous picture for numbers like ^ 

' corresponding to ^ is less* precisely defined in that regions 

' with the same measure^ need not be identical or even congruent. 

3 

In Fig. G, we can see tha,t each shaded region is -jr of a 

- - 3 

Recognizing that both shaded regions have sq. 



\init square, 
xinits is indeed one part of the area concept.' 











iijiijjH 
jjjjjjiji 












Umt square 
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When we match* numbers with points on the number line, y/e 
work with segments that begin at 0. For this reason, though the 
njomber line is less intuitive at early stages li is well to use 
it as soon as possible. ^ 

< Meaning of Rat^nal N\gnber 

T^ie diagrams Pig. H, (a), (b), (c), show a number line on 

which we have located points corrt^sponding to ^, ^, etc. 

and a number line on 'wj^lcn we have located points ::crrespondin£ 

TT^ Also sho-rtTi, is a. ,.numb*er line wl:;n ^, 'p-, 

etc. As we look at these lines, see that it seer.s ver%"' 

natural to rhinx of S as c-ei-^^ associated- witn tne C ::oint.' 

We are really, so ::o speax, co-anting off C segments.' Simi- 

0 C 

larly, it seems natural to locate — and rr ±s indicated. 



i t ) 4 ft 

T . r I 7 2 



I I - I 4 9 « 7 I 



3 4$^t 7 I t^oiiaa^sw 
• sililf iillifl 



0 \ I ' % 

. i i i 1 * * * 

^ * 7 4 T 4 4 4 



0 » 2,3 .4 5 1*7 I * WM l| 

• iiTitittfiF I 



(b) 



(c) 



(d) 



Now let us put our diagrams (a), (b), (c) together. *Ln > 
other words, let us carry out on a single line (d) the process 
for locating all the points. 

When we do 'this, we see that ^, and g are all 

associated with the same- point . In the same way, ^ and g 
are associated with the same point. 
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Now we are ready to explain more precisely what we mean by 
fraction and by^ rational number. Let us agree to call the 
symbols we- havB been using fractions . A fraction, then, is a 

-symbol associated, with a pair of numbers. , The first number of 
the pair is called the numerator "^d the second number is called' 

*the denominator. So Car, we' have used only those fractions in 

which the numerator pf th^ number pair is a whole number 

(0, 1/2, ... ), and the denominator is a counting number * 

(1, 2, 3', ... ). , 

Each fraction can be used to locate a point on the number 
line. To each point located by a fraction there corresponds a 

ratio nal number . Thus, a fraction names the rational number. . 
■ «— — — ^ _ 

Per example, if we are told the 'fraction j^f '^^ locate a 
point that corresponds to it on the number line. is the 

name of the rational manber associated with this point. This 
point, however; can also be located by means of other fract;ions, 
such as ^ and Thus, ^ and ^ also are names for the 

rational number named by ^ since they are associated with the 
same point. Rational numbers, then, are named by fractions of 
the type "have been discussing. To each point on the ny^nber 
line that 'can be located by a fraction^, there corresponds a non- 
negative rational number. 

A very unusual child might wonder whether every point on 
the number line can be located by a fraction of the kind we have 
described. We must answer "No". There are numbers—ir being 
one of them and being another--that have no fraction names 

of the^ort we have described. Introducing such irrational 
numberilis deferred until the seventh and eighth grades. 

The Whole Numbers Rational Numbers 

Our pattern for matching fra^ctions with points on the number 
line can be used with these fractions: j, j, p j, etc. - 



^ ^ r ^ 1 • r 

T T T T 

t 3 < • 5 i 



3 ■ • » 

3 3 9 

Pis. I 

ii6l 
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On the number line we see (Pig. I) that we matched p |-, 
^ with the same point. We note that this point is also matched 
with the counting' number 1. Thus, to the same point corresponds 
* (1) the counting number 1 

(2) the rational number named by p 
It seems that it would be a convenience to use the symbol 1 as 
still another name -for the rational number named by j, ^, etc. 
This would allow us to write 1 = |-, for example. In the same 
way, we would think of 5 as another name for the number named 
by 'J, ^, etc. * ^ 

We 'need at this- point to be a little careful in thinking 
There is nothing illogical about lasing any symbol we like as a 
nxMeral. A problem does arise, however, when a single symbol 
'has two meanings, because then we are in obvious danger that^ 
. inconsistencies may result. For exairple, when we think of 2, 
3, and 6 as counting numbers we are accustomed to writing 
2x3=6, We will eventually define the product of two rational 
nvimbers, and we would be in serious trouble if the product of the 
rational numbers ^named- by 2 and 3 were anything but the 
• rational number named by ^ 6, 

However, using 0, 1, 2, 3, etc., as names for rational 

nvmibers never leads us into any inconsistency. For all the 

purposes of ari*thmetio — that is, for finding sums, products, 

etc., and for comparing sizes, we get names for whole numbers or 

names for rational numbers. In more sophisticated mathematical 

terms, we can say that the> set of rational numbers contains a 

0 1 2 

,subs^et — those named by i> i> - — isomorphic to the set 

of whole numbers, that is p p etc. behave Just like whole 
"^umbers, 0, 1, etc. 

' It wotild be overambitious to attempt to formulate the idea 

of' isomorphism precisely in our teaching. It is sufficient for 
e 6ur purposes to regard 0, 1, 2, etc., as nameb for rational 

numbers. It is appropriate to note, however, in connection with 

operations on rationals, that where the operations are applied 
1 2 

to numbers like p j ^^^Y lead to results ali^eady known from 
experience with whole numbers. 
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.Identifying Fractions That . Name T?ie Same Rational Number ♦ 
• When -we write .| = |, we are saying* "| and | ar^-namfes 
I'op the seme number*" _ - . ' 

■ (a) ^sln^ physical jnodfels,. ■ The truth of . the sentence 
-l^ c^ be' discovered by concrete experien«;^e . In Fig. J, for 
.l^ple, we have first separated our un'lt region into two ^on- 
■ gruenf region^. We have then separated each of -these parts 
■further into. 3 congruent regions as shovfh' in the second drawing 
The second unit square is thus separated into 2 x 3, or 6 



1 part In the first .drawing is equivalent to 

V/e thus "recognize 



•parts . Shading 

shading 1 x'S, or^ 3. parts in • the. sep'ond 
1^1x3 



that 



2x3- 



Shading J and | ^ of a region. 



Fig. J 



Again, our analysis of regions follows a pattern that can 
be applied on the number line. Let us consider ^ 



I 

1 



Fig. K 

In locating \ on' the number line, (Pig. K) we separate the 
unit interval into 2 congruent segments. In locatl-ng ^, |e 
separate it into 8 congr^nt segments. ^We can do this by 
first separating into 2 ^rts and then separating each of 
these 2 segments into 4 ' segments. This process yields 
(2x4) congruent segments. Taking 1 of 2 congruent parts 
thus leads 'to the same point as taking 4 of 8' congruent 
parts: , 

1 



1 

2 



2 x 



X 4 
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In other words, when we multiply the numerator and denomi-' 
nator of ^ by the same counting number, we can" visualize the 
result using the number line. We have subdivided our | inter- 
val's into a number of congruent parts^. 

.After many such experiences, children should be able to 
make a picture to explain this type of relationship. For Example, 
region and number line pictures for | = 3x2^ are shown in/ 
Pig., L. ' ^ X ^ ~ 



::}: 



\ 



^1^ 

Fig. L 



Each I* part (region or interval) is subdivided into 2 "'. con- 
gruent parts; hence I- = ^ ' 

(b) Using numerators and denomlnafors . In a discussion 
about two fractions naming the same 'number, it may appear 
startling to emphasize mxgtiplyihg numerator and denominator , 
by the same counting number. We usually thl^ about finding 
the sln?)le.st fraction name if we can. We think', then, ^ = -. 
But,^of course "=" means "names the same numberv " Seeing 
5- = Ij, we can think, ^ ='|., apd this will be particularly easy 
if the "names the same number" idea has been emphasized 
adequately. . ^ 

Another familiar idea also is contained in what has been 
said. Wa often think about d ivldi np; numerator and denominator 
by the same counting number, h'or example, we think- • 

6 6-^2 3 

■ nils Is easy to translate into a multiplicative statement, sinfce 
mill tipllqiat ion and divisio'n are inverse operations: 6-^2 = 3 
means 3 x 2.= 6. ' , 
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{q)^ tJslng factoring > 'ttie ^idea that multiplying the numera- 
tor ,anci denominator of a fraction by a counting number gives a 
new^fraction that names the same number as the original fractio'n 

♦ Is Bfi idea very well suited to the discussion in the unit on 

factoring, •"To find a simpler name for we write: 

I- ' ^ . * ' 

12 2x2x3 2x2 _ 4 

• . ' ' l5'" 5x3, - ^~5~ 5 

, Suppose* .we are thinking ab9ut two fractions. How will we '* . ^ 
decide whether or Jjot they'nsime the same number? There^ are two 
posslbiiitiies, 

1 2 * 

*^ Rule (1), It may- be that for such fractions as ^ and -yj-, 

one ffactioa is obtained by mxiltiplying the numerator and deriomi- . 

nator of the other by a counting number. In ot^her words, it may 

be that we can picture the fractions as -was Just done, 'Since 

^ | > \^^ y ar^^ 5" belong to the same set — thus name the 

same niimber. ' * 

Rule (2), It may be that, we cannot use Rul^ 1 directly/ 

ifer example, |- and cannot be^ompared direxjtly by RvQe 1. 

However, we can use. Rule 1 to see that t = i K 5"^ 

p 3 ^ c ^ c 

in this. way, we see that # and j- name the same number. 

Notice that in comparing ^ and ^, we might have used 

Rule 1 and 2 in a diTfprent way. We might havfe recognized 

that: . ' . 

2 2x3 -_6. • ■ 3 3x2 -6 / v 

T\ = 4x3 = 12 . . ana ^-^^ - ^g. ) 

or we might have said: 

2 2 X ,6 -12 3 3 X n 12 , 

/ 2 3 

In the latter exan^le, we have renamed j and ^ using frac- 
tions with denominator 4x6. Of course, we recognize that 
4 x^ 6-= 6 X 4. '(Colhmut^tive Property) 

' ' In" our example, w^ sde that ?4 ^ is a common denominator 
for • ^ and ^, though it is not the least common denominator . ^ : 
Nevertheress, one ^common den^iaator- f or two fractions J.s. always 
the product of the two denominators,* 
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(d') A special tggt . Let us now consider a special test 
for two fractions €hat *name .the same rational number. In our 
last exanQ)le used 6 x4 as the common denominator, for^ |- , 
• amd 5-, Thus we had . " ' ' ^ 

2 • 2x6 . 3 3 

. T = TITB . ' ^ = Fir^' ... ' 

We_ could say: It is true that ^ ^ ^> because the tv/o resulting 
numerators — 2 x 6 ^and 3 x ^--are equal, and the denofninators • 
are eqiial. 

In other ^^oixis, to test whether ^ = p it is on^y 

^necessary- - once yoij^ ' have understood the reasonin£--to test 

whether'" 2x6=3x4. ' AM thiS last number sentence is true*! 

In the-^ame way, we .can test-whether ^ = ^^V testing 

whether 9 x 4o = 8 x 15/ They do! When we do this, we are- 

thinking: / ^ * 

' 9 _ 9 X 40 ' ^ • .r 24" 24vX 15 

^ ' . " 15 X 46 To = 4a X 1$ 

• • This is an example of what Is sometimes called "cross ' 
product n£Le.*' It i^ very useful in solving proportions. (Some- 
times it is 'stated: The product of the means equals the product 
of the extremes.) * 

The rule 'states:. To test whether two fractions ^ and ^ 
' , name the siaipe number, we need only test whe'ther a x^ =/b x c. 

* That is, ' ' * ' " ^ 

^ This rtile. is important for later applicatX?JK^^J^ mathematics 

s^uch aa similar triangles. In advanced text« on algebi>^, it is 
•flometimes used as a' way of defdning rational numbers. 'Hiat is, 
^ an advahceJT text migtjt. say: '*A ^tional number Is a set of 

symbols like |-, |, g-, . \ . ] . Two symbols,, | and ^, 

be^long to the same set if a x d = b x c," 
V ' V/hat vie hatve done amounts to the same t)n0ti(^, but is' 

, developed more intuitively. For teaching^urpof^s, the "multiply 
» niomerator and denominator by the same counting nlunj^er" idea 
conveyed by Jhile 1 can^e- visualized more easily than can the 
^'cro^s product]^ rule. ^ * . ^ 
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It would cerj;;ainly not be our intention tp insist that 
'children leaim 'Rules 1 and 2 formally, >^ov/ever, these rules 
sunimarize an experience that is appropriate for children,. JVe 
can form a chain of fractions that name the same number, ^ 

Each 'fraction is formed by multiplying the oumera'tor and 
denominator of the preceding one by . 2, We can visualize this 

as subdividing repeatedly a segment or a region, (Rule*^ 1). 

' 1 3 "9 

We can form a seQond chain beginning with ^ = ^ = -j^ . . . 

.We .can then understaCn^ that it is possible to pick out any 

nvmieral from one chain and* equate it; with any 'numelrsl from the 

other,, which is Just what Rule 2 says. » 

Meaning of Rational Number - S^lmmary 

Let, us summarize how far we have progressed in dur devel- 
opment of the rrational nxambe^s. ^ ^ ^ 

(1) We regard a syml;ol like one of the f ollowljig'' as 
naming a rational niimber: ^ 

3 0 -7 4 6 , 5 

' (2) We know tiaw, tow assoc i'ate each such symbo-1 with^a 

point on the, number line.' 4> =. y'^ ' ' 

(3) V/e know that the same rational number ma^ have man^ 

6 3 «^ ^ * ^ ^ 

names that are fractions. Thus,, ^ and ^ a^^e fraxiitioG names 

for the ssune number. ' ^ 

(^0 We know that when v/e hs^ve a rational numbep^ named by 
a 'fraction, v/e can multiply the numerator and denominator of 
^he fraction by the same counting number to obtain a^ new' frac- 
tion name for the same ratiojnal number. • j 

(5) We knCw that in comparing two rational numb^;rs it is 

usef\il to use fraction names that have the same-.denofni^nators. 

We yiow, too, that for any two rational numbers, we can' always 

find fracftion names of this sort, - ^ 

Thus far we have not stressed what is often called, in 

6 

traditional^ language , "reducing fractions." to "reduce" g, 
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for excimple, is simply to nante^ it with the name using the 
small^est possible numbers for the numerator and the denominator. 
Since 2 is a factor both of 6 . ahd 8, we see that > ' ' 

6 _ 3 X ^ 3 
B - k X ^ '~ T 

We have app^ed our general idea that "multiplying numerator ^nd 
denominatcir by the same counting qumber" >gives a new name for 
the same ntunber. We can call ^ the smplest name for the 
rational number it'^ames. 

^ 'We would say that we have* found, in x-/ the simplest name 
ror the rational number named by g-, Ihis is more precise than 
saying v/e have "reduced" ct, since we have not made the rational 
number named by* gr any smaller. V/e have used another pair of 
numbers 'to'' rename it. , 

(p6) Wfi know, alsQ, that 2 and ^ name the same number. 
We tfius regard the set, of whdle numbers as a subset of the set 

.of rational numbers. Any number in this subset has'a fraction 

0 12 

name with 'denominated 1, - (j, p - etc, belong* to this 
subset 0 2 i'^ a nai^e for a rational number which is a whole 
number, 2 is not a .fraction name for this '.numbqr, but the ^ 
number has fracJtion names y> 2' ' ^ 

At this point, it\ seems reasonable to' use "number" for 
rational numbers wher^Athe meaning is clear. We may ask Cox*, 
the nimiber ofl inches or^ measure of a sticky or th'e number of 

hours in a school day.^C 

\ 2 ' ' ^ 

Vj) We can agree to speak of the number ^, to avoid the ^ 

\ 2 — t o . * 

wordiness of "number hamAd by t^. " Thus, we mi^t say that the 

2 \ 1 

number ^ is greater than the number ^ (^as we can verify 

easily on the number line)\ This, would be preferable to saying 

that "the fraction ^ i^ ^^eater than the fraction ^, " because 

we do nqt mean that one jia^^ is greater than another. 

• (8) • \ev'3)T6uld, not say thai^ 3 is the denominator of the ^ 

number ^, because the sa^e number^a:^ other names (like ^) 

with different denominators. 3* is rather the denominator of 

2 . * 

the fraction -^r. • ' . 
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(9) We have seen that the idea of ' rational number 'is 

reliant both to regions and Tine segments. * Vie .will se# s|ftn 

'how^lt relates to certain problems involving sets. 

Now we might i;itroduc^ some decimals. The numeral, .1, 
1 • 1 ^ 

for example, is another name for ^q. However, we can explain 

a numeral riJ<:e more easily wKej^ we have developed the 

idea, of adding rational numbers. , ^ ^ 



Operations on Rational Number's- 



i Now let us consider the operations of arithmetic for , ^ 
rational numbers. For each, oup treatment w'ill -be'based'on 
three considerations: 

(1) The idea of rational number grows out of ideas about 
regions and the number line. Similarly," each opei^ation on o 
i:ational members can be "visualized" in ^erms of regions or the 
number line « . Indeed, this is how peo]ple originally, formed the 
ideas— of sum, product, etc. of rational numbers. ^ Each operation 
was* introduceid to Tit a useful physical -situation and not as a 
way of supplying problems foir arithmetjoe textbooks. 

(2) We recall that some rational numbers are whole numbers . 
So,fwe wai* oux; rul^^^f operation to be consistent with what we 
already know about whole numbers. 

(3) We^must remember that the ^ame rational number has many 
names > We will l?ant to be sure that the result of an operation 

dn twp. numbers 'does not depend on the special names .we choose for 

* 11^ 
them. For example, we want the sum of ^ and -jt, to be the same 

2 2 " ' * « 

number as the sum 'of -jj- and • « . 

..^^ Hiese three ideas will guide us in defining the operations . 

*of addition, subtractioifi, multiplication, and division of 

rat^^nai numbers. ^ 

Addition and Subtraction 

As» an illustrat\Lon of addition, we might think of a road 
by v^ich 0tand a house, a school and a store, as shown in Fig. M. 
If ;it is ^ mile from the house to the school, and ^ mile 
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from the achool t^the 'Store, then<we can 

see that the distange from the house to ho uf tchod tt ort^ 

the store ±s'^ mile. ^ ^I'-aJ 

P2?om *sueh examples we can see the / * 

utility of defining addition of rational numbers by using the 

* ' 2 ^ 

number line. To find the sum of ^ and' -r we would pfoceed a 

* • 5 ^ 

in Figure N. ^ - 



2 



tJsing a niler, we can locate th^ point on the number line 
corresponding to the suhi gf ^ny two rational numbers* For 

example, with appropriate rulers, a* child can locate the point , 

k 3 ' ' 

^that corY^esponds to.t^e.sum Qf ^ and ^. But a chilcj v;ould 

also like .to know that the point for the sum locatec;! with a* 

ruler JLs one for which* he can find a fraction name^-a fraction 

that names a rational number. Of course, one name for Va^ sum 

of ^ and is ^ + g"^ t>ut whag" i^ the single fraction that 

names ^this number? - Also, he is interested in knowing whe^er 

or not the set of rational numbers is crlosed under addit:^'n, . 

since, he knows th'at this is true for the whole numbers. 

• 2 
Using the number line, it is evident that, the sum of 

ajpd ^ isV This suggests a way to fi^d the sum of two 

rational numbers that are named by fractions with the same ^ 

denominator. For such rr.actions,^e simply add the numerators: 

Thus, ^ + g" = "^^-g — ' = '^^3 definition matchTes the idea of 

♦joining two line segments. 

But we are not 'finished! For suppose tf^at we v/ant add 

^ and We know that there are many other names* for the num 

ber named by ^. .Some are: 

" , ' '■ 6 - 8 
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Likewise, there are many ''names for the number named by 
"include: 



They 



' 2 



:.3 
17' 



In-order 'to find t^e siam*of these two rational numbers' we simply 
look for a pair of nam^s with the same denominator — that is, 
Vlth a common denominator. * Having found Ithem, we apply our 
s.lmples^process of. adding numerators* * / 7 

/ Thus we can write a fraction nsune for the sum of *twd 

if 

)rationaf^ numbers if we can' write fraction aames with the same 
^denominators ,for the numbers* 'Riis we can always do, fbr to 
* find the common de'nominator of two fractions, we need only to 
find the product of their denominators. 

'ttils provides 'a ^ood argument aa to why 

11 ■ 



2^1 
!5' + ¥ 



It is clear that 



If the idea that the same 



8 3 11 
T5" 12 = T?- 

number has many names malces any sense at all, it must be true 
that ' ' , » 

2 18 3 

Suppose ihat in our example we had used a diff e'rent " common 
denominator, as 2^. Would we get a different result'' We see 
that we would not for: , 



2 
1 



2x8 
TITS 



1 1x6 



2 . ^ 

and 



22 
?¥ 



16 . 

' 6 
2? 

22 

11 
1?" 



ti'^e needs be said here about subtraction. Uslng"the 

3 2 

number linq we can visualize ^'"3" Figure 0. 
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3 2 

TJhus we can define tt ~ t as the number n such that ' 
'2 3 4^'^^ • ' - 

^ + n = Again, skillfully dhosen hames *lead at once to the- 

solution: . ' . ' 



8 

1? 



^ ^ = ^ 



1 

^ 1?^ 



Properties of Addition for Rational Numbers 

Our rule for adding rational numbers haa some by-products 
worth noting. 

We can see, for one thing ,^ that addition of rational num 

bers is commutative . CXir number line diagram illustrates this 

12 '21 
Ifi Pig. P we see the diagram for ^ + p- and for ^ 4/ 



0 

J 



1<— 1 H i+i 



0 



way. 



r- ^1 >H-7— H i + l 

Fig . P 

The commutative pjroper)ty also can be explained in another 
1 .2 1 4^ 2- , 2^1 241 -'C - 



' ' > * 1 ^ 2 2 1 r ' * 

We know th^t* 1 + 2 = 2 + 1, so we see that-'^^+ 5 = 5 *^ ^ 
general, to add rational^umbers named by frac.tions with the same 
denominator we simply add numerators.' Adding numerators involves 
adding whole numbers. We know that addition of whole numbers is 
commutative. This leads us to conclude that addition of rational 
numbers is. also commutative. 

*We can use this type of discussion or the number line 
diagram to see th^t addition of rational numbers is also 'asso- 
ciative . ' ^ , ' 

' Here is another- interesting property of addition of rational 
numbers. We recall th&t p ^, etc. are all names for 0. 

OJiug 0 + |-=^+^ = ^ 4 ^ = In general we ^ee that the sum 
of 0 and any rational number is the 'number. 



Similarly we recall, for example, that j aj^d ^ 
fraction 'names for 2 and 3 respectively. ,T!hu3 



I- are 



2^+3 = 



2 + 3 _ i _ 
1 " 1 " 



as we would expect (and hope). 

Additipn o'f rational nvmibers is not difficult to understand,' 
once the- idea that the ^ame rational number has many different 
fraction names has been well established. The technique of 
cotaputing sums of rational nvmibers wrj^tten with faraction names ' 
is In essence a matter of finding common denominators. This is 
essentially the problem of th? least common multiple and- thus 
is ^a problem about whole numbers. . ' * . 



Addition of Rational Numbers Using Other Numerals 



Often* it is convenient to use numerals other than fraction 
to find the svm of two rational nimbers. Those commonly used 

are mixed forms and^ decimal s . 

^ 



) 



^ Ihe first kind of nvmieral can be easily understood once - 
addition has been explained^ can ^ee with line segments that 



2 + 



1/ 



is 

Indeed, 



is a rational number, and it, is also easy to see that 

15 3 

another, name for this same number. Similarly, -if- = 3^. 
these, ideas can be introduced before any formal meci^anism for 
adding two rational numbers named by fractions has been developed, 
because the idea that 2 + ^ = ^ goes back to the nmjber line 
idea of sum. To adopt the convention of writing 2^ as an 
abbreviation for 2 + ^ is then easy, and we may use a nxjoneral 
like 2^ as a name for a Vational number. . It «is these we call 

a numeral^in mixed form . 

^ ^ ' V 

The use of decimals is still another convention Tor naming 

4 

rational ninnbers. For example, 3.*2 names a rational number; 
other names for this number are 

, , ^ 2 ^2 ^1 16 32/ 320 

' , ^ T^^ -^10' T' 1^' loo- 
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l6 32" * '2 ' 

Of these, Y§, and are fraction names while 3^ 

and si ajre mixed forms* ^ — 

5 

The methods for computing witn decimals are direct outcomes' 
of their jneaning. Per example, to compute 3,^ - I.7, we may 
proceed as follows; 



3.-^ = 3 
l."^ = 1 



10 

,7 
1^ 



10 " ^ ic 

Hence 3.-^1.'^ = 5.1. , 

''We want z'ne cnild zo develop a more efficient shcrt-cut 
procedure for finding such a sani. However, tne 'understanding 
of the procedure can be carried back, as snowr., to the knowledge 
he already has about adding numbers with names in fractiqn or 
mixed form. 

In a similar way, tne procedures for subtracting, multi- 
plying and dividing numbers named by decimals can be undeirstood 
in terms of the same operations applied to numbers named by 

fractions. " \ 

\- . . . 

Multiplication ' ^ 

3y the tirae the child is ready to find the product of two 

^ * 2 3 

rational numbers such as -j^ and ne has already had a nximber 

of experiences in understanding and computing products of whole 

numbers/ 

He hs^= seen 3x2 in -terms of a 
rectajTgiilar array . ' He can recognize the 
arrangement in Pig. Q as show-ing 3 
groups of objects with 2 objects in • * ^ 

'each gro\^. 

Also, he has. seen 3x2 
in terms of line segments. 
('Pig. R) that is, as a union " ^ 
of 3 two-unit segm'ents, | ' J * ^ 

Furtnermore, he has* interpreted 

' Fi9! R 



3 • . • 3x2 



3x 2 



Plg\ire R in terms of travel along a line-- Per example, if he 
rows a boat ^ miles aj\ hour across a lake, then in 3 hours 
he rows 6 miles. 

Fina-^J^, 3x2 can be related to 
areas as in PjLgure S. Thus, a child 
has seen that the operation of multi 
plication can be applied to many 
physical models. He has related 
several physical situations to a single 
number operation. 



3 

Unit* 



2 units 
Fig, S 



3x2 

unit squares 



Trie " Rectangular Region " Model 

2 " 1 

May we remind you that the idea of multiplying ^ and ^ 

was not invertted f<hr the purpose of vrriting arithmetic books* 

Instead, people found some applicatitins in' whi6h the numbers 
2 1 2 * 

•J and, ^ appeared and also appeared » For instance., in 

T we see a' -unit square sepaj?ated 



3 



The 
2 * 



± 
5 

FiQ.T 

say! Let* us call 
2^1 2 



2 

15 



Fig. 

into 15 congruent rectangles. - 

measilre of the shaded region is 

square units. On the other hand, we 

have already used the operation of 

multiplication to con?)Ute areas of 

rectangles having dimensions that aj?e 

whole numbers. Hence it is natural to 
2 



the product of 



^ and I 



Eind write 



2' 

Logically, j x |- 



is a meaningless symbol until we -define 

2 



it. It could mean anything we choose. Our choice of 



15 



ft)r 



a meeming seems, however, a useful one, and indeed it is. 

Yet, children ?!eed many more examples before they can see 
the general rxile that in multiplying rational numbers named by 
fractions we multiply the numerators and multiply the denomi- 
nators*. 

Vfe should recognize that although the formal totroduction 
2 1^ 

of "J" >^ ^ is deferred until the sixth grade the development is 
anticipated by many earlier experiences. -Among .fehem are: the 
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identification of a fraction wifth a region and the various steps 
in finding the measure of^ a region. 

The " ^Number Line " Model ^ 

The product of two whole nj^bers also can bev visualized on 
the number line. A few natural generalizations ta» products of 
i'ational numbers can be made' from ^hese kinds of Experiences . 

^ ^r example, if we can think of 3x2 as illustrated by 
FlE^te U, (a), then it is. natural to identify 3 x ^ with the 
situation pictured in Figure U, (b). • * 



(a) ^ 



I 



(b) ^ 



2 



> > 3x2 



' . Fig. U 

In the same wsty we can identify, fir exafople, 3 x y with 

7 7 7 7' 

Again, if a man walks^ 4 miles each hour, then (2x4) 

miles is the distance he walks in 2 hours. (Fig. V) Once 

more it^s also natural to relate i x 4 with a distance he 

travels— this time with his distance in ^ hour.^ 




yx4 4 |x4 2x^4 

Fig.V 

SiQ)pose, now, that a turtle travels i- mile in an hour, 

1 P 

In 2 hours, it travels 2 x f> or miles. We identify the 

2 1 z> D 2 

prod/uct J X 5 ^th the' distance it travels in j of an hour. 
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Pig, W diagrai^s the turtle travels. 

. ♦ 

.! Wlhr'W' 21;^^ ^ 

♦ , 

FIg/W 

^. , 

2 1 1 

We locate ^ of ^ on the number line by^locating 

putting the ^ segment into 3 congruent segments, and counting 

-off two of them, as in Figure X. 



> 5 ? 



3 coDgruanf 

Fig. X 

_ ■ .V 

More^ specifically, we first cut the unit segment into 5 con- 
gruent segments, Hien each of these is cut into 3 congruent 

segments. We thus have 5 segments. We counted 2 x 1 , of 

2 1 ' 

them. We see that -jt of is associated with the point 

2 X 1 ; ^ ^ / 

• ' 2' 1 2 

We had two numbers: ^ and ^, When we talk abc^ut ^ of 

i we are explaining a situation In which we have a pair of 

nmbers and ^) associated with a third ^^). We have, 

in short, an operation; it is natural to see wtiether It^is an 

operation we know. We fl^d that it is, 

Ke already had agreed, using the rectsuigle model, that 

2 ^ 1 _ 2 'X 1 2 
7^5"* 3x5 "15* 

^ ' 2 12 1 

Hence, we now see that we can identify ^ of ^ with ^ x 

Moreover, we notice that if we- use the idea of travel on 



f tra 
e0ii 



the number line (pig. W) it is again natural to ide^pify 

1/5 ^'^^^ I 5- 
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The " Sets of Objects " Model 

We speak, In everyday usage, of of a dozen of eggs. V/e 
visualize this as the result of separating a finite set of 12 
^o^Jects into 3 subsets each with the same number of objects^ and 
then uniting 2 of the subsets. ^The relation between this con- 
cept and th^t involving a 12-inch segment can be seen -from 
Figure Y. ^ " ' ' 



I of IE I of 12 



Fig. Y 



We sometimes use such examples with very young children to 
emphasize the idea of ^. this is a little misleading-; for 

we should note that i- of 12 is again a situation involving 

2 2 
two numbers, j and 12. Again we can verify that ^ of 12 

is computed by finding ^ x 12. 
^ Summary 

From 'the "Standpoint of defining the operation of multipli- 
,cation for rational ntimbers, it would be entirely sufficient to 
use one^nterpretation. However, because products of rational 
numbers are used in many typps of problem situations the child 
ought to recognize that the definition dogs fit the needs of 
each; 

2 1 

-r X 77 can be visualized as: 

3 ^ , . 

"•(l) the area in square inches of a rectangle "with 

length £ in. and width ^, in. 

^ 2 

(2) the length of a lin§, segment formed by taking ^ 

1 . 

of a -ji- inch segment. 

Out^ of the number line model come many problem Atuations. 

* ' 1 

For example, if a car travels -jr mile per minute, it travels 

2 1 ^2 ' ^ « 

•J X -jj- miles in minute. 

Moreover, ^ x 12 can be interpreted In the ways noted and 

also can be related ^ i'inite sets. We use x 12 where we^ 

9 

want to find the number of eggs in ^ of a dozen. - 
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Mathematics i3 powerful because a single mathematical idea 
2 1 

(like J X Tf) often has many applicati. 13. Children can fully 
understand ^a product like § X ^ only when -they have .had 
experiences with several applicatiolis . 

Vlje should observe^ that o\ir definition of the product of two 
rational numbers is consistent with what we already know about 
whole numbers. We know that 2x3, for example, is another , 
name for 6. All is well, for the product of and ~, as 



computed by our definition, is j, and ^ names the same number 

as 6. We note, too, that our definition leads us to 

13 13 
3 x-2f = YX-2|-=p as was anticipated earlier. 

We should notice, Jboo, that although our .method for findirlg 

the product is expressed in terms of specific names for the 

factors, the product is not changed if we change the names. For 

TOO T O 

exan?)le,. 5- x ^ = g-. Renaming ^ and j we have — ^ 



3^6 18 



^ is another name for g-. 

Properties of Multiplication of Rational Numbers 

Again oxir definition has convenient by-products. . For, we 
observe that the associatii^ and commutative properties hold 
multiplication of rational nmbers. They hold here as a direct 
result of the^same properties for multiplication of whole num- 
bers. ^ . , . 

The fpllowing example shows how we may explain the 

" ^commutative proper6y of multiplication . 

Our rule for multiplication tells us that f x 4 = 1 ^ L 

1 2 IvP o ' ^ ox^ 

Our rule tells us also that ^ x ^ = ^ ^ . We know, however,. 

that .1x2=2x1 and 3x4 = 4x3. These facts are 

Instances of the commutative property of multiplication of whole 

2 112 • ' 

mjitibers. Hence we see: ^ x 7^- = ^ x ^. 

Ve also can visualize this property using rectangvilar 

regions as' In Figure Z. 



Figure Z 
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The associative property of - multiplication holds, 'In 
essence*, because It holds for whole numbers . From the assocla- 
tive property, \e can compute ^(^ x 5) as either ^ x x 5). 
or (i X 4) X 5 — a fact which Is sometimes helpful 'in u^lng the ^ 
formula for the area .of a triangle. 

We observe, too, an Interesting multiplication property of 
0. Our rule Tor multiplying two'^atlonal numbers named by frac- 
tJlons leads directly to the concl-uslon that the product of 0 
and any rational number Is 0: * . 



2 , 



0 

1 



2 



0x2 
1x3. 



= 0. 



.Of Interest, too, is the multiplication property of 1_. 
is easy to see that the product of 1. and any number is the 
nvanber: 



It 



X 2 
ITT 



2 



Again this is a direct result of the same property of^ whole 



numbers. Now 1, of course, has many names, 
example, "is ' When we multiply ^ by 

3x4 



4 3 4 
X 5 = ^^ 5 = 



12 



One of them, for 
we can wi;»lte 

4 
5' 



jffTiis result shows that multiplying t*he numerator and denominator 
of a fraction by the same count jliig number is equivalent to 
mj^tiplying 1; by the number named by the fraction. 

Finally, the distributive property for rational numbers Is 
an ou^come-of our definition. The distributive, property tells 
us that, forj example, '|(^ + |) = (| x ^) '+ (| |) • ' ^ ^^^^ 
picture helps us to understand this 
easily (Pig. AA) 



The smaller rec- 

2 1 2 2 

tangles have areas x ^ and j*e< ^. 

The area of their union Is + I-), 

2 '3 ' ^ ^ ^ 

or ^ X ^. 




Fig. A A 



The distributive property is useful in computing a product 



like , 5 X 3--. 



We can say: 



5 X 3^ = (5 X 3) + (5 X 



|) = 15 ^ I = 17I ; ^ 
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•We can also recognize that we have essentially- applied the 
* I* ' ^ , 

distributive property in writing 

. . i = 3 X J = (1 + 1 4 1) -X ^ = ^ + + ^: 

Before leaving the topic of mill tipli cat ion of rational* 
numbers, we ought to notice that the product of certain pairs of 
^tional numbers is 1, For ^example, the product of | and |- 
is 1. The number |- is called the recipro<?Sl of *|-, and |- • ' 
is the reciprocal of -^^^ The reciprocal of a number is the num- 
ber* it must be multiplied by to give 1 as a product, Evei^ 
rational number except 0 .has exactly one reciprocal. When the 
number is named by a fraction, we can easily find the reciprocal 
by "tiirning the fraction upside down". Thus the reciprocal of 

In particular, the reciprocal of the whole number 2 is 
^, which can be verified ^asily since 2 x^=1, 

0 has no reciprocal. For we know that the product of 0 
and every rational number is 0. Hence there is no number we 
can multiply by 0 to give 1, 

Division • ^ 

In the rational number system, as in the co\inttng numbers, 
we want to u^e division to answer questions of "what^must* we ^ ' 
multiply?". In a division situation we are given one factor and 

a product. Thus 4 t- is the. number such that: ^« ^ 

5335 S3 * 

^ (5,-+ T|") X Tf = 5-* In order to compute ^ - ^ we mi^st solve: • , 

where m^ and ^ are counting numbers. 

To acquire an understanding of the division pro*cess, chil^ 
dren need many concrete 'experiences in its use. "Hiese experi- 
ences parallel those with multiplication, since division problems 
can be interpreted as problems in finding an appropriate multi- ' 
plier. Thus typical problem situations include: 1)1 finding the 
width of a rectangle when the length" and- area are known; * 
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2) finding what 'fractional part one set is of another; % 
<3) finding the n^ber of segments of given lerigth that can be 
made by cuttihg a given segment. ' ' ^ 

The Idea of Reciprocal and Division , 

. We already have seen t^iat the product of^aoy number and^ 
its reciprocal is 1. For example, \^ 

2 2 
We a>so know that 1 -r |- = n means ^ x n = 1. Thus, the 

.reciprocal of |- (which is ^) is the'nvunber by which one can 

multiply |- to obtain the product* 1: 

Now suppose we wsmt to find^the n\amber m such that 

2 

' |- X m = 3,, 

Since 1x3= '3, we can write: x m = (1 x 3). But since 
2 X I" = 1. we also can write: |xm = (|x|-) x3. Using the 

2 2 5 

associative property, we , can writ^ again: ^xm^^x (^x3.) 
We now sgk-ttiat m = |- x -3. / 

g^^Wecan use the same reasoning to compute ^ Tf- We must 
solve : 

3 

We know that x ^ = 1 and that the product;^ a number and 
one is the number itself. So, 

and t 

f X X ^) = ^. ' : 
4x5- 20 C_ 



X 



rr^ ^ 4 5 4X5- 20 

Therefore, = "J 3 = 3; k 3 "9** 



We note: To divide' ^ t>y |, we multiply ^ by the reciprocal 

Of I- " . ■/ • . 

We have seen a way' in which we can derive the general rule: 

To divide by a non-zero rational number, multiply by 'its recip- 
rocal . / 
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W^.see that for whole numbers our rule gives the results we 
would e3q)ectH For exanple, ^ ^ ' i 

^111^2 • 

In, par t leva ar, the reciprocal of 1 Is 1, since 1 x 1 = J 
^us when we divide a rational number t)y 1 we mviltiply it by 1 
aind obtain the original number, "as we would expect. 

.OuT/^riile for division identifiers dividing by a number with 
multiplying by its reciprocal. Thus when we wish to find i 
of 18 we may uae either multiplication b;^ ^ or division by 2- 

We now see that: \ = 3 x- ^ = 3 t 4. One important inter- 
pretation of the result * 
of dividing 3 J^y \ 4 can be 
visualized using line segments. s 

Tj- can be seen, too as the 
answer to the question "How • congruent segments'* 

many 4»s in 3 ?" More pre- pig. bB 

cisely, \ is the number by which we must' multiply 4 tp get 
3. . , . ■ \ ■ — ^ 

Some texts for later ^^ades define rational numbers by 
using the idea of division. That is, j ' is defined from the 
outset as the numbe;;^ x satisfying * 4x = 3. ' * 
The set of counting numbers is not closed under division-- 
that is, with only counting numbers at our disposal, we can not 
solve an eqviation like 4 x n ^ 3. But having introduced the 
set 7 rational numbers, v/e can always solve an equation oP^ 
this type. We can divide ariy' rational nuinber by anjl nunjbeK, dif- 
ferent from 0. Hery:e the set, made up of all the rational rnjuii- 
. bers exqept 0, ls_ closed under divisitin. We can interpret the 
: extension of our^ idea- of number from the counting numbers to^the 
rational numbers as a successful effort to obtain a system of 
numbers 'l^at is closed under divisign. . * 

It is an intj^resting p^aradox^that now, having defined* 
div^lsion by a i^ational number as multiplication .by the reciprocal 
of th^ number, vte could really get all)ng without division en- 
tirely, since to divide by a nlunber we can alv/ays multiply by 

/ 
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its reciprocal. Later^, we 'introduce the negative numbers to 
make ^ system^ closed ,under subtraction. Once we have done ^o, 
,subtrafcting al number can' be replaced by adding the opposite*^ 

' . ' Fractions' -^A Symbol for" a Pair ^ ^Of Rational Numbers 

Thus far, we h^e restricted our use of fraction to that of 

being a symbol naming a pair of whole numbers. Let us now give 

^ 3. , 

meaning to symbols like etc. in which the pairs of 

/ T ' 

numbers are rational numbers instead of whole numbers. 

We call that we already know -rr and**" 3 -r 4. are two names 

"13 3 

for the same number. That is, for 4'x n^3, n = 7fXy = j.^ 

3 

This suggests that we might say that the symbol will mean 

|. -f 6,, and the symbol villi mean 1.5 5. • " 

A Definition , , 3 ' 

Wheel we say, let^ |- 1 6 = we are defining the meaning 

of those symbol^ which hitherto he^^ve had.no meaning for us*. 

There is nothing illogical with defining a. new^ symbol^ in any way 

, 3 

We like. However, simply assigning to ^ -f 6. the symbdl 
does not permit us to treat this new ^symbol immediately as if it 
were a fraction of the kind with which we are familiar. For • 
^ainple, although we know that j = | ^ v(e cannot b^ certain 

|'2xi' /' 112 

that = 2~xT'' "^^^^ ^^^^ because we know "J + = "J' ^® 

cannot conclude (without argvunent) tihat .-i- j[ .T ^ 

In practice, children in the eleme'r^^tary schooj are unlikely 
to add or to multiply ^many numbers named by these new fractions. 
Yet, examples as will be familiar when using decimal names 

in division of rational numbers. In later'^years, they can find- 
solutions to such examples as 12|% of 120 ^ by solving 

12.5 _ n 
100 " T5o- / 



Thus, it seems nece3sary'^l5^"knbw*' if it is possible to /nuT&lply * 
the numerator and denominator of —V^ b> 10 Co obtain apother 

'name for the same number. * 

Again, let us make some observations about division. Does > 

^mtiltiplying ^e dividend and divisor by the same number change 
the result?* We observe 

- 6' ^ 2 = 3 ^ 

(6 X 2) ^ (2 X 2) = 3, ji:; 12 ■;•■• = 3 

' (6 X i) ^ (2 X i) =J 6r I -r I = 3 1 = 3. 

We also need to be sure that when we- multiply the numerator and 

■ i 

denominator of a fractioKi, as, -y-; by the samej^jmber, v;e f 
obtain a new fraction equal to the original one. 

We know that ^,^^=-jj.xn = -^ and* ^ = ^ x ^ 
Let noW multiply both numerator and denominator of the frac- 

tion ' the saine number -j. 

5 4 ' 5 X ^ ' 



XH3 



T^if 3x4 12 T . 5 X ^ 20. 
20 

"5" ' ^ 20 

Is ■ - ^^ - the jsame as ? 

^ * pa ^ 

if it is, then 1 = 



20 
9 ' 



Wie do know that this is true since the product of 1 and a 
rational number is that -same rational nunfber. 
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MATERIALS 




It is Important -that extensive use be made of materials ^i'fi 
developing understanding of the ra-tibnal numbers ^and of' the, 
o^er|tions of addition and subtraction of rational numbers 
Some materials which have been found useful are suggested on^ 
the next few page^ . These may be supplemented by other 
available materia^ls. 

Teachers will find copies of these cards made on foot 
square cardboard useful throughout the. chapter. Colored 
acetate may* be. used to indicate shaded areas. ' ^ 
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This page cf n^r/oer lir.es rdghc ce enlarged 'ro];*, class use. 
Dittoed copies of tr.is page rAghc be prepared 0%** teacher and • . 
distributed to pupils. 
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This model of/a fraction chaft niight be enlarged for class 
use. Dittoed copies could afso be p;?epared by teachers 'for 
each cnlj-d. - 
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SET B 



0 0 0 0 0 



O 0 0 0 0 



o o I o o o 

III* 

O I O O I O [O 



O 1 0( 0| O |0 



SET C 



These arrays may be used to develop the concept of ' 
r/ etc. of a set of objects. Colored acetate may be 
used with them to indicate |, etc. of a set of objects. 
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Pocket Chart and Cards for. Decimals 



c 

CO CO 



:3 
o 



c 

w 

o 
x: 

c 



CO 



CO 

c 



CO 

c 

£-1 



CO 
C 

cd 

CO 

o 



T 



I I 



I I 



T 



Above is a model of a pocket chart and cards to 
accompany it for practice as needed in place value v/ork 
vrlth decimals. Several duplicates of each card should be 
•made. • ' ^ 
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A Sheet of number lines similar to th^s^can be dittoed for 
children to- use throughout unit. « 
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TEACHING THE UNIT 



^IEANING"OP RATIONAL NUMBERS 



Objective ; 



To review , 

a. the meaning of rational numbers. 

b. correct use of the terms symbol, fraction 
' c. meaning of ntimerator and denominator. 

d. the use of a rational number to describe 
• the measure of a region, a segment, or . 
a subset of a set. of objects. 



Materials: Flannel board with models of circular and square 
region^ separa ted into congruejpf^ parts . . 
Number lines. 
, Arrays or sets of objects. 



Vocabulary: Rational number; fraction, numerator, denominator, 
whole ntimber, separate, measure, congruent, 
'''^circular, unit region, region, line segmSnt^ 
unit segment, represent, union, set. 

* 

Suggested Teaching Procedure 



Have children i*ead together and- discuss 
"Meaning of Rational Numbers" in their books. 
Before having child^en do Exercise Set 1, teacher / 
shows work with concrete materials such as a 
flannelboard and models of congruent regions, 
number line% and sets of objects or arrays. 

Models of congruent regions and sets shown 
'under "Materials" can be used throughout th^is 
development.* Colored acetate is very useful to 
indicate shaded regions, 



etc . of model 



1 ' 1 1 

Begin by shading ^, ^j-, 

regions and'°;^rray3 . Ask questions like the 
following: 
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^* '^'(a) Into how many congruent regions' is 
the" unit region separated? 

(\)\ How many regions are shaded? 
\ (c) What rational number best describes 
its measure? Record this measure. 

What does the denominator tell you? 
What does the numerator tell you? 

Ask similar questions about the unshaded 
regions . • 4 ' 

2 3 4 

Cbntinue with models shading -5-, -rr, etc 



Ls shading -^r, - 
:ions. o h 



and asking similar questj 

It is important to emphasize tha^t:! 

(a) measure is a comparison with the uni 

(b) regions whose measures are -rational 
numbers have meaning only when the Unit region 
is specified. . 



Chapter 6 



^ ADDITION AND SUBTRACTION OP RATIONAL NUMBERS, 



ME/<NlNp OP RATIOWAf NUMBERS 



Because of his way of life, early man 'needed only whole 
numbers. We. can think of reasons why he came to need other 
numbers as time went by. For example, he might have wanted ^ 
to trade more than 2 but less than 3 ^ hides for a weapon. 
He might have wished to tell someone that there was^some food 
]but not. enough for a meal. He could not have handled these 
situations with whole numbers alone.. ' ' ' ^ 

Today you would have great difficulty in making yourself 
understood if* you could use only who le( numbers . Suppo^se you 
knew*only whole numbers. Could you cjescribe ^ny of'^th^se with 
whole number? ' ... 

(a) A tri]^ ^hat took l^ess ^han- one day 
."^(b) The* amoiJ^t of candy you get when yolT 'Share a candy 
' %kr w|!kh/t^ friends. ^ - . . / ^ 

(c; The nufhljfeVvpfS^c^^fe you"re&d t^is suJnmer, if you ^ * 
read more <thten j {J^ 'and- less^ha^V' 9 
.Youfwould have even more dif f i-culty ^rt* mathe;nati<t3>. Jf. 
rou could use only whole numbers, 4||:iere wouIq be x^^siitt Car 
such operations -as 2 •^ 5 or 8 -J- 3. Anoftier ^rof; numbe?%^ 
helps you find answers to such operations. Thj^^gt^bf numbers 



is called, the set of rational numbers . 



Rational numbers are often used to describe the measure of 




a region, segment, or set of objects.. 
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Exploration 



One-half of the circular region is shaded:^ 
The numeral for one-half is 



B 



I 

D 



Points B and C separate IS 
into 3 congruent segments. 



If the measure of AD is 1, the measure of AC is two-thirds. 

p 

'The numeral far two- thirds is \ 

sjbt A = (Tom^ Jane, Bill, Ann, Sally) ' 
Threie-f If ths is the number that bestMescribes what part 
-of Set A th^ three girls are. "The nurtieral ^or^' three-fifths is' 



One kind of symbol used to name a rational number is called 
a fraction. A fraction is written with two names for whole 



.number!^ separated 1^ a bar. j; and ^ 



2. 3 
5 

numera l 
numera 



are fractions. 



* ■ . • • y 

The number named below the bar is called the denominator .of 
the fraction and shovfs into how many parts of equal measure 
^ the unit regJLon, ,unit segment, or set is separated. The number 
named above the bar, or numeratoV, counts .the number of these 
\^^^^vt^ that ^re being us^d. 

. 1. Look at the -circular region above. 

a. Into hovJ many congruent regions is it separated? C^L^ 
, b^* Will this number be represented by a numeral written 
' ; ' . above or below the bar of a fraction? (^^-^-^S-^-^-^-lx^^ 
c. What is this numeral called? (^,^t:L£...*'t.i?-)<n.^(i.yt-<z^^ 
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&.'^» a. How many cdn§ruent parts of the region are shaded? (i) 



c . 



Where will you write the numeral that shows this?^^^^^^ 
What is i.t called?/^ 



Look at, the picture of 'AC. The measure of AC is. 



written ^ 



a. What does the denominator tell you?( z<»^i2fe 3 ' — — 



3' 



What does the numerator tell you? f ^ ^'^-^'^^'^^^^-^-^^ \ 

\/^J^t^^^^^ ^^^^ 



4. of 'the members of Set A are girls. What is the relation 

o . ^ , 

of the 3 8fnd 5 of -"the fraction to Set A? C y2^-^^^:^'^^^^-<^^ 
Sunimary 

. ^ V 

1. A rational number is ^ometimes used to describe' the 

measure" of a region, line seg ment, or d^t of obJeO'ts, 

2. Fractions are one of the symbols used to name rational 
numbers. * . , 

3. Fractions are written with 2 names f or^ whoj^ numbers 

separated by a bar. (The denominatx)r can not be 0.) - 

^ ' ' ii numerator 

5 denominator 

4. Trie denominator is the number which t^lls the -number 
of congruent parts, into which the unit segment, unit region, 
or set has been separated. ^ 

5. The numerator is the number which counts the number 
of these cor^ruent parts that are being used. 



\ 



6: The set of rational numbers Includes numbers renamed 

3*24 1 

by numerals like these: 1^, 5, 3"' ^> 2' 



. A 



ExercJLse Set 1_ 



/ The circular region A has been separated 'ILato ( ^) - . 



CO 



congruent regions, 
region is ('^) of the circular region 



region is shaded. The 'shaded 



A 
0 



G 



B 
1 



Thel measure of AB is 1. Poi<its C, . D, E, P, and 

G separate AB iriJbo LL) - congruent segments. AG is' 

^the, union of (5) of tkiese congruent seg^yents. The 
measure of AG is ( 

{OA A A A A A a] 



Set 
There are 



members in Set A, 



i2L 



members 



are triangi^s. What rational number describes What part 
of the* members of Set A are • triangles? ^ C^) 








■ 


- 




If 




ii 



Each unit region above is Separated into a number of smaller 
congruent regions. What r^ioi^al number best describes the 
measure 6f the shaded area of each? The^unshaded area? 



P26l' 



5. Which figures below are not separated ^into thirds? Explain 

0 ^ 1 



your answers. ^-csc-«^^ 





A B 



Set ^ ii □ □} 



6. Trace the figures below. Then shade a part .described by 
the^fraction wri^tten below each of the figures. 




©©OO 

©ooo 



3 



4 

^- 5 




7. Draw simple figures and shade parts to show: 

a.-g- ^'•'^ c.i- d. 



8. Complete: 

Practioij^ maiS*be used to najne^^^^^^^^^^ numbers . K 
-Fractions are written with {.i) numerals separated 

by a bar. . :^ ' ^ 

lAe numeral (^^^e£.^^^J the bar names theC^^^^^^^^^j^^nd tells 
^into how many parts of the same, size the unit is 
, ^ separated. ^ ♦ ^ ^ . 

The numeral ^^rf-^r22f^ the bar names the(;.g^^^^e^^^^^^nd 

counts the number of parts of the same size 
' being used. 
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Match each rational number named in Column A with its 



symbol in Column B.^ 





Column A 




*^ Column B ^^^^ 




a . 


two-fifths 




6. 


'7 

7 

? ' 




b. 


seven-ninths 




I}. 


7 . 
¥ 




c 


four-sevenths 


it) 


. i. 


5 




d. 


five-halves 




j. 


i 
7 




e . 


nine-sevenths 




k. 


5 
2 






seven-fourths 




1 , 







10. Set A = (set of -rational numbers) k 
Write nafties for five members of Set A, 

11 . ' Cojgplete :' , 

Set A i ( O O'O O ]_ 

Set B = ( O O O ) . - - ■ ' " • ' 

■Set C = (OO ] ' . 

,• Set D = (O } ♦ . , 

If tlje measure erf Set D is 1 the measurfe of "-S^t A" is 

_0t)_.^ The measure of Set B is jS) . The measure- of 

Set C is ■ ■ . L • . . 

12. Use Sets A, B', C, and D in exercise 11 to -complete the 
following: ' ^ 

If measure of^Set A is iT the'measure of S^t B/ 



('§r) . The measure of Set C ^ is 
of Set D '-is ( ^> 



The measure 
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RATIONAL NUMBERS ON THE NUMBER LINE 



Objectives: To review^ 



* a , 



c . 



the use of rational -numbers as measures 
of segments on the number line, 
the idea that some rational^ numbers are 
■'Whole' numbers. ^ ^ ^ ' 

order of rational numbers on the numtj^r- 
line. 

comparison of rational ^numbers .» 



Material 8' ; 



Number lines, ruler, yardstick 



\vocabulary: ^LabeT, points unit se^^ent, simplest name, 
*^ order, compare, generalization 



" Siiggested Teaching Procedure 



Have children work ' throuj|^ Exploration 
(first two phages). Ttien working together 

should iKtild numlBer lines 
and eighths, halves, "thirds, 



teacher and 'pUDil 
scaled in fouftTis 
and six1?hs, etc, ' . 

Have children finish Exploration "together 
Before, having children do the Exercise' Set 2, 
the teacher may: j ^ ^ 

(a) have children co\mt by rational -num- 
bers using number lines, ruler, or yardstick; 

(b) examine the order of rational nuijbers 
on the number line and their relation to 

^' whole numbel^s; ' t 

y (c) compare, rational niimbers : ' . 

Xll' this can be done on number lines on board' 
enlarged on paper, or*dittoed for children. 
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RATIONAL NUMBERS ON THE NU>ESR LINE 



^ ^ * ^ EjcplorStion 

1, ^ Draw a na^.ber line on your paper. Choose ^ point a;p.d laSeL 

It-' 0. Label ctner points eqaally spaced in order, 1, 2, 3, 
and Your n-orber-line shculc look like*nis. 

0 ' I 2 3 4 * 

\ ..^^ ^ ^ 

2. Separate eacn -.nit segrert' irtc^twc ccngrtert segirents. 
^ , , Below ["tne nl-.ber >ine, label tne&e points in crcer |-, 

|, ^ and ^ ' . ^ . ' 

' ' Does vo-jr .r.'jr«ber line Icok like the one belav,-''- 

' < •• ' 0 ■ • . 1 • . ■ ;5 3 . ■ 4-" 

- . i . ' ' 3 , 5 • . . , 7, 
, . ■ , • 2- • .2 ,^ . . 2 

■ / - " • ^ * ^ . g 

•<3. Whlcrf points can- new ce labeled ^, and -g- 

" :lacel tr.ese points. « ; -^^ ~y 

- 0 ' . ' h . 2 . 3 



0 



5 . 2. , 2 .2 ' 2f^ 2 2 2 



t^War nunber lirr^ nov,- sniovTs* a set of segTients^ e^ch ^ 

' ^ "the length of the original ^^iit segment. Tnq endpointjs 

• are labeled with*^f ractibns . 

. ' . ' ^' \ ' ' . ^ / ^ 1 

"^tell you''N'A'ha£ does each 'nui^e ra^Srtel 1 you? ^^^J^^^^^-^^*"-^**^ 
4 ^ The 'points you 'labeled ^, |-, ^, ^, and ^ were * 

•,r already labeled with whole oumbersi • ' * ' 

ERIC .; ; ^ r - 



What other nam^s for points labeled 5-, I-, and 

^ are showr^ on tne r'^T.ber llne'^X Car. a point on . tne .niLT.ber 
line have r.ore tnan one r^c^^^^^'^'^^^.e^ ^ ^ 

6. ^*^P3t points could also oe' labeled* l^-, 2^, and 3|- '^cf'f^jj 

(The^e nyr.e^als are read, *and* 1 r^lf, 2 and 1 naif" 
• ,etc. ) 

7^ 3o ^ and 1-^ na-e tne sa-^e pdlnt"( If. so, tney are nar.es 
for tne sare nurber. 

5. ^ % "-^"^ .^^"^ point on tne 'T.u.-ber line'' \|^^^ 

• 1/ ^ nur/oer line -^r snc^w'rricre rhan one set of 'division 

points. ^ , . 

' • ' f 

2. ;j.nit segrer.c on tne nurber li.-^e .-^y be separated 

into a.ny r/jrber of ccn^r-jent segrencs . 

3. The T.easure of ^ac.n^ s-^a.-er^ congruent ss^.ent is 

a rat'icnaL r"Jj~'ber. " ' ^ ^ \ ^ ' 

Sor.e points on tne n.-^-ber line can be r.ar.ed by _ * 

nur.erals for whole -••jrbers' and also by fractions. 

5. N'or.erals IT/e l|, 2^, ^and- ^ 3|- are rea,G^ ''l ^and 1- 
half," "2 and 1. half," and _ "3 ^ ari:^ 1 naif." 

6. N-uT.erals like ' 2^, , and 3|- can be used as na^meS' 
for certain point's 'oh tne n-ur^.ber line. 
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ExDloration 



;l 



V 



0 
2 



I 

2 



2 
'2 



3 ■' 
2 



4 
2 



C • 

0 



0 

3. 



I 
3 



2 
3 



3 
3 



4 

3 



3 , 



6 
3 



£ 
0 



0 
4 



4 



2 
4 



3 
4 



4 
4 



5 
4 



6 
.4 



7 
4 



8 
4 



Use the number lines above to answer the, following. 



b, 
c . 
d . 



rtTiat is the measure of AB '^^ t^^^^^Xx^e^^ 
iTieasure of CD ? V'hy? 



What is the 



'/^nat.is the measure of EF ?-.,Why?^ 




Which of the three rational numbers is, the greatest? ^-^J 
'^ich of tj;ie. three rational 'numbers is the least? (^^) 

measures of 'AB, CD and EF in orde;2 
from greatest to least, ^(-j 5 > 
V/hat generalization can you make about the ordef* of" 



Lch of tvie 
?ange^he n 



Arrange 



numbers named by fracti 



humer^ors are ,1? 




c 
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I 

2 

2 > 2 2 2 2 



Q l'2 § 1-5 6 7 8'-9nO'll-l2» 

5 9 9.9 9 9 9 9 9Vo 9 9 



Use the number line above to answer the fol\owlfig questions 

a. Which rational aumber Is greater, |- or"~^? C'^) 

b. How can you tell which rational number is greater? 

Which of the rational numbers in each €air is greater? 
a. I or |, (f;^ ^ , ' 

.6 ■ ' 8 



^. What are other name& for ^> and ^ ? What' are 2 
numerals that name: 

a, 1 one and 1 half? . (^^) ( ^) . 

_b. 3 ones an^ 1 half? (5^) ( j^) ' ' 

c. 5 • ones and 1 ha^? ( y) 

Summary: 

^ " 1. To compare rational numbers named by fractions whose 
numerators are 1 , look at the denominators. The greater -the 
number represented by the denominator the smaller the* rational 
number, '^^^'^^^ 



2. On tlie number line; any fraction to the right of \ 
anotVier n^lnes the greater rational number. Any fraction to 
the left of afnother represents the smaller rational number. 
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3. The order of 'rational numbers on the number line Is 
.the same as the order of whole numbers. As you move to the 
right along the number line, the rational numbers become greater. 
As you move to the left^ they become smaller. 

Exercise Set 2^ . ^ , 

1, Label the points A-K shown on the number lines 'below 
with fractions for rational numbers. ' ^ ^ * 





6 

2 
0 


\ - 


V 1 






4 
2 

2 

— • ► 




o' 

3 


. ■ 1 

3 


» 




. 


6 
3 


{ 


0 




i 






2 

— » 




4 


. 1 
4 


• • #— 

'(1) %) ' 






\t- J 




domplet^ each mathematical sentence 


below. Use <( ^ 






and 


= . .The 


number 'lines iTi exercise 


1 Will heli^ you. 




a . 


1 




1 


r<j 1 ■ 






b. 




1 . • 

3 ' 


2 

3 - 


(>.> 1 






c . 


% 


l" 








d. 




1 I 


6 








r 

» 
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■Gj. 
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< 

* 

'3. Which is greater*? How can you tell? 



a 


■ 4 


or 1 




* e. 


1 2 
J or J 


(!) 


b.. 


7 


5 . 
or ^ 


(t) 


f . 


,1 ^ 
1^ or 3- 




c . 


? 


or 1 






l\ or 2 




d. 


0 


or 2 




h. 


J or 1 


(f ) ^ 




0 ^» 









* 4. Arrange in order from least to "greatest 

\, 0,. li and ^ /o, ^, /j/lj , 

1*7 

5. Write t^e whale numbers^that are between ^ and ^. (/, 2,5^ 

6^ 3.^ and' 1 one and 1 half are all" n^mes for the 

same point on the number line^ Write 2 other names for: 

a . 1 one and 1 fourth ( I * , 

7. Write the ratipnal number^s 3^n each set in order of' size' 

e t 

from least to. greatest. • ^ 
" set A = {\,^ \, |)(4,y,^;-Set C ■= {\, \, ^) (jk^^' i; 

8. Count by fourths- 'from 0 to 3. Write your answers' in a 

, set. If you need help the number line will help you. The 

set has been started for you; A = , ^ * Cf > ^ ^»2,S, 
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■■ PiaTURING RATIONAL .^UNBERS' ON THE* NUMBER LINE 

^ Objective: To help pupils tr se rall -onal numbers^to name 
.different points on the number line. 

Vocabulary: Lay off 

•^Materials: Number line orl board 



Suggested Teaching Procedure 
unit segment 



I 



0 
I 

0 
2 



I 

2 



2 
2 



3 
2 



2 
T 

4 

2 



5 
2 



3 
I 

6 
2 



Let us think about the_number line pictured above. 

Compared to tiie unit segment, <^hat number tells the measure 

- '1 

'Of the segment with end points 0 and. ? What Ho the 1 
and 2 in ^ tell us? (The 2 tells us we are to think " 
of the unit" segment "as separated into two congruent segments. 
The ' 1 tells us that if we start at 0 and- lay off one of 
these congruent segments toward the right, the other endpoint 
is at ' i ) 



p./ Compared to .the unit segment, what number tells 
the measure of the segment with-^endpoint^ 0 and ~ ? (^) 
What do the 3 and ^2 in |- tell us? (The 2 tells a§ we , 
ar^ to think of the, unit segment as separated into two congruent 
segments. The 3 tells us that if we start at 0 and lay off 
three of these congruent segments end to end towarji the right, 
the other endpoint is at 



^ ) 

2-) 



/ 



To emphasize these ideas by repetition, 

discuss the fractions X, 
similar questions. 



and ao on, using 



ur 




What do the 1 and 



3 in the fraqtion y .tell us?. 



(The l' tells us that we are to think of the segment of measure 

1. The 3 tells that^if we start at 0 and. layoff this 

segment 3 times, end-to-end to the right, ^ the endpoint^of 

the last segment will be On the point ) ^ 

Ne:ct, separating the unit segment intd" 4 (instead of 1 

or 2) congruent segments, we locate additional points as before, 

0 1 '2 3 

We label the (old and new) points if , if , \ Tf, and sc^n^ 
as shown below, ' * ^ 



2 " 



g 
I 



I- i 
1 



0 

2 



I 

2 



2 
2 



3 
2 



4 

2 



5 
2 



6 

2 



g 

4 



4 



( 



2 
4 



3 
4 



4 
4 



5 
4 



6 
4 



7 
4 



8 
4 



9 
4 



10 y 
4 4 



[2 

4; 



Continue, separating unit into 8 • 
congruent segments. The procedure may be 
continued on other number, lines with the 
unit segments , separated into 3, 6, and 
12, andl 2, ^5, and 10 congrufent 
segments . 
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PICTURING 


RATIONAL 


NUMBERS ON THE NUMBER 


LINE 














Exercise 


set £^ 




• 






.0 


• 




1 






2 


- 


3 


- 


0' 






• 1 






2 




3 




T 






1 






1 




T 




















0 


1 

1 




2 


3 




4 




6 . 




2 


2 




2 


2 




2 


2 


2 




0" 


I "2 


3 


4 5 


6 


7 


8 9 1 


10 11 


12' *■ 




4 


4 4 


4 


4 4 


4 


4 


4 4 ' 


; 4 4 


4n 



1, In picturing ^ on the number line, into how many congruent 

J . 

segments, do you separate a segment of /ength 1? Starting 

^ at 0, how many times do you lay off to the right a segment* 
of this length to arrive at the point 

2, In picturing \ on the number llrie/ into how many segmehts 
of the same length do you separate a segment of length 1?(4) 
Starting at 0, how many times do you lay off to the right 

a segment of this length to arrive at the point 

3, In picturing 3 on the^umber line, into how many congruent 

(0 

segments do you separate a segment of length 1 ? Starting 

'at 0, how many times do you lay off to the rigJjf^ a segment 

of this length to Arrive at the point 3? , 

• * , . 

4, In picturing orPthe number line, into how many congruent 
segments do you separate a segment of 1-ength 1? Starting 

' at zero, >iow many times do you lay off to the right a segment 
of this length to arrive at the point ? 00 
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5. In picturing ^ on the number -tine, into how many congruent 
• se^nents do'you separate a segment <^f length ll'^'* Starting 

at 0, how many times do'you lay off to the'ri^ht ^ segment 
of this length to arrive at the point | ?^^^ ^ 

6. How many names are shown orv the namber lin^in exercise 1 
for • ' - ' 



b . 



1 r± 



7. Label with fractions points A, I B, and C on the 
nxunber lines below. 

OA/ I 





BRAINTWISTER 

Label with rational nuihbers the points B, and C 

orj, the number lines below. 



■ 0 




^ >. 2 


0 






0 




C C2) 


\ 
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PICTURING RAfoONAL NUMBERS Wl'^« REGIONS 



Objective : 



To u-se rec^ndular or^tJircular regions to help 
pupils leai^ffnow to write different names for the 
same rational numbex^S. 



Materials: Number lines, flannel board, and model regions 
listed under "Materials.^' 



Rectang^'e, rectangular region, trace ^ 




.V 



Suggested Teaching Procedure 

Work through Exploration with class. 
Before having children do Exercise Set 4, 
teacher will want to^work with concrete 
, materials such as models of rectangular 
regions, models of oi^rcular regions, nymber 
lines, flannel boarSf^etc, to reinforce 
learning. She might also wish to .begin a» ^ 
chart on «which to record and display the 
many different names for rational numbers like 
i 1 2^ 1 3 



etc . ' 




PICTURING RATIONAL NUMBERS WITH REGIONS 

Eicploration 

1.' Figure A represents a unit re 
It is 'separated into 3 smaller 
congi^uent regions and '2 of these 
Region? are shaded. 
a • 
b. 




What is the measure. of the shaded region? (§)■ 

How are the 



2, and the 3 ^.ti the fraction 
related to the unit region? ^^t^^/^l^^tll^^ 

Figure B represents the same unit, region. It is separt^ef^ed 
into 6 smaller c6ngn!ient regions and' 4 of these regions 
are shaded. 



a 



What is the measure' of the 
shaded region? 
How al^e the 4 and 6 in 




the fraction 



related to 



B 



^thei5,unit vez^dnl itUt^^,±,^^^^ 

♦ Ti*ace a rectangle congruent to' figure A, DravT broken lines 

to"'^eparate " the r^^on into 9 congruent regions^arid shac^e 
^ 6i of these regions as shown^in figure C. ' ' 

a. y^at^ is the measure -pf the 
shaded region? 

b. How are th4 6 and the 9 



mm§K _ J ■ 



of the fraction ^ related 




to the unit region? 




515 

6u 



6 .f^-^tjt^^ .At'A^^i...j^j^^ 



a » 
4 



Is the -unit 'region the same size in f igi^res ^ A, .B, 

and C ? > . i . 

Are the'shaded regions of A,- B., and C congruent 

2 4 6 ' 

Are the rational, numbers j , and ^ the 



measures of these congruerjt shaded -sjegions? 
d. * Are |- ^ , and ^ ^ names for the same raljional ' 
^ ^umber?^ { ^i^j^uiJ-) 

Draw 3^ congruent rectangular regions. Labels th^m A, B, 
and C. ' - ^ . ■ . 

a. -Separate- A into 3 smaller -congruent regions. 

Sh^e 1 Region/ What is the measure of the shaded 

region? {-^ ) 4. . ^ ' . ^ / 

b. Separate B into 6 smaller congruent regions ^d 
shade 2 of them. What is 4he measure of the shaded 

' region? \ . ^ ^ - ' 

c. Separate C into 9 congruent regions. . Shade \ 3 

of these regions. Are 4 , 7- , aqd 3 names for 

' ' ' ^ %f^^ 'mo :t:l^ ' 

the 'same rational nuinber?>^^Why? (AS^>*-^y>^>^^ ^ 

The measure of the circular region at the ' 
right is 1. The measure of the shaded 
part is ^. What is thi^ •^•eiation of the 
4 and 8 of the fraction to the ^^^^^^^^^^^^^^^ ^ 
Trac?^*the^ a^bovlT^^Sep it into 2 

congruent regions. Shade 1 -part. 

a. What is the measure of the shaded region? 

b. Are ^ and names for the same number since they 
name the measures of congruent regions? (y^) 




P273 ' - ^ ' . " 

.•8» Draw a circular region congruent to th6 on^ in exercise 6. .k . 
Separate* dt 'into ^ congruent regions and shade 2 of - 
• the, parts . Is another name for ai^^a ^ '^Y^"> {^LLt<^ 

names. ^ 



A rational number may have many diff^erent 

2 4 * 8 

=- : 2 4 

^ 2 = ^ = E 



V 



r^xerclse Set _2 

Answer these questions for each figure below. 

a. Into how many . congruent regions is the unit region 
separated? 

b. How. many congruent regions are shaded'^ 

c. '^at fraction name best describes the measure of 
the shaded region'' 





Figure 2 ^ ' 



Y /// /Aj 









Figure 6M f /• 





if 




yiii 

\\ 






f 

Figure 3 






fHililih 


1 







fa. e\ 



4 



JZ 

Figure 7/^1" 




Figure f /. 




Jf-lgure 8/ ^ '2 I 
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Do; the fractions in exercise c 'for figures 1 through' 4 
name the same rational ^mjgjD^r? ' ^i^t rational nipber do they 



name 



Do the fractions in exercise c for figures 5 through 8 
•'name the'same ratfonal number? What rational number do they 



1 

> Write 


rhree orher 


names 


for 


1 

c 


• ^1 


i 


8 


£ 7 

iO ^ 


1 Z ' 




. Write 


rnree other 


names 


for 


3^ 




± ^ 

' 2 






ii, 




Wrlti^ 


three na^r^es 


for - 






V & ' 




. i. 

' / 7- 








0 


X * 


















1 

•— 


^ » ■ — 

o 
2 






, 1 

2 


— r- 












2 - 
2 


0 




















1 


-4—0 

0 
6 




2 
6 


3 
6 






4 
6 




5 
6 




6 
6 


0* 




















1 

■• • — 



0 • I .2. 3 4 5 6 7 8 9 10 ji [2 
12 12 12 12. 12 fl2 12 12 12 12 12 12 12 



Look at the -number .lines a; B, and C , above. ^ Three 

^ * 

congruent segments, each, having the measure of 1, tiave 
been, separated -.into smaller congruent segments . Answer 
the following questions about each numbed line, 
a. Irlbo how many coiigruent , segments has the unit segment 



been separated?; ^ 



'b.' . What fraction best names the' measure of each smaller 



congmienfc segment? (oj ; k If ^ ^ 71 ) 



P275 



<8. . Make true statements by writing a different fraction in 
each SDace . * . • 



a. 1= ^ (J) 



2 f4) 



/ 
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RATIONAL NUMBERS WITH SETS OF OBJECTS 



•Objectives; To develop the idea that a rational number shows 
the relation of a subset tp a i((]>ble set. 

To use sets of, objects to help children discover 
• different names for rational numbers. x 

Materials; Sets of objects, arrays 

Vocabulary: 'Set, subset 



Suggested Teaching Procedure 

' 4 



Work through Exploration together. Follow 
up with Dictures of arrays or sets as shown in^. 
section ''Materials", or better yet, concrete 
objects. Use sets of 12 objects, and have 
'the pupils show fourths^of the set, thiT>l3 of 
the "set, sixths of the set, etc. Also, have- 
them tell what rational number tells what, 
part' a certain subset l^s of the whole set;, 
Sets, or pictures of se'ts, with l6' objects 
(or some other number) may \)e used ,in a similar 
manner. ' * . 



1 . 




RATIONAL NUMBER^ WITH SETS OP OBJECTS' 

' Exrploration 



^ 2. 



AAAAA 
AAAAA 



AAA 



VAAjlAAA 



A A 



A B , . 

Figure A shows a picture of a set of 10 objects; 



What rational nuinber best describes what part of the 
set each object is? ^) o J . w 

Figure B 'shows l^he same set separated into sublets each 



having the same numbed of objects. 

a. Into how 'many subsets has- tVie set shown A been / 
separated in B ? (2) 
How many objects are in each' subset? 

What Dart of the set is in each subset? C'z' /c^j^ ^) 



Do ^ and name the same rati'bnal number? 



Trace figure A. Separate- ,the objects- into 5- subsets, 
each- subset having the same number of objec^. 



Replace n by a number which makes each sentence true.. 



1 n ^ . 

5 = 10 (^) 

2 
5 



•1. 
5 



l.iL W ■ ■ a. l-i^ (8) 
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Exercise Set ^ 



I T ! 



. I I 'I 

— i--H r- 

— f~f — h-- 



B 



D 



B, C, and *D are ^congruent rectangular regions. The measure 
of ^each is 1.. Use them to he^'^^u answer the following 
exercises. 



1. There' ere ^ ' quarts in a gallon. 3 quarts is the same 
amount as . - 

a. i'^) fourths of -na gallbn. 



eighth's .of a gallon, 
c./ (l t) sixteenths of, a gallon* 



2. There are Jl6 ounces in a pound, o 'ounces is\the same 




'J of a pound . 



amount 

a. li 

b . ^( ^gyf^ jof a pound . 

c. hfj ej^j^/^/UJ ^of a pound. 

d. 8^^^^^^^^ 



3. . How many- quarts are there 'in ^ gallon? (z) 



4. flow 'many ounces are there in -pound? ^ (^) 
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4 










0 : 




















1 


•5^ • - 

0 . 
3 

0 






1 

3 






2 
3 






. /I 


O 

3 


— • 

0 

6 


1 

6 




2 
6 




3 
6 


4 

6 




5, 
6 




6 
6 


• 0- 




















1 


0 1 
12 12 


2 
12 


3 
12 


4 

12^ 


5 
12 


6 

-12 


12 12 


. 9 
12 


10 
•12 


1 1 
r2 


12 



Use 
5. 



the nuftiber lines above to answer the' following exercises, 



"87 



9. 



8" inches may be written 

a. 68) twelfths of a foot. 

b. .(-^) sixths of a foot. 



(2) thirds of a foot 



Ten months co^i'ld be written as 
^ 10 ^ ^ o 



of a year, 



b.- 5.U^^j a year. " ■ 
7. ' What part of a dozen cookies' are 



a, 6 


cookies? 






h) 


b. 


cookies? 


a 






c. 8 ' 


co6k:}.es? 


(4 






-d. 10 


cookies? 


{'A 






What part of a yard is 







.a. 
b. 



1 foot? 

2 feet? 



(f) - 

What part of a year is 

a . 4 jmonths ? C 

b. ^,6 months?" 
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How many inches are^ there in j of a foot? X^f) 
How many eggs are tHere in ^ of a dozen? (^Z) 



oooo 
■o.ooo' 
oooo 

CTOOO 

op o o 
oooo^ 
oooo 
oooo 
oooo 

00 0.0 



ooo 
ooo 

00© 

ooo 
ooo 
o-oo 
ooo 

O'OO 

ooo 
ooo 



oao 

ooo 
ooo 
ooo 

000 
OOP 
00:0 

ooo 
ood 
ooo 



12'.. 



*Abov§is a picture *o'f a set of 100 pennies. Uss it ta 

answer the following questions., Writ,p ^the friict^Lon with - 

the' smalles't de'homirtator for ^acti rational nutfiiber* used in 

your ^aj?swers . - * • - 

''what part of 'one*' doll^ is • - ^. 

.,50 pennies? ( X^) . " " ^ 

•aO." pennies-? ^ (^J^^ 
• 

25 pennies? 
' , 5 pennie^' -[j^) 
20 pennies?! (-^^ . 



a . 

b-. 

'c 

e . 
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THE SIMPLEST FRACTION NAME FOR A RATIONAL NUMBER 



Objectives: To review , ^ 

(a) * many names for one rational number, 

(b) meaning of numerator and denominator, 
. ^ To .generalize 

f ^ (a)' any rational number may be renamed by 
multiplying numerator and denominator 
of a fraction name by the same counting- 
' numlq^eT^ greater than 1, 

(b) although there are more names for a 

* rational number than can be counted,. the 

simplest name for a rational number is 
. r ^ \ ' that fraction in which numerator and 

* . ^ denomina.tor have no common factors except 

1, ^ : 

(c) to find the simplest .name, remove' greatest 
common factor of numerator , and denominator. 



Vocabulary- 



Simplest name, ^ime number, common factor/ greatest 
common factor^ digit, odd,- prime factor, compl'ete 
factorization, composite 



Suggested Teaching. Procedure 



Brief review of Chapter 2, Grade 5 "Factors 
and Primes" recommended lif teacher feels it is 
needed. ' s 

Have class read and discuss Exploratiarf on 
^"Simplest Name for a Rational -Number";. It is 
hoped, children will disc'over intui-tively how 
to find many name s^ for any rational number. 
You will have to Judge whether or not your 
pupils .are ready to express the generalization: 
to find another name for a rational number, 
multiply the numerator and denominator by -the 
same count:ing number.. When this has been done, 
proceed with rest of Exploratioji and Exercise 
i5ets 6 and 7» 
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THE SIMPLEST FRACTION NAME FOR A RATIONAL NUMBER 

Exploration 

We have found that many fractions name one rational 
niomber. For example, we know that 

12 3 4 

* ' * • , 

1. Find three more fractions that belong on tJhis '^^^^ •f^' ^^^^"^H^ 

2. Do these fractions belong on thfe list? ('^^.^.<l^' 

50 100 111 , 
100 ' ^ ' '25? • 

> . - 1 

3. Find n , m and p so that each fraction names ^ ^ 

i_nr7;'l_8 1_ IsJi^^^ 
2 ' U ' 2"m/x 2" 550 

2 

We have also found several names Torv . • . 

• _ ^ _ 6 _ 8 

4. Do these- fractions belong on this list of names of ^ ? (y^J^ 



20 2 X A 14 ^ 2 X 876 2 x 2 x 5 x7 
lO ' 3x4 ^ 5r W5 ' • 3 X b76 ' 2x3x5x7 



5. Suppose that m an^ n are counting numbers. •.Give thrfee 
other names for ^ , , - * 



P28l 



Now try to imagine the set of all fracy.ons whiph name 
'one rational number: ' . , . 



fl 2 3 4 5 



10 • 



.) 



,2468 



/ f3 6 12 s 

. ^¥ ' H ' 1^ ' TF • • • ^ 



Each such set contains a fraction ^*ith a denominator 
smaller than th^ rest. We will call this- fraction the simplest 
fraction name for the rational number. It is a name we often 
use . : . . ' 

Any other fracitibn^ in each set can be foc,nd from the • 
simplei^^t^ Tr^tion'^ name'. Do you know the ruie for finding 
the other fractions? 



\ 



/ 
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FINDING THE SIMPLEST FRACTION NAME 

1 



Exploration 

'* . • ' ■/'{'-" ^ ' 

How' can yc^ tell whether a fraction is the simpleslTNname 

for a rational number? A Which c^'nes of these ^are simplest frsiction 

names^? \n ^ FmTTTy 

' 3) ^ ^ 9 S 3 X 5 X 5x7 2x5x7 x 11 

' 12 \ 10 ' 11 ' it ' ? ' 2 X 2 X 11 ' 3 X 5 X 13 ^ 

^ \ X fsS f sin^Pl^s^ fraction name ? ^^^^^^^^^ 
Perhaps you remember, that 13 is a prime number. Is ^ 

a simplest^ fraction name? 

Is ^ always a simplest fraction name if n < 13? ("S^^J^) 

These examples should suggest two things to you:. & 

First, a simplest fraction name is one In which the numerator 

and denominator h^ve no oWnon factors except 1 

Second, you can find the- simplest fraction name from any 

fraction in the set by finding the greatest common factor of 

its numerator .and denominator. ■ ^ 

^ ~ ■ ■ { / 

Here are several examples showing how you can find J ^ 




simplest fraction names. 

30' 



(f ) 

1) Find the simplest fractjLon nam^ for ^^^¥lv^^ \ 
• numeratoxi^nd denominator completely. L 



■30 ^ 2. X 3 X 5 ^ ^ ^ 

■^5 3x3x5 , ^ . ^ 

Next remove the common prim^;Pactors shown (3 ' '^nd 5)* 

^ 30^ _ 2 X 3 X _ 2 . 
?5 :~ 3x3x5 ' > ^ ^ 
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' ^ • ^ ■ 96 ^^'V ' 

Find ^the simplest fraction name for . i^jZ5 J 

Here is^ different method. First test 2 as a 

faoj^or of both numerator .and denomij^g^or . You find 

that 2 is not a fac'tor of 375 because^ the units 

digit is odd. This means 'tiiat 2 cannot be a dommon 

factor of 96 and 375. 

Now test 3 as a factor of ntimerator ^nd denominator, 
'You find: 

*_ _2i6_ _ 3 X 32 
375 " 3 X 125* ' 



Now remove the common factor. 



' ^ » 3 X 32 32 
375 " 3 X 125' ~ 1^ 



Next test 3 again as a factor of 32 and^^I^pi 1 
'Since 3 is not a- factor of 32^BR^ is not a common 



factor. Continue and try 5 as a commpn -factor , 
Notice, howevext^ that 2 is the only prime factor 
of 32 and that 5 is the only prime factor ^of 125. 
If you see this, it will save you time be(jause you 

know right away that r 32 and , 125 have greatest- 

" ' ' 32 ' ' 

cdmrnon factor 1,- This means that is th^ 

Q6 ^ 
simplest 'fraction^^ame for -^j^ . ^ 

Nowjti^ the method used in example l*to f ind 4;ha , 

>" I 90 / /-^ ) 

simplest fraction name for s7^/ 

Nexi try the method used in example 2 t6 find the 
simplest fraction^^me for Jqq. X'zB) 
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If you know many multiplication facts you can often shorten^ 
the work in find-ing simplest fraction names. For exampJLe, in 
finding the simplest fraction name for you might remember 

that 8 X 7 = 56 and 8 x 11 = 88. Then you car> write 



8x7. 
8 X 11 



11 



5) How can you use the fact: 12 x 12 = 1^4 in finding 

r2. 



^ the Simplest fraction name for 



/2 X /Z 

Of cour^s^ you can always use one of the methods shown 
in the e'xamples ... < ^ 



Exercise Set 6 

Write three other frac^ions^ naming each of the following 
nxAmbers . 




0 • H^rl'li'M'^^^- 



Copy the fractions which are simplest fraction names, 

o -6 7 i 9 10 U . /X^ // N 
^- 12-' 15^ ' 12 ' 1? ' 12 ^ 1^ W'^' /2.7 



2 11 1 ^ 5' 

3 ' T"' 3/' ' F ' H 



7 i / 7 7 7 7 /"^ 7^7/ -7 7 7 , 
T ' 16 / H ' 5 ' To ' 1^ ■ ' /T' i' r^'. 72:; 



7 8 



2 13 
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% 

^ - • '. 

3*. Complete by supplying th^ nUsslng numerator br denominator, 

. . . ' , T / ' , 

15 -"C^o; 24 -(7 X 2v; ' 

°' 12 " 5 X 12 * .'^ • 25- 150 

4. Use complete factorization to fin^ simplest fraction names 
. " ^ o * 
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Find the simplest fraction names for the following. You 
should be able to do this using multlollcation facts onl,y 



C i 


4 






.4 




, q. 


12 
15 




d. 
e , 


12 
-5" 




. ^ k. 
^- • 


6" 

12 

8 

T5 




r . 
s . 


77 
BB 

16 
12 


ay' 


f , 


15 




m . 


8 

12 


(!) 


t. . 


20, 


If) •■■ • 




12 ■ 
■ 'IF 




n. 


7 • 
21 




u . 


il 
20 





Pin(J the 'simp le§\t fraction name for each number. Then 



use <( / > , or "= Un each blank to make a' true statement. 



q < < ) 20 ^ 12^ (- > 1 10 

- A (>) ^ e ■ i- < ; 4 

^ . 12 = ) ze- ■ ■ % 8 ( = ; 20 
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^ ► Exercise Set 7 

r — -— - ■ 

Make true statements by filling In the blanks . 

■ ' e 2 - 03 . . , ' 

. • (5)- 35 

/ 2 2 X n 
V , „ 20 _ 27 



a . 


2 

3 ^ 


Os; 

27 




2 - 


12 . 








c . , 


.7 " 








12 

72 



> 



The measure of I- c>r'a foot In laches is ^""^ 
fne measure of yard ^ in inches is . (^^) , 
The measure of , hours in minutes is X-^fJ , 



d. P//enty minutes is j of * an hour, 

e. i ^) . -weeks is -r^ oY* a year. 



Write "priKe" if* the number is prime. Name at least one 
prime factor if the number is composite. 

.Example: 73 *prime\ - , . 

Neither' 2, nor 3, nor 5 is a factor. (Do you^ remember/, 

how to tell?) By division we find that 7 'is not -a 

factor. This is enough to show that 73 is a prime-* (Why?) 

a' 58 (2^2^), , e. 705 (3^s^^p) ^ . 

b* .97 r^c4->^; f. 

c. '. 51 Cs/^./y; 5280 (2.3^.£:,^ J/)' 

d. 365. -(5'^ 73j " h. 143 (ll^iz) . ' ■ 
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4. Use complete, factorization .to find the simplest fraction 
" name . . . . 



^ VzmrJTs ' W 300 V 2 >^ Z X 3 5- X 5 /<: 

- _ V ^ 



By finding the sir.plpst fraction name fi^r*each of these 
hujnbers, tell which is greater. 




6. f In Jefferspn school there were .325 pupils, in all and 175 
'girls. In Washington scho61 there were 312 pupils in all 
and 1-^^ girls,, in wnich school do -girls form th^.J^rger 
part?X In which school or schools are more than ^ of the . 



pupils girls?' ; ^^^-^<^Z.i>t..-.2^^ ^ 

.Find the simplest*' fractibn^ name for^ 

a. the»>ieasure irf feet of ' l6 inches. - ( 

b. the measure in days of ^3 hours. (^^i)' 
the measure in miles of ^40 yard^s. 

'd. » th^ -measure in pounds of 20 ounces.. (^^^\ 
e ./the measure In hours of ^^5 4 min\itq||| 

Is this true?- \ \ \^ =4 <^hy'> ^..^fX^JKf^^ ^ 




BRAmTWISTER V >- . . 

9.' ' Is a ' Ar^^ a simolest fraction name?^',You do not need to \ 
make any long computation to f ihd .the answer . (^/^^^'^:^-«-^<>^2^^^'^^^^ 
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COMMON DEMOMINATOR 
C0MI40N MULTIPLE ^ 
LEAST COMMON MULTIPLE 



Objectives : 



Vocabulary : 



To shovt a ne^d for renaming rational numbers by 
fractions with the same denominator. . * 

To show that the set of possible common danominat'ors 
for two fractions is the same as the set of common 
multiples of their denominators. , 



To develop a method for finciing the -le^st common 
multiple of^'two numbef-s by using their complete 
factorizatior^s . \ * ..." 

Jommon denominator, multiple, Qommon multiple,, . 
set pf multiples, intersection, {(1), compare 



Suggested Teaching" Procedure 



'The pupils knc^ that any rational numbe^r 
has many fraction names. In the previous les^nr \ 
they were>''concerned. with finding simplest 
fraction names. However, the simple^ fraction 
name is flgequently not the name most 'useful for 
answerin^certain (Questions, e..g., deciding^? 
which of ' two ^fractions names the larger number. 
iEt is therefore useful to develop a method for 
finding common denomin^ators for arny two fractions. 
In the next thr^e sections, the problem' of finding 
common denominators is related to the problem .of 
finding common multiples ,for the denominatoj^s of 
*the fractions . > ^ 



In the sections, "Common Denominator", 
"Common Multiple", and "Least Common Multiple", 
use is .made of the Idea'-s and techniques developed t 
Ir^ the unit, "Factors .and Primes,"^ Some review * ' 
of this unit may be needed. ' - 

Teach^ artd pup4.1s should work through each . 
ExpTpratlon together. Opportunity should be given " 
for use of the new vocabulary*. The diagram. pro- 
posed in the section "Least " C«mpn Multiple * for ^ 
recording the 'prime factorizations of the twWi; 
nuinberS' for which tl^. I^a^t con^mon multiple is to , 
:be\.f ound will be particularly helpful t(6* bhe pupils. 
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COMMON DENOMINATOR 

Sometimes the simplest fraction name is not the name you 

n^ed to ^olv^ a problem. Suppose that you y?ant to know'which is 

* 2 ' 7 ' * 

larger^.^w' - of a njile or of a mils.' Would you prefer to 

have^l^'^W^^ equal stacks of pennies* or to.. separate the same 

set of pennies^'Tr^to^^O equal stacks'^ and take 7? ^ * 

In either case you want to know: 

2 7 ' f ^ 

Which is greater, j or ? I y^^ 

Both names are simplest, but we cannot ^answer the quesjpion with 
them* Here is another example that may help you to find t'he 
answer. 

J 7 ^ 

Which is greater, ^ or ^ ? ^ 
You know that |* = ^ • ^^^tt jq > -^-^ yo\i car\ say . 

1 - ■ ■ ■•■ 



Which is' greater |- or* 
Which is greater § or ^ ? 



il oo 111) ^ 



Which fs greater-' -g^ or 2' 

The trick is to find for each numbe^' names with tJhe same 

denomirfator . Think, again -about ^ and -j*^.' What cth^r 

•■">*'.' . ' . 7 " , * 

denominato];s. do fractions naming have? What other 

denominators do fraction's naming h^ve? ^'Whai is the " 

smallest number.. Whi^h is M!n both list^ oY denominators? . 

. . ^ - , - - " * ^ f * ^ ' \ %•* ' • 

, ^ ^ The answers to jyTaae questions halp you to see that: / 



>. • -I = 30 ''"^ '10*^ 30' ■• 



( "foil ^kncJw "then ^at ^ > j^, ^ ' ^ ' * ' 
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\ 2 ■ 7 
You could anawer your question aoiut j and as soon 



2 20 

as you knew that 30 was *a denomlnator;both for 3*(jo) ^"^t 

';10^30^' ' - • . ' 

2 

The set of denominators for ^ Is [3,^, '9, 12, , . .} = K 
The set of denominators 'for ^ is {10, 20, 30, . . .] ^ L 

> Set K ^s called the set of multiple^ of 3. 

" Br 

Set L is called the set of rr.u;Ltlples of 10. 

> ' \ - ^ 

The numbers common to both sets are calleti the common 
multipl.es of 3 and 10. 

The numbers both set/s have In common are* also the numbers 

' ' . 2 7 

you can use as denominator^ fo^ both j • and ^jj^. Th^y are 



1/2 7 ' * 

called common denominators for j and ^ ^ . Before^ you study 

fr^o^tions any further, you should find out more about common 

multioles . ' 



r 



4^ 
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* COMMON MULTIPLE 



We use the word "multiple" ^as another way to talk about ^ 
factors. Instead of saying ^ , ' ^ 

' • • ' ' ✓ 

it is a factor of 12 y 

we 'may ^say " - ' ' 

S 12 is a multiple of 4. ^ 

This idea is not strange. 'Instead of saying 
3 is less than ' 5 

we mig^t say * 

5 is greater 'than 3. 

Instead of saying - ' 

John is younger than Bruce 
w.e mighty say • ' ; 'i 

Bruce is older than John; ^ ' 

What is the other way of saying these? 

* 

I am taller than you. 
, ^oday is warmer than yesterday. 

The -iPelatlon between factor and multiple is another 
- example of the same idea. Put these statements into- the^ 
I5inguage of multiples : ' _ 



i: is a. factor of 21 
3 ^ is not a faVtor of* 31 r^/ ^-^.-^--^^^^^^ 
12- is a f^qtor of 12. ^/z ^^.....w^^:^^^^/^^; 



Put thfeSe into the language of factors: 



' / \ . ' .14 is a multiple of-. 

; 12 'is' .a "multiple of 



7 . (7 ^.^.L.cZ2K^b^/4y 
12. OzjiA^kx^.^<x^cpJ$^^/ 



l8* is.a -mult ipl/^of both 9 and^ / '^^r*^' ^ ^<ilc^^ 



Becaus'e 



a common, "mu 



is*e;'^lS is ^a 'jnultiple of both 9 and 2j^ iQ* ^i^>'ca^irQd 
It^ple of 9 and 2. "Because 12 = 3j X ^ -and 
12 = 2 x^6, 12 is. 'J common multiple- of ' ^ ^ artd 6,^ Is/ 12 
a .common mul*t;iple of - 3 and 4 ?ToT . Z and ' ? ^Of/ 4 'and 



12 



^ < 'A* goojd. way to think 'about' common^ multiples is tb use-^ 
, the^language of sets. - - . 

Let R be the^^t oi> all ^tul.tip;ies^ of- ^3<Ca,r^/lefc-' S 



be the set of all multiples pX'-^iJ. 



R =/[4/ SVI-^, 16, 20, 24, 2^,^^^^^ 
.; • -S.- C3, 6,-9, 12, 15, l8,^'y 2^, ,?t/' • -J^ 
T^he set ^of. -common n;ul«tiples of 3^;'aTict' 



Exercise Set 8 

1, Below are pairs oT numbers. Show the set of multiples of 

V 

each number. Ttk4n show the set of common multiples, 
^Example.:- 3,5*^ ' < 

, A = set oT multiples of 3 = (3, 6, 9, 12, 15, l8 \ . . ) 
B set. of" multiples of -5= (5, 10, 15, 20 , . . ] 
A n B = set of common multiples of 3 and 5 = {15, 30 . . . 

a. - 4 , 6 /2,/6, )((,, 12. 18,2.4, .. )(f:2. ZM, ..) 

^ C. 15 , 16 (IS, 50,^45,...)Vo, 2.0,30,. (30y&o^9o,..-l 
d. 9,6 ("?, /5, 27,-. J r6;-/2, ^g;...) f/S, 56, 5^,'...> 

' 6; A 10, 2P C/O, 20, 30, -^6, ...) (f20, ^0,60',..Jf^,^0,V2O,..) 

■.>'.'■■■ 

2. In the, examrJle in exercise 1, Is ^5 a 'common multiple of 
3 and 5~'M"I-s'^ 60 If ri is a counting number. Is 
n X 15 always a common multiple of 3 and 

^ 3. The/product of two numb^rJS is always a multiple <5ommon to 
bbt^ numbers* Is it ever the smallest of «ffl common mul€ip 
' Is it always the smallest?'^- Give examples. ^ >5 ^ ^xJ 

4. I 'am thinking -of two numbers. They have l8 as a common 
^multiple": ^ ^ * ' ^ ■ • , . 

a. Is 36 a common multiple> of the two numbers? ^^^f^) 

b. If n is accounting number, is l8 x n<s always a common x-.^ 
J t multiple of the two numbei?s? 

c. Could 9 be a common multiple of the two numbeJps ? 
G^ve an example If there Is one. (.^ ^ ) , , 
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LEAST COMMON MULTIPLE 

» r ' " 

\ There are two things which seem to be true about the set 

of* all the coimion multiples of a*hy two numbers* ^ 

l) Bvery .multiple of the smallesj^ common multiple 'is 

also a common multiple, " i 

• 2) N£ other numbers are common multiples » For example, 

tne set' of 'comcri multiples o^n 2 and jB begins 

{6, 12, 18, 24, ' • - 

It seems to consist of only th'e multiples of 6, 6 is the ^ 
smArest common multiple .of 2 and 3, 

Because, l) and 2) are always true, we only have tb . 

know the smallest common, multiple , then we can find all common « 

- m / ^ 

multiples. The smallest common ' multif)le ^ is usually called' 

the least common multipije . • ^ • ' ^ ^ 

\ Exercise Set 9 ■ 

1. . The least .C'ommon Multiple of twp nujnbers is 10, • What 
the other common multiples? C Jx^^ 4c^:..) 

2^ Find two different pairS- of n\m>ers wit|i least common 

multiple l8, ( z .ttU^x^ 9 '/ e ^<^^ /Q; 'jULcJ.) 

3', Express thi.s idea in f ac toV flV^ : ^\ j 

The, least common multiple Tf 3* and -4 • is 12, 

.4. If you want to oom^ave^^ what is'^^e smallest: 
denominator you could use? * (^sX . 
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Find several members" &f:-'^Yi^ set of multiples for each ntjBnber 
below. Underline -the, IjeaBt cbtninon mhitiple for each pair. 

Find the le>^st common muTtl^i^e df ^ch\pair/ :Then shcjw 



three of the set of all commo'n multipl^^N 

ia. 12 , 13 (756, 3/2, -5.4a, )c.' 21 , 12 

5 , 8 Go, 80, /2o,. ,y a. »17 , 5 /bs^Vj-to, a^^-, ^ 



, ' . Exploration ^ ^ 

Until now we h^v^ -rounti^ the A^^^t common multiple (l.c.m. 
of two numbers by listin^mul^fj^p^eb of each num^^. , But this 



maiy be a long process evea^ iJ 



example, to^ind 



1 .c .m. , 



the numbers are small, 
f 8 aM 9 >e' find: 




Set of multiples of 8 J8, I6, jk, 32, 40,^48, 36, 72 . 

Set of multiples of 9 - (9,^ 1'8> (g7, 36, ^5^, 54.;l 63, 72 ^ 

It^would be' even harder to test 'our 'belief .<^t the set: of. 
common multiples of 8 and-, 9 is 

(72, 14'4, 216, 288 
There is a much* easier way to do b6^. 




Pirkt we factor the numbers completely: 

8=:2x$x2. 
9=3x3.., 
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Suppose that -n is any commdn multiple of 8 and 9. 
Think' abou.t^tl:i,e o6Xj5res3ion for n as a , product of primes. 
Since, n/^is a multiple of 8, 2x2x2- must be a piece of 

^ ^' 2 X 2 X 2 X (any other prime fac-^rs-)~. 

. . SinQ^ n . is a multiple of- 9, 3x3 must also tye a pi«ce of 
this e;^pression. ' ^ . • 

n = 3 X 3 >/ (any other prime factors).' 
. know then that 

„ .^^^^^^n. = 2x2x2x3 X 3' X (any other prime factors.). 
.^" 'IV' n° -'Is the' least common multiple then N 



,-1 



'3' 



.a multiple 



n = 2 X 2 x^ X 3 X 3 = 8^x 9 = 72* . . 
Ahy>^ttier common multiple can be expressed as . ^ . ^ 

8 X 9 >< (other factor^s) ' " * 

This shows *thafl^ eyeiTy other common multiple of 8 and 9 . is 
iple of/-^. ' 7 

3. * Here is another example: Find the l.c.m. of 60 and 270. 

60 = 2 X 2 X 3 X 5. / ^ 

270 = 2x3x3 X* 3x5.^ ^ * 

The y l.c.m. must'Tiave at least two 2*3, three 3*s, and one 
5^ in its factorization. So / ' 

"if 



l.c.m. of 60 and 270 = 2 x 2><3^x3x3x5 



= 5^0 



We can^^%h4,nk of the -l.c.m. in this' way 

^ 



S.x2x3x3x3xt 
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We have put in all the prlftte factors we need to gel; a multiple 
off 270 an<^ a multiple of '60, We get the l.c.m, if we . 



inclvide na m^re^; 



C...- Here is one more example . "Pind 'the "l.c.m,.^, of ^84- ^nd 9Q. 

>' ' . 84 = ^.x 2 X.3 X 7 ' \ 

. . - ' 90 = 2 3 X 3 X 5 

- " \ ■ , ■ ^ 

■Perhape it will help. t6 think of the problem in^ this way: What 

factors do I have 'to include beside 

, 2x3'x3.x5-- • 

so>hat the- expression will napie 'a miJltCple of 84 ? - . ^ 

^Pirst we mark th(^e' n;nneral\ in the 'cbmplete "factorization 
df 84 that are already WJ^ftten in expressing 90. 
; . " 2»x 3 X 3[ X - 5 

{ i U-J 

.90 ^ 

■Then we add the remaining piece of the complete factorization 

Of "8^. . - ' : , , 

■ 84 



2 X 3 x'3 X 5 X 2 X 7 = 126o" = '90.x l4 = 84.x 15 



90- • 
If we' show the, factors 




orderjlwe get 



' X 2 X 3 X 3 X 

:U i LL 

90 . 




0' 



7 = 1260 



Iinagine doing this problem the long way! 



Use what we. found in this exampl4 to compare 



90 

\ 
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Exercise Set 10 



Find the leasts common. multiple of each pair of numbers. 
Then show the set of all common multiples. 
Example : 14 and 35 

14 = 2 X 7 

* 35 ' 
* » 

1 .c .m. = 2 X 7 'X 5 = 70 ' . , 

{ J' 

1^ 



Set of common multiples ='(70, l40, 210 
10 and 21 (2/o,^42a, (53a,...) 



2h and 9 . 
20 and . 36 
•30- 'and ^ 



(7Z, /^V, Z;r<^, ^ .) 
(ISO, 5^o,...; . 



'PiVe ah example of eacl^: 



a. , A pair of. ^umbers whose l.c.m. 

b. A pair of numbep^s whose l.c.m. 



is their product .^2 fj 



is one of the numbers 
c. A pair, of numbers for which neither a nor b is true. 

^ A. traffic light. at one corner changes every 30 seconds.^ 
* The traffic light at the next corner changes every 3,6 

seconds'." At a certain time tK^y both change together.'; 

ftow long will It l>e until they charige together again? 

^ 3o . ^ 
^ X 2 X 3' ):C 3 X 5 
t t ' 1 ^ 1 



X 



36 



4 
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, BRAINTWISTERS ^' ' • ' - • . 

4. A "Discoverer^ satellite goes directly ovei\the* north and 
south poles /each time it cirples tb^ earth. It makes one 
cii!Cle in^/96 minutes. It is directly over the north 
pole, atyhoon . V(hen wlJLl it next be over the north pole 
exact^yon the hourT^f^*-^-^' ^c?^ 2 x 2. k' 3 ^ 5 

Find two numbers greater than 1 whose l.c.m. is' 
.96. (Hint; use the complete factorization of 96.). 

The number 283 is not 'the l.c.m. of anjt pair of . 
numbers except 1 and 283. What does Jbhis show 
•about the factors of 283 Qj^Sjl^ .cljkju .^.^^ / .o-W^ 203J 

Here is what w^ drew'to help us f i^id the l.c.m. of 
84 and 90:'. . 

^ 84 

- * — * " ■ 

2x3 x,3 X 5 X 2 X 7 

. ■■• ^-h^ . ■ ., ■ 

Form the product expression which uses the numerals 

* 

with two arrows 'pointing to them. Can you find a 
meariing for such an ex^pression? (2^3 




LEAST COMMO^I DENOMINATOR 



Objective-: To. rename fractiows with least common denominators 



Vocabulary: Common denominator, least common denominator 



Suggested Teaching Procedure 

'feacher and 'pupils should work thi»ough 
" materiS.1 on "Least Common Denominator" to- 
gether. Thfen pupils shQUld work Exercise 
Sets 11 and 12 independently. 



■ \ 



. « / 

/ 
/ 
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LE/TST COMMON DENOMINATOR 

• V 

"Do you remember why we. (■anted ^to find coimnon multiples? 

Let us use wViat ^ have learned to think again^ about haw to 

2 7 ' ' 

compare j and 

• We need to finc^ a name fqr ^ an^ a name for* wit^ the 
same denominator.^ We say that we want to find a common denominator 
,for J and^ j^. We -know that the common denominators for 



and 



are the common multiples of 3 and 10, 
The least common , multiple of 3 and 10 is the le^st 



2 7 
common denominator of j and yq . 



We can- find the least 'common denominator for 5- and 



2 7 



J ana 



in this way; 



10=2x5 
3 is prime 

3 



l.c.m. of "10 and 3 ie 2. S; 5 x 3 > 30. 

r,- . . 10; , 

To rename the fractions w^th the least common denominator .-we \^ 

must also find n in n x 3 = 30, Oul? ^diagram shows that 

3 X 10 = 30 * ' ' 

lO'x 3 = 30. . ^ / • 

Now we know - . ; - 

2 2 X 10 .20 

7 _ 7x3 _ 21 
T0"10x3"5O" • ^ \ 

Notice that 60, ^0, 120 'are also common denominators. 
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We didnH really need our method with the small numbers 

3» ^nd 10. .Here is an example with greater numbers. Which is 

37 . 13 N ' 

greater ^ • . - ? ^ 

First, we find the least common denominator. 
, . 84 =2x2x3x7 

-I ' ' '30 2 X 3 X 5 

. l.c.m. =, 2, X 2x3x7x5 

h 4 ♦ , 

Now we want to express 8^* and 3'0 «s factorfe of the l.c.m. 
>By looking at' the arrows , we see that 

l.c.m. = 84 X 5 = 30 X 14. 



Now' we can write: ^ ■ . 

37 _ 37 X 5 _ l8i 
- b4 X 5 " ^ 

13 _ 13 X 14 _ l82 
/ ■ . . 30 " 30 X 14 - 



We find, then, that 



^ 3o 
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Exercise §e t 11 , • ' i 

* : " , ' • ^ ^ 

1, Rename each pair of numbers so the fractions have the least 
common denominator.' Hint: .Rename in simplest form before* ' 
finding a least common den6mf|?iator . 

^ - -a.. I and ^(irt^f)'^.. f and ^.(f.^ll • • 
• ■ b, |- and IC^. e: ^_ and ^ (|- ^ |) ^ .iV 

•2. (Tpor each of the following pairs of- fractions", f Ind twd other^ 
fractions which name the sam^ two numbers and "which have the 
^ least common denominator/ * . ' 



a • 


2 


and 




1 


and 


c . 




and 




3 
.H 


and 



I (^--,4/ e. . and ^*\{:^ -^.^) . ! 

^l.^;.S.'-f and ^l^C3^„.^^^fo> / 



'3. - 'which fraction names the greatest- rational number? 
'a. I or i (i-; e.- f or | [t) l'' 

•■• a.' |.or,f:| (#) ■h-.-'f-'or I'/d"). 

4. Arr&nge .in border from least to- gi^eatest 
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Exercise Set 12 



2. 



3. 



Find which number is greater; 



^„ . 61 * /C/ ) 



"a. *sWhich is longer, j of a year or 121 days? 
b. Which is longer, 200b ft. or .3 of a mi'le? 
(Hint: First find simplest fraction names.)." 



Which is greater?' 

# °^ 5T0 (zl/. 
2\ 



a . 



.,b. 



275 \ 



4. List these in orjler ©f/s'i'ze from least to*greatest. 



43 



b. 



r> -30 23 

^ ' 'T ' T • 



Roy is making a hammer toy for.his little sister. He has 
wooden ^egs in-, in diameter. To niake- holes in the 
•boam he has two drills; One ma-kes a hdle |- in. in 
diameter. The- other makes- a hole ^ 



in. in (diameter. 
'Will' the pe^s .fit through bobh sizes of .,holes?^^"'^Which 
drill should he use? {^^- ■U'^^^ ^Ji^i^) ^ . . , 



ERIC 



10-5 



548- 



P303". 



6. ' On a number' line, j)f you wanted to show both fourths and 

sixths you would mark the line in twelfths How would 
you mark the line \o show both of these? 

a. 'Tenths and sixths? ' :t2u,y^^tu^ 

^ b. Sixteenths and thirds? (^..^^^<>..^y^^ 

c. Twelfths and ninths? 

7. Suppose that there will be either, 4 people or 6 people 
at your party,- counting youpself . Suppose also', that you 

-want to cut a cake before the party and want to divide - 
the whole cake fairly among-, t'he peop'le at the party. 
How would you cut it? i 'ti^^-'J-f^^^^ ) 



K 
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SCALES' ON NUMBER LINES ' i 

Objective; To develop ideas needed for picturing acidition and 
0 subtraction of rational numbers on the number line. 

Materials: Number lines Scaled in ones,- fourths, eighths,' 
tenths, twelfths. 

Vocabulary: Segment, Wasure of a segment, congruent segments, 
scale, scaled in halves, scaled in thirds, etc T 



Suggested Teaching Procedure- 

In preparation for, the following sev^n 
sections, the teacher should be thoroughly 
familiar with the development ' of addition 
and subtraction oj whole numbers as presentedv 
in "Techniques of Addition and Subtraction", ' 
Grade ^, Chapters 3 and 6. ' - 

\ • . ^ ' 

Work through the Exploration with the class. 

- Draw a number line scaled in fourths on the 
board : 



A 

0- 



B 



0 
4 



I 
4 



C D 


E 
1 . 


F 


G 


H 


1 

' 2 


J 


K 


2 • 3 


4 


5 


6 


•7 


8 


9 


10 


• 4 4 


4 


4, 


4 


4 


4 


4 


4 


measure 


of these 


segments : 


• AB 




' T5 


on . 










J 






; of a segment 


that*'has 


measure 


1 is 


at 



What Is the other endpoint? (^)^ 



1 



and 



.Ask similar questions about points 



2 



is at 
2 



6 



One endpoint of a segment that has measure 
What is the other endpqint? \ (There are two answers^: -jj- arjd -^p 

Ask similar questions about other points. 

Draw number lin6s scaled In sixths, eighths, 
tenths, and so on, as needed to help pupils - 
understand the meaning of, "scale" and review the 
meaning of "the measure of a segment ♦" 
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•SCALES ON NtJMBER LI^fE 

.1 * , 



Exploration 



( 



A / ' ^ ' . ' C D ^ 

0 ' * I ' 2 ^3 , 4 ,5 6 ^ 

- — • • : • 1^-^ ; •—^ 

• - ■ ^' • . ^ ^ ' ■ 

Op this number line, the marked points are eqyally 
spaced. ' Each point is labeled with a whole numbeV. Some 
-points are also named with l-etters. ' , . 

The segment with ^dpoints at Q and 1 is the unit 
segment . 

1. Look at .The number at point A . is 0. The numj)er 
at B is K AB *is the union of how many segments, 

*.ea-ch congruent to the uhit seigment? (2) 

2. What is the measure of ? (^) * ' ' 

^hat is tfee measure oT AD ?' * ((>) . . 

h. ' What is an ^asy way to tell .the measure of any segment if 
'one endpoint is at 0 \^j2^,^^JL.^Q^iri.^^ 

5. I. Look at BC. B ' is the point labeled C^^, , C is .the point 
/ labeled -BC is the union of ^^). segments, each*' 

/ congruept to the unit segment. What is the measui»e ^of BC ? 

6/ Name a segment whose measure is 4. ^ BD} 

Name a segment whose measure is 1 . 
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** 




1? 




• E 


F 


•J 6 


H 


0 ■ 


1 2 3, 


4 5 6 7 8 


9 10 II 9 


b. On 


the number line' above name with l^tters^: (^^^•^^-^^ ^ , 


\ . ■ a . 


Three segments, measure of each 


is 3 (ef fj czh ) 


6. 


Two segments, measure oT each is 






One segment who&e measure is 6. 




d. . 


. Two segments 


^ measure of each Is 


8. (fH -ECr) . 


As 


you know, we may separate a number 


line Into congruent 


segments 


smaller than 


unit segments. He're 


are two examplea*|^ 


0 


1 


2 


3 4. 


0 




.3 -4 5 


6 7 8 


2 • 


2 . 2 


2 2 2 


2 2 2. ' 


0 


1 ' 


2 


3 ' * • 4. ' 


• 

0- 


1 2 3 


4 5 6- 7 • 8 


9 10 ir 12 


' ' 3 


3 3 3 


3. 3 3 3 3 


•3' 3 ' 3 3 • 


The 


first line above uses a scale of 


halves. It Is scaled 


in halves. The second 


line ab'6ve uses a Bcale of thirds. -It 


^is stfealed An thirds. 






Generally we will 


show, the scale we are using by the 


denominator of the fraction we use in marking the s(jale. If 


we are marking a scale 


in sixths, we will 


3 

label a point. ^ 


rather ttian ^ , "or 
In fifths we will use 


^ , or ^ ^ 'If we ,are marking a scale 

2'' k - 6, 
the .label ^ rather than , or ' 


8 

or ^ . 






V 


< 




I . ■ : 

\ 
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A B • C X D E - 

^.9 , - , J; > ' ■ , • 2 

0 1 23 4 5 6 r8'9 IOIII2I3I4 I5 

6 €i 6 6 6 '6 - 6' 6 6" 6 6 6 6 6 6-6 

9. a. This number line Is' scaled In 



Mnd the 


measures 


of t;^hese 


segments . 








|b. * ^^AB 


(i) . 


f . 


Sc' (|) 


i. 


CD 




c. 


(1) 




"BD Cf) 


j. 


CE 




'd. 




h. 




' k. 


m 




.e. AE 















Exercise Set 13 



Look at this' number ;ine. Into*" how many conjgruent 
segments is the unit '^egmertt- separated? ^^') 



A. B . . C D 

0' ' ■ . / I , . ■ ' 2 * ^ 

^ » * — — • — » ' * « ■ . — — — • — - — ^ — » ■ ■ ' — • — ^ ^ • 

b.,^ *What is the scale? ^.yyzjl^yhtA^) " j 

0 / Wi^ite the se4: af^ fractions yoO would use to label 
the points' from p. 'to- 2. Cf' T'" 

d. What number of your scale matches point A?^^^ B'f^^ ck!'^) 

e. Wbat is the measure -of AbI^^AC?^ AD?^ EC?^^BDf'^ C5?^^^ 
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2. On the niunber dine b^low are pictured W, "SS, EP ^nd 5H. 
A B , E • F 

0 . I / . 2 3 - 

^— • 1-^ ■ » • . «. * « 9- ' 



G H-^C . . D 

" 'a.' The points' shown with dots could be labeled in a 

. , b.' Vhat numbers- match the points named with letters? c. g, 
c.- What is the measure of each segment? * 5" ^• 

3. Do the three segments described -in exercise a have the 
same measure? Answer the same question for exercises b 
and . c . ^ ^ ^ ' 

a. Endpoints |'.and f . | a^^^ |^ § ^ (y^)- 

b. Endpoints |- and ^p, |- and |, j and | C^^J^ 

c. Endpoints ^ and f'^' and J, | . and J""'^'^;^^^ 

» * 

4\ Rename each o-f these numbers with a fraction that could be 
used to label a p€>int of a s'Jale of twenty-fourths. 
Example: ^ = ^ \ ^ 

a. " id.) b. |C^J c. )d. e'. I (^-Ij ' 

5. Which of these numbers cannot be renamed by a fraction 

which could be.,used to mark a scale^ in eighteenths? ^i>,c,e,^^ 

b. ^ e. ^ e- To • 

♦ 



ADDI-HON OP RATIONAL NUMBERS ON THE WMBER LINE 

Objectives: To develop the meaning of .addition of rational 
' * ,\ Dumber^ by considering the measures of Segments 

on the number line, and: the measure of ^heir union*** 
^ when the segments are placed "end-to-end". 

To der^elop a procec^ure' for computing the sum of 
two rational numbers whose measures are in the 
same scale--rthat is; when the measures are naijjied 
by j^ractions which have the same denominator. 

To show that addition of rational numbers named by 
* , 'fractions with the ^pame denominator reduces to 

addition of whole, numbers. ' • 



Vocabulary: Sum, addend, addition 

\ 

Materials: ^'Number lines, dittoed number lines for children. 
(See "Materials") I ^ 



Suggested Teaching Procedure 



Write this problem oL the board: 



II 



The towns of Justin, Karver' and Lind are on a straight 

/ 2 
road. Karver is between Justin/and Lind. It -is mi. from 

10 



mi. f/rom Karver to Lind. .How far i^ 



/ 



Justin to Karver and 
it fi?om Justin to Lind? 

Do you know the answer to this problem? Can you think Of 
any way to picture it? (Witn a number line) How do we scale 
the number line? (in tenths.^ Why? (The measure^ of the sections 
of the road are ej^pressed in tenths.) 

Here is^j/ number line /diagram. Imagine it^ as a picture of* 



the situation, 
/'^if il . K 



10 



0 
10 



10 



2 
10 



5. 



6. 
10 



7 
10 



e 

10 



9 

io 



10 



What doea JIC represent? (The section of the road between 
Justin and Karver.) What does KL represent? (The section of 
the road, between Karv^r and Lind.) "What does^ JL represent? 
(The section of ^e road between Justin an^ Lind^ How would 
you ordinarily^ express the distance from Justin to Lind? {^) 

Here are^some number line digrams. They show how to put 
copies of segments together "end-to-end", so their union is a 
/Segment. For each diagram tell the measures of both segments 
and the* measure of their union.- 

2 4 ' 2 4 • • 

7/7 3 3 



I ' 0 1 



0 1 2 3 4 5 6 7 8 9 -0 !• 2 4 5 6 7 8 

7777777777 333333333 



3*5 4 - . 6 

4-4 ,5 5 



0 I 



0 I 2 3 4 5 6 7 8 '9 10 Q *i 2 '3 4 5 6 T 8 9 '[0 R 
44444. 4 4/ 4. 4 44 SSSS^'S^S.SSSS 

The method we have used for building a new line segment' out 
of two others is 5 way we used earlier of* picturing addition of 
whole nujrfbers. Because the. same method also pictures an operation 
y>n rational number we" simply agree to call this operation 
' addition . In this^ lariguage we can express a relation between 
measures of length by using the usual symbol (+) to indl^cate 
addition/ In our examples the relations we have found are: 

2^35 3^58 

^ .2^^6 h ^ 6 10 

How is the> number line scaled to show: y + y ? (.|.n^ ^ 
sevenths); | f |? (in fourths); § + "g-? (in thirds); -.5 + 5 • 
(in fifths) ; ' .■ " . 
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3 2 

We really don't need diagrams to compute 'sums like t" + TT 
i| 7 6 „ 3.2^^ . . . . - ^3 



or 



^ + J. For ^ + f we can count by fourths from ^ . 

+ ^ , how 



'5 eighths 



We think 3*^ fourths, 4 fourths, 5 fourths. Per 
do we count? (We count by eighths from ^. We think, 
6 eighths, 7 eighths, 8 eighths, 9 eighths.") 

This counting really amounts to addition of two whole numbers 
We think ' - . - ' 



3^2^ 3 2 



4 



5 4 
8 



Is there any- way to get- the results foi* these additions 
without using the number line or counting? (Yes. The numerator 
of the result seems to be the sum of the numerators 'of the 
addends. The denominator of , the result seems to be the common 
denominator of the addends . ) 

Are these mathematical sentences true? 
decide. 

1114-1 ^ 



Use nxomber lines to 



5" + ^ 



1+1 



3^^ 3 



1 + 1 



3.2 
8 F 



3 + 2 
. 8 



d. 



1 4. 3 



What is the simplest fraction name for 



1 + 1 



(|) 



for 



3 J:_2, 
8 



for 



1 + 3 



1+3 

1 + 1 , 



(I) 



.for 



In computing, the following form illustra- 
14 ^343 + 4 

trating ^ + if should be u^ed: -jj- + -jj^ = — ^ — 

• In this and succeeding sections, answers to 
exercises, are often rational numbers. It is,^ 
suggested that any appropriate name for that, 
number be accepted unless there are directions 

[specifying a particular k'ind of name. Thus 



and later Ij would all be accepted. 



Of 



course, ypu may wish to point out advantages of ^ 
particular kinds of names in particular circom- , 
stances, and state that, in the absence of any 
special considerations, the fraction with the 
smallest possible denominator is the customarily 
preferred name . 
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-ADDITION OP RATIONAL NUMBERS ON THE NU>EER LINE 

h • ■ ♦ • 

Exploration 

'Builcling a new Jdne* se^ent out qf tw^o others is a way of . 
picturing adCiition 'of whole numbers. Because the same method 
also pictures an operation on rational numbers, we agree to call 
this operation addition . We express a relation between measunes 

of length using the usual syiabol to indicate additibn. 

3k'' ' ' ' ' 

The addition, 2 2 shown on a number line scaled 

in halvejS. ^ ^ 

V X . 2 ' Y 2 Z 

0 \ Z 3 4 .5 6 7 8 9 10 H 
2 2 2 2.2 2.2 ^ 2 2 2 2 



XY is the union of three congruent segments, eacj>^with 
'measur^^^, so the jneasure of XY is ^ . 

YZ is the union of four congruent s^egments, each with 

1 - ' ^ • 4 

mea^sure so the measure of YZ is ^ 

: XZ is the* union of - (3 + k), or 7 congruent segme'nts, 

1 ' — 7 ^ ' 

^ each with measure ^. The measure of XZ is ^ . 

We write ' - ^ 

3^4 3'+ 4 7 
• . ""2—= 5* \ 

7 34 
We can think of ^ as another name for 2" 2' ' • 
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6 ^ ♦ 
The addition ^ -i- ^ may be shovin on' a number line scaled 

' in fifths. ' " ' . 



.-vS , S 5 

— — — ■ -•-i 



0 ' 



O"! 2-3 4 5 6 7 8'9 }Piri2. 
555555 5 5-55555 



1. RS is the uni6n of co'ngruent segments, each v/ith 

measure L 5 ^ . The measure of RS is ^5/ . 



2. ~ ST is the union of congruent segments, each with 

. measure (i) :■ The- me^sui>e of ST is (I) . 

3. RT is the union of (^^ congruent segments, each with 
measure ('5) . The^measure of .RT is^^^-i^ or (§) . 

Me write 

: 

■ 6 5 _ 6 + 3 _ 9 



. > ' Q 63 

V/e can think of # as anothfio' name jfor r- + 

5 . ■ -5 5 
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Exercise Set V^ ' 

* ( 1. Use number line, diagrams to show each of<^hese sums, 
a. . , . . . 
i ■ i — . ^ /-• !- 4- 



2. Write a mathematical sentence" for each" of the following diagrams; 

3 5 
3 '3 



ERIC 



a. 



K 2 3 



0 
3 



, 0 



g 

4 



Z . 5 

6 6 



c. 



'(1 4- IJ.) 



0 
6 



Copy and find a fraction name for. each of these sums. 
Exercise \ is done for you. ' . 

^ 4- 8 

a. 



5 ^ 5 _ 3 + 5 _ 8 

TT + TT Ts, 



h 5.9 /if) • ^ 7 . 9 //6 ) 
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Find a 'fraction name "for n, If: 
a.* n, = Y + i. < -rj ' 



7 ■ .//2 ) ' 



n = 



5" 
_ 5 



7 



Copy each of'^tUe. following and represent the sum in simplest 

is done for you 
2 1 



for.m 


Exerpise a 


a. . 


i l' 1 +^ 


b.- 


2 \ '^ ) 


c . 


M ^^-^ 


d. 


'7' ■ 1 /^^^ 
to -To 



f . 




1^ (3, 



'-BRAINTOISTERS 
5 



b. 



^ is the result. of addtag two rational numbers. The 
fraction name for eacjn addend has a denominator . 6. 
V/hat^are tv;o possible addends? (a ^ ^^'"^ IST^/ 

^ is th^ result oJ^ adding tv/o rational pumbers . Each 
fraction name has a denominator 12. . V/hat are tv/o 



possible addends? 



f- is the result of addin^^two rational numbers. One 
o • 

fraction has a denominator of^ 4 and the other 
fraction h^s a denominator 12. What are two possible 
3tddends? C^f.^}^^; I h'-^l 

is the result of adding two rational numbers. One f 
frac^orrlias a denominator of ^ 3 and the other has, a 
denorninator of 4. What are two possible addends? 
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SUBTRACTION OP RATIONAL NUMBERS. 



Objectives: 



Vocabulary: 
Materials: 



To^shov/ that subtraction of rational numbers, like 
subtraction of whole numbers, is a process of finding 
one addend v/hen the other addend and sum are knovvn/ 

Tc^icture subtraction of ra^Wona^L numbers' with- 
segments on ^ the .number line. ^ ^ ^ 

To' shov/ that subtraction of rational numbers named - 
b^ fractions with the same denominator reduces tp 
subtraction of whole numb^s. * * 

Sum, addend,, unknowni addend. -/ 

Number lines, dittoed number lines for •?jhildren. 



Suggested Teaching Procedure. . * 

• , If y^our pupils are not accustomed to thinkinig 
of , subtraction of whole "numbers as finding an;' 
addend, you may wish to proceed as follows: 

2 1 

• ' Jn the mathematical sentence 4- ^ = n, what are the 
2 V* P ^ • 

addends? and V/hat is the sum? (n) In the mathematical 

^ P 5 2 ^ 6 ' ' 

sentence p = ^wha.t is* the sum? (^) Wa^X are the addends? 



and 



. ^ It /may be necessary t6 write mathematical^ / 
s^entences 4;ith who;Le numbers -.to ^help pupils 
learn this vocabulary. 

, Draw a number line, as shown, on the board. 



2 



0 



1 



2 



3 



5 



- 6 

7 



7 



8 



Does the number line sh6w ^ + |- = ^ ^es ) V/hat scale 
is used in "the diagxjajn? (Fourths) What do v/e call ^ and' |- ? 
('Addends) What do we c ail |- ? (Sum) 
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' Does the number line show 

Tf T r IT' 

Does tfie sentence 
|; and, J as does 



(it**' 



,anc 



what aue the addends? 



I) 



V/hat is the sum*? 



toe relationship amotig 



Write the mathematical sentence rr + ^ 
,817 .8 7^ l^ 
for subtraction. (5* 5* 5" 2 "5* ^ ^5"' 



S, u^ing the si^ 



Use other examples as needed by your class 
XI, n is 'the sum. ..Do the sentences ^ 



II 



. 5 ^ ^ ^ n is 'the sum. ..Do the sentences n ='|-.- j 
and ,n -"^j = j state, the same relationship? (Yes) ^ 

Look' at the nuinber line. What scale Is used? (Fourths) ^ 

V/hat fnathematical sentence Is shown? (n + 7^ = Tf^'^^ if T " ' 

2 ' ' 

« . — — • - 



0' 



1- 



■'2 



4 



6 

4 



7 



\ 



8 

IT 



9 



10 
T 



5 

T \ . -r -r j 

2 ' 

V/hat is the other addend? (-jj- and-- n) V/hat 

V/hat , number -ia^ n? 



V/hat is -one addend? 

is the sum? (|) . Look- at the ^umbfer- line, vmau , number it^^ xir ^ 
(f) Hov; could we. find a name for n "without using ^the 'number 



line? 



V 



(n = IT 



8 - '2 6 v' 
therefore, n = — ^ — i = t^j 



Emphasize the relaUonshlp between a?IdlW.on 
and subtraction and the fact that there Is simi- 
larity in the form for obt9.1nlnc results. . 

Furnish more examples like the one above ; 

and ask similar questioips. . 

There are no nevj techniques needed for com- 
puting addends that are rational numbers. If <«f 
the sum and one addend are named by fractions -in 
the same scale, the subtraction is reduced to 
subtraction of VMhole numbe}^'s. ^ ^ 
i In computing, the following form, 
10 ^ 



^illustratec^for - 



should be used, 



10 



10-JL 
— 5 — ' 



6 
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"SUBTRACTrCiN OF JRATION/^ NUrffiERS * ' * • ' . 

Addition and subtrac^on are operations on two numbers 
The^ result of each operation is a single number/ 



The result of adding |- 



and 



call 



and 



5 
J 



addends. We call 



* ^ . Addition of rational 
numbers fnay be expressed 
with fraction numerals as 
3ho\m on the right , In 
addii:lon, two addenxis are. 
k-nown. V/^ wish to find 
the sumi 



5 ^ 7 

J is ^. We 


have 


, added. 


7 

y the sum. 






2. ,^ 5 _ 7 
3 3 J) 


2 ■ 

- y 


add^end 






addend 




7 

■ J 

— r- 


sum 



We 



vme)i we think about I and ^ and get a result of we 



have subtracted. Me call, | and | addends. 



J' 
7 

We call J the 



sum. 



, Subtraction of rational 



numbers' may be expressed with 
fraction numeralff'*as , shown gtt 
the .right. In subtraction, 
the sum and one addend ard 
Imown. V/e wish to find the 
other addend. ^ 



7 

3 



5 



2 
3 



sum *^ 
3 « \ 



5 

X 



2 
J 



addend 
addend 



The mathematical sentences 




express the same rel^ionship. among j, and 'i. 
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Look 'at ^ he diagram below. Use the measures of, AS, * BC:^ 
and AC ' to write three- mathematical sentences which express the 
same relati'S^ship-. ^ ' ' * 

A , , B ^ . C 

.'0 . t 2 3 

' ,1*-* . ' — . . . . . . > . — ^ 



Z- -t ^ ' L£. 
^ 1 H- 



IS. - I. - 2- 

.4 



5.65 
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' , Exercise Set 15 



1. Use, number line 'diagrams to picture' th«se relationships. 
V/hat number does n represent? " ., '. ' 
7 2 ' 



^ -i- I = n ' f ' t ^ ^ 



T ' • *■ 



\;hat mathematical sentences 'are .pictured in the diagrams 
below'? . . . ' - . 



n 



4 



a. * 



-0 ' " ii ' • , 

4 ' ° " 4 . . 



6 
8 



' 0 • .1 >v 2 , , - ? 

* 6 ' •■ . 19 

' 8 . '8 



2 
3 



c . 



> 3 



0 : 8 

3 3 
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.'3/ '-Copy each sentence and -find' a traction name for n. 
Exercfse a is done' for you. - 



a n - 5 i - 5 -^-r _ V ^. 



b, 



i'-t'-- .'(f) . - = ill 

^^rf n--^^ 9/'5>i , ^'ll^T * f i\ 

V 

/ 

^- ' Copy Qach sentence and find the other addend. NgjTie each 
answer in simplest fraction form. 



b. 5 - I - n (?) ■ TC - TO = " (i) 
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-PICTURING ADDITION AND SUBTRACTION WITH REGIONS , 

*. % 

Objective: .To shov; that addition and subtraction of rational 
numbers can be 'pictured viith regions, as v;ell as 
• , segfnents-; ' , , ^ 

Vocabulary:!' Unit region. 



Mal^erials: Models of rectangular regions and circular 
^ regions 



Suggested "Teaching Procedure 



V/ork through the Exploratioi^ v;ith the class. 
Use additional models as needed. Emphasize that 
a relationship between t:wb addends ^nd a sum may 
be stated by dil^ferent mathematical sentences. 



56^ 
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PICTURING ADI^TION AMD SUBTRACTION WITH REGIONS 

Exploration - . 

"You hdve seen how number lines can be used to picture 
addition ^d subtraction of rational numbers. Regions can be 
used also/. ' . ^ 



1.., Figure A represents a unit region. Each of the^ small 
regions is of the unit region. 

2. The dotted region is of the unit region. 

The shaded region iS C§)^ of the unit region. 

4» The unshaded region is (i) of the unft region. 

5. V/hich regions picture the mathematical sentence ^ 

4 

5 . 2 ^ 5 0 ' 
H ^ - ^ • ^ 
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V/rite two other mathematical sentences which express the 

same relationship among ^, and ^. I g 8*8 

5. - 3 . 2 
8 a " F 

Write a mathematical" sentence pictured by the dotted and 



unshaded regions, 



V/r^.te three mathematical sentence's suggested by the unit 
region -and the dotted regions, 



The unit region- and the unshaded region suggest that 

\ + ("fj = Write two other mathematical sentences for 



"^is relationship . /^#--|-=^> £-^-J.) 



B 



Trace figure B shown above. Shade some parts and v/rite 
three mathematical sentences for your picture. 
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Exercise Set l6 

Write a mathematical sentence for each problem, .Use a number 
line if you need help in writing the mathematical sentence or 
finding the answer. Use simplest names for rational numbers 
used in your answers, 

1 . Susan needs j y^rd ribbon to wrap one present* and j 
yard of ribbon for another. How much does she need*? 

(I 



Below is^a map of a lake. Three friends live at the points 
•marked X>^Y, and Z. X and Y *are. ^ miles apart. Y 



2 

and^ Z are Yn "^l^s apart. How long a boat trip is it 

from X ^to Z by way of Y ? C /o /"B ' ^^I'Ajl^ -^tj-tti^'^tfc^ 




V . 

There were 12 chapters in Mary«3 book. One day she re^d 
2 chapters. The following day she read 1 chapter. V/hat ' 
rational number best describes th^ part of the book she 
read on the two days? / 7% 7^ ^ J^s^-^iu^ yt.jt.<x.^ 
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.SCALES FOR PICTURING ADDITION 
Objectives : 



To show that to picture addition of rational numbers 
named by fractions with different denominators, it 
is necessary to find a suitable scale. 

To show that a suitable scale is /one in which the 
number of congruent -segments in each unit segment \ 
is a common multiple of the denominators of.^rtie 
original fraction names. 

To review "renaming two rational numbers by fractions 
using the lowest common denominator. 



Materials: Number lines, dittoed number lines for children* 



Suggested Teaching Procedure 



.Addition of rational nmbers has been 
related to finding a measure for the union of 
two segments placec^ "end-to-end" on th^ nizmber 
line. In that case, the numbers were named by 
fraqtions with the same denominator, so the 
selection of a suitable scale presented no 
problem. The discussion in this section deals 
with the question of finding a suitable scale 
for picturing the s^ of two numbers named by 
fractions with dif^^rent denominators . It 
thus provides a geometric picture of the 
propess of finding a common denominator and 
of renajning the numbers to be added. 

It v/ould be well to build up the first 
diagram in the text in stages, using the, chalk 
board. Show first the scale for halves, then 
introduce the'^scale for thirds on the same 
line, and a^ thTpupils to think of a scale 
which will provide fraction labels for the 
points of both scales. - 

Work through the ^p-est of the section with 
the pupils. 
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SCALES FOR PICTURING ADDITION 

To picture 2* + j on a number line, w^e need a suitable scale, 

A scale of sixths can show secants measuring and segments 
1 ' ' ' 

measuring 

2 . ■ - '3 



0 ' I • 2 

2 2 2 

0 i 2-3 

3 ' 3 3 3 

0 i 2 3 4 5. 6 

6 6 6 6 6 6 6 

This 5iagram suggests that 5" + j be written as 

V 3 1 * 

-To show ^ - J on a number line we may use a scale of 

twelfths. J ^ 

3 



■I 


















4 


0 








4> 










1 


0 

3 ^ 






1 

3 






2 
3 






3 


0 
? 


\ 


1 

4 




i 


2 
4 




3 

^4 




4 
4 


0 1 


2 


3 


4 


5 


6 


. 7 8 


9 


10 


li . 12 


12 12 


12 


12 


12 


12 


J2 


12 12 


12 


12 


12 12 




We think, n = ^ - j; so n + j = ^. The number ]J^e shov/s 

'-■■51 
that n = j^. This suggests that ^ ~ j can be written as 

•2. 1=9_'^ 9 4^ - 9 - ^ _ 5 
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Can we always find a suitable scale to picture the s\jun of 

^3 1 

rational numbers? Consider ^ ^ ■g'* • • 

To find a suitable ^scale we must find a scale such that^qach 
^ segment and each ^ segment is separated into ar yhole number . 
of smaller i^egments. For eighths,^ we can 3eparat^ each ^ 
segment into • ^ 

2 congruent segments. Then there v>ill be 2x8 parts in 
each unit segmen^. 

5 cohgruent segments. Then there will be 3x8 parts in 
each unit segment. 

4 congruent segments. Then there \Jill be 4x8 p«tts in 
each unit segment. 

Subdividing ^ach ^ segment in Wese ways suggests scales -in^^ 
\jhich the denominators of the fractions are the set^of miultiples 
of 8. (8, 16, 24, >2, 4o, ^48 ...] Subdividing sixths suggests 
the set of multiples of 6.^ {6, 12, 18, 24, 50, 56, . . . ) A 
scale wj^ch can be used to picture addition of eighths and sixths 
will be one in which the denominator of the fraction is a common 
multiple of 8 and 6. The easiest scal^ to use is the one in 

'which the i.c.m.^ of 8 and '6 is used, that is^ the least , 

• '55 
common denominator tor ^ and ^. 

you know how to find the l.^.d. of ' ^ and ^. It is the 

\, 

^iTc.m. of 8 and 6. ' , ' 

8=2x2x2^ 6 = 2x5 

l.c.d. = 2x2x2x5=2x2x2x5 = 24 

t * 

6 

To subdivide the eighths and sixths segments, note that 

24 = 8 X 5 ' 
24 = 6 x'4 • 

> 
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So each segment of measure one-ei'ghth is subdivided into 
> .congruent segments, and each segment of measure one-sixth 
is subdivided' into 4 congruent segments* 



O 
8 

O 
6 



6 



2 
8 



2 
6 



3 
8 



4 
8 

3 
6 



8 



4 

6 



6 
8 



7 
6 



8 
8 



3 
g 



1_ 
6 



B O 
24 



2 i. 
24 24 



6^ 
24 



• 8, 9. 
24 24 



12 
24 



15 |6 
24 24 



18 
24 



2C 2!_ 
24 24 



24 
24 



On number line A the eighths and sixths scales are 
labeled. On B, points on the number line are marked for a 
scale of twenty-fourths. The points correspondj^ng to eighths 
and sixths are labeled in twenty-fourths. 



V/e write; 



5 ^ ^ - 9 ^ • JL ^ 9 + ^ 
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Exercise Set 17. 



N 



1. , Find the sqale with the smallest number of divisions you 



could use to picture these .sums. 
^- l+i^ (-^^.i^t;^^^^ c. 
b . 5.^11 : C^,,^. 7^^/^/ ' d. 



•2. > Use number line diagrams to picture: 
a. 



i 



5. 



i. i i i 

/• /« 



£ _£ £ J. 5 _ 

/O /• /• /• To M> fO 



i. ££. ii /Ji £1. 



1 - , 5 



For 

(1) 

(2) 

(5) 

a. 

b. 



/2. /2. /2, 72 /a /a /* /* /». /a- /¥> / 

each pair of fractions, write: 

the complete factorization of each denominator. 

the complete factorization of the least commo^i denominator, 

fraction names using the l.c.d. . ' - 



5 
1, 



7 



c. 

d. 



2 

5' 
5 



T5 



^ T 5, , 

Y 2 X 2. X 5 m if-o 
t ^ ^ 



6 



J7 



Z y<'Z X 7 
t _^ 



za 



9 



ct. 



3 




5 






t 




























\ 












2 


X 2 


>< 


3 


X 5 








t 


T 


/a 
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5 
tZ 



36 



_7 
/8 



Li 

5^ 
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COMPUTING SUMS -MB UNJCNOV/N ADDEND? . ^7 " 

Objectives: To develop computational procedures for Adding 

>and subtracting rational numbers named by fractioijs 
with different denominators. 

To show that such procedures re\iuce to (^) 
renaming the numbers by fractions tTlth a common ^ 
denominator and (b} adding or subtracting whole 
« numbers. 



Suggested Teaching Procedures 



Work through the Exploration with the class, 
and work put with them the form Iji which written 
vjork is to be 'arranged. 

Exercise Set l8 contains a list of exercifeqs 
v/hich pupils should" now be able to do wi1;hout 
using paper and pencil. Similar lists should be; 
used frequently. Pupils really enjoy making up/ 
such lists for use by the class. 
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COMPUTING SUMS AND UNKNOWN ADDENDS '\ 

y You have seen fhat suitable scales can be found for picturing, 
addition' of rational numbers' on the n\;lmber line.-^ 

-Rational numbers also can be added^ without us ing\ diagrams, 
Consider the sum 

you know how to add rational numbers when they^^g^ named by 
fractions with the same denominator, 

\ 

1. V/hat is the l.c.d. ^or ' ^' and ^ ? ^ ' 

^ ■ 1 



2. Using the l..c.d., what are. "the fraction names for rr 
, -and J ? 

5. Wnat is the sum of ^ 'and ? 

i-^ ' ■ • ' 

you can arrange your work like this: . , 

\ ' 2 ' 

l.o.d. = 2 X 2 = 4 

> 2 ^ 5 _ - 2 + ? _ 5 - ■ . i_J ■ 

1 + 1 = 1 I -I 

4. Explain each step of the '^ov^\^^^^^:^;^^j^^^ 

5. can you find a corainon denominator for any two fractions?('^^_^ 

6. can you add any two rational numbers if you have fraction 
names for them? 
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Exercise Set 18 

1. Find the sum of each pair of numbers! Write the -simplest 
frap^lon name for the sum. 

h I (I) . - f' f ^fj il ('#}. 

c ' X^^-^^ ' f 2 11" N 5n 27 

/ 

2. Find the simplest fraction- pame for each sum. \ 
5. Use niimber lines to^picture theses-mathematical sentences. 

I ■ ' -TX 



Jt — , £ 

3 . 6 



±. 4. n = :d ■» 



' I — I — p^i — t ^ 

S a: i r I ?. ^. /*-^ V T « 



'2. _ 
J 3' 



11 5 ^ t i l\ i i i \ i T'i ^ --rk f 

-H- - f = n. ^ ■ I 



Rename each pair of numbers by fractions with a common ' 

denominator. Then :^rtd a fraction name for the number n. 

^. 'a. |-|:.n-(^)d. 5._l^n(^j |_l=,n6-|) 

5=nf^,)e. |-^>n6-i; h. ^ = n 6i j 



a. 




b. 


2 




11 


c. ' 






_ 5 











1 
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Find the sum for- each pair of numbers and write its simplest 



fractiorp name. 



c. f _ f.. 5 i. ^1 

1 1 ' ^ • 1 



Find a fraction name for 'n so that* each mathematical 



sentence will 'he t^rue, 



I + n = I 
5 -4- n - 'i' 



2 , „ _ 5 fl 



5 




n 


2 








1 






2 


2 




n 


- J 


1 






1 


5 




n 





^ /a 

7. BRAINTWISTER : Find a fraction which 'names a number^^^***^ ^TT^ 

' ' ' 3 3 // ^ 

a. greater than ^ and less than ^. il^'^lfoj 

b. greater^than § . and less than ^, (1,^^^^ y 

c. greater than ^ and less than (Find two answers) 

{/T. Tg-y 
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^ Exercise Set 1^ , t j 

Certain rational numbers should *now be so famfliar that you 
can^ thinK of many names- for them. You should be able to add and 
subtract such munbers without writing out your work. 



V/ithout doing any writing, try to find v 
J. + = n (-f ^ 



11 f 1. ) 



7 



" '(V 

■ ^8 J 



7 



8 
9 
10 



hat number n must be. 



13 



10 



i) 



" ^ [75) 



The numbers in the exercises -belovj^fiaVe fraction namtfs which are 

probably less familiar. Shov; all your work for these exercises, 
c fl ■ r ill \ 

11. 
12. 

15- S 



5^8" 



= n 



14. 
15. 



7 ^ 11 
To + ~F 

1 4- 9 _ 



(Si) 



16. 

17. 
18. 

19. 



20. 



To " 


_ 5 
- T 




if 

n + ^ = 


11 " 
T? 




•21 

To = " 


5-^ 




n + ^ 




(ly 


15 













Find the number n p^presents.* In exercise 21, recall that 
(•2' + j) + \ means "Find the sum of ^ and j, and then add 



the .sum to 



•'1.. 



21". 
22. 
•25. 



= n 



S'5 



24. 

25. 
26. 



. f ) , n - ^ f |> 
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DIAGRAMS ?0R PROBLEMS 



Qbjectives: ^^To suggest the use of the number line or a region 
■ - N- picture number relations in a problem. 

/ ' To shov/ that a number line diagram can be used to 

* « picture number relations in a problem even though 
th^xj^oblem refers tx> objects whi^Jh do not, of 
themselves, suggest segments.^ 



Materials: Di^ttoed copies of number lines and regions, 



Suggested Teaching Procedure: 



i\)n 



1^. 



\ V/ork through the exploration In the pupil 
text v;ith the class. Have them make up ad- ' 
ditional problems solved by addition or sub- 
traction with rational numbers and draw 
diagrams to picture the^ number relations 
involved. 

Many children find it very diffi6ult to 
so^ve "word^* problems. For such children, 
thinki,ng about the problem with 'sufficient 
care tk> draw a diagram which pictures the 
conditions can be very helpful. It is 
therefore sound. procedure occasionally to 
require that. they make diagrams for problems. 

Some children enjoy drawing, and others 
find it a hard task. For this reason, it is 
a good idea to provide dittoed copies of 
number lines and cir^culSr and rectangular 
regions ^/hich they may use ^nd adapt to their 
purposes • Models for teom'e "pf these are 
included in the sectibVon n^bTterials. 
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DIAGRAMS FOR PROBLEMS ' ' * ^ , . 

We have pictured addition and subtraction of rational 
numbers on the number line, and also with regions. When you 
wish to^solve a problem using* rational numbers, i.t is sometimes 
helpful to picture the relationships on a number line, or ia^ 
picture of a region. Look at thi^ problem. 

Paul found several unusual rocks while he' was on vacation. 
He gave ^ of the rocks to his brother, and gave ^ of them 
to a friend. What part of thfe total number of rocks did he 
^ive away? 

This is not a problem about things which suggest segments, 
but n\imbers are used, and numbers may. be represented- on the 
numbeafcii^ie . 

Suppose the ur\it segment represents the 'entire set of 
rocks Paul found. 



0 

r 



Set of rocks Paul found 







j Brother ' 


Friend 

^ — 




of — — r^— 






0 12 3 4 
8 8 8 8 8 


.5 6 
8' 8 


7 
8 



8 
8 



He 



gave ^ to his- brother. He gave ^ (or ^) to a friend. 



V/hat part did he giv^^^ay? Represent it by n. The' 
diagram suggests: 



rr 



'5 4. 1 



1^ 



3 + ^ _ 7 
~5~ -H 



. 7 

Paul gave away ^ of the rocks, 

583- 



:P328 



Now look at this problem. 

^ Mrs. v/hite cut a pie into 6 pieces. After Bob ate 1 
piece^ for lunch, ^ was left. Mrs. White served ^ of the 
whole pie to Bill.' V/hat part of the pie was left then? 

Chpqse a unit segment^to represent the whole pie, cut into 
sixths . - - ■ 

■ Bob (§] Left after lunch 



0 
6 



I 

6 



2 
6 



3 
6 



5 (To Bill) 



1 s 

6 6 
n 



6 
6 



Bob ate ^. Bill ate | .or ^. What part of the pie was left? 

5 



+ n = 



or 



3 5 



- 5 - 3 _ 2 

- — - F 



^ of the pie was left. ' > 

y:o\x might v;ish to represent the whole pie as a unit region 
separated into sixths. ^ 



Bob's piece ^ 
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Bill's piece 



or 
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Exercise Set 20 

For each problem, make a diagram showing the number relationships. 
Then write a mathematical sentence, and solve it. Write your 
ansv/er to the problem in af sentence. 

V 

Susan bought ^ lb. of fudge dnd lb. of chocolate 
drops . How much candy did she ^buy in all? 

r 

2. Tom and Jerry went to a Little League game. It to^ok Tom 
^ hour to get to the game, and it took Jerry ^ hour. 
How much longer did it take Jerry to get- to the game than 

3. David caught a fish weighing lb. Jbhn's fish weighed 
^ lb. How much more did David's fish weigh? 

f Mrs. Ray had one whole coffee cake. , She served ^ of it 

to her neighbor. How much cbffee cake did Mrs. Ray have 

2 

5. Ann was mixing some punch for her friends. She mixed j 
cup orange juice and cup gingerale. How much punch 



did she have? 
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I4rs. Kingjnixed some liquid plant food for J^er house plants. 
The directions 'said to , use ^ tablespoon for each gallon 
of water. She used 2 gallons of .v-^ater. How much liquid 
plant food did ,Mrs, King use? '^4^^' f ' ^'^^^ 

Jac}c spent ^ hour on Tu^da^? mowing the lawn. On 
Wednesday he spent ^ hour pulling weeds. How much 
time did^ck spend doing his work? T ~ ^ - 

Larry's mother gave him — apple pie for his lunfch. 

^ i' • 

She gave his brother, Jim, ^ of the |^ame pie. How 
much of' the pie did the two boys, eat? I 3 6 ' ' ^ ~ ^ ' 

Janet bought ^ yd. of material. She used ^ yd. for 
place mats. -How much material was left? ^ Jz' 

7 ' 1 * 

Mrs. Smith used cup brown sugar and ^ cup white 

sugar in a candy recipe. How much sugar did she use? 

Alice stopped^ at the store on the way from her home to 

'the park. It was ^ mile to the store. The park was 

-S^ mile from Alice's home. • Hqw much farther did she 

7 f _ 5 _ " ^ 

wallfto get to the parlc? \71>' W ' ^ = 

2 ' • ' 1 

Jane spent j hour doing her homework. Betty spent ^ ' 

hour on homework. How much lorjger did it take Jane to 

finish?^ ( I r r ^^^y ^ ^ 
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PROPERTIES OP ADDITION OF RATIONAL NUffeERS 

Objective: To inquire whether the familiar properties of 

addition of whole numbers are true for addition 
of rational numbers. 

Vocabulary: Associative Property for Addition, Commutative 

property for Addition, Addition Pro|)erty of Zero 

Suggested "Teaching Procedure 

''To verify that the sum of two rational 
number^*' is always a rational number, you, may 
wish to -proceed as foliows: 

« We will try to find out if properties for the set of whole 
numbers undisr addition also hold for the set of rational numbers 
under addition. ' ' 

Is the sum of two whole numbers always a whole number*? 
(Yes) Give us some examples. (7 + 8 = 15, 11 + l4 = 25, 
127 + 382 = 509) 

Is the sum of two rational numbers always a rational 
number? (If the answer is "yes'*, ask for some examples.) 



1 . 1 



Use sa number of>examples such as 

I^'^ ^ J' ^ *^ J' f *^ ?' ^^^^ pupils 
to see that in addihg two, rational numbers, 
such as ^ and ^, ,a common .denominator for 

the fraction names can be found. Then the> ad- 
dition .is reduced to one of adding whole 
numbers. The result of adding wil3^ still be a 
rational number. ' • 

This "discussion is conceded with what is 
technically called the" closure 'property We , 
can say that the set of rational numbers is 
closed under the operation of addition. This 
language will probably not be used with chil- 
dren. They should understand it in the terms 
that the sum of any two rational numbers is a 
rational number. 



^ Is*it true that the sum of any two rational numbers is 
alv/ays one 'rational n^umber? (Yes) 
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Does this property hold for subtraction? Let's look at 
some examples and see if we can answei* that question. 

Are the results of these subtracticJl^s rational n\imbers? 



7 



2 



11 



\1 



2 



1 



(The results of the first three are rational niimbers. ^We do 

not yet have nu^nbers Tor r^su^ts of the last two. V/e know no 

"5 2 \ 

rational number which added to ^ has a^ result of ^.j 

Then will you agree that you cannot always subtract two 

•rational*, numbers? (Yes ) 

TO verify that' the Addition Property of 
Zero is true for rational numbers, you may 
wish to proceed in this way: 

*^ Think of two addends that are whole numbers'. The sum of 
these two addends is c5ne of the addends, ^fhat are some examples? 
(6 ,+ 0 = 6,' or 0 + 15 = 15.) IS it true that- It 0 added 
to any whole number, the ^result is that wr^ole number? (Yes)^ 
Does this property hold for rational numbers? (Yes) Give me 
some examples . ' ' /J 



Investigate with the class a number of. 
examples such ^s S + 'X + and 

Here, it may be shown that J + J J - 
by . this reasoning. . 



7 4. 0 



7 + 0 

7 
5- 



.' .If ^+n = ^, what n\imber is n? (o) If " + = 
what n\imber is n? (O) Can n be any other number except 
p? ^No) 
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The Commutative Property far Additj^on may 
.be discussed as follows: 



IS it tnfe that 7 + 9 = 9 + 7? Is it true that 
26 + 4l = ^1 + 26 ? (Yes) Try to state ^he rule for us. 
(Changing the order of adding two whole numbers does not change 
the sum. ) * . 

This conimutative property for addition of 
whole numbers is developed in grade 4. The 
word "commutative'* is u^ed with pupils to name 
this prcjperty. ^ 

i 

This is called the commutative property for addition of 
whole numbers. Whicki of these mathematical sentences are 
true because of the commutative property for addition? 

^(a) 128 ;f 0 = 0 + 128 

(b) 256 + 891 = 891 + 256 

(c) n +^621 = 621 + n (if n is any whole number ) 

(d) a + D = b + a (if a and b ^re any v/hole numbers*) 

{All are true by the commutative- property for addition.) ' 

Does this property hold for the** addition of two rational 
numbers? (Yes)- Are you sure? 

^ 2 

Have pupils, show that sums ^ + g ^nd 

^ + ^ are -the same". Continue with more 

examples until pupils understand, generalize, 
and freely^ use the commutative property; 

Does the commutative property hold for the subtraction of 
two rational numbers? If you don*t think so, how many examples 
do we Aeed to find? "^JOne) Give us an example. (2. - i is not 
equal to 5^ ~ ^» ) Show this on the nymber line. 



589 



4, 

This shows 



(We cannot show 



tbink 



^ + ^ = ^; therefore, ^ ^ - = 

on the number line. To find 
' one addend. 



1 5 

= n. ^ is the sum and 



'2 

1 3 
The 



addend i^s greater than the sum. We cannot name ^ rational 
number n such that ^ g i** ) ^ 

I To verify the Associative Property: 



Addition is an operation on two niimbers to' obtain a. result 
Of one and only one number. How do we- add three rational 
numbers? i ^o answer this question, we might think of how you 
added three whole numbers . How could you add 6, 7, and 8,- 
in that order? ^ (We could think 6 + 7 = 15;^ 15 + 8 = 2lt.-)' 
Tell us another way. (To 6, add the s\im of 7 and 8. 
6 + 15 = 21*) Is ^he sum the same ^n both cases? (Yes) 

What ^es (6 + 7) + 8 mean? (Add 6 + 7 first. Add 8 
to that' stun.) V/hat does 6 + (7 + 8) mean? (Add^7 + 8 
firsti Add that sum to 6.) ' 



Write a statement of this associative 
property for addition on the board: If three 
whole numbers are to be added, the third 
added to the aum of the first two is equal to 
the sum of the' last two added to the first. 

This Is^a long statement. ' Use a' number 
of illustrations, .Arrange your work on the . 
board like .this 

.-Is 'f/'tS. + 12) + 11 = 8 + (12 + 11)? ' 
20 + ll" = 8 + 25 
' 51 = 51 
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. Do you think .the associative property of addition hglds for 
rational numbers? (Yes) Are you sure?' Let us try some examples 



Sho.w us 



on the number line . 



3 
2 



4 

2 



7 

2 



I 



8 



Ql 23 456789 10 1112 13 14 15 16 i? 
22 2 2 2222 22 2 2 22 2 22 2 



V/ill the measure of XY 'be ^ if we think (| a- ^) + |- ? (Yes) 
Will the measure of XY be if we think | + (^'''^ ? ^ (Yes) 



Use a number of examj^les o2 the 
associative prfpert^ for addition with ra- 
tional numbers as 'addends* This form is 
suitable for computatipn* 




6 >f 3 , 



Notice ti^ 

(5 + 6)\ 5^=g5+ (6%;^?;) 

( 5 + 6^ + 3 ^ 5 -f ^6 t 3 ) 

11+5 5 + 9 ^ 
—2 = ^ 



tSo 



14* 
"5- 



14 



• The addition of rational numbers h^ 
Associative Property* We see that th^is 
true'' because of the faot that addition of 
whcJle n\:irabers has this proper.ty* 




0' 
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PROPERTIES^F ADDITION OP RATIONAL NUf^RS 

Exploration 

You imow that (l) any fraction, such as j, ^, ^, 
names a rational number. (2) You can f ind ^the poifYt ,o n a " 
number line matching a rational number by (a) separating the 
unit segment into the number of congruent segments named by the 
denominator, (b) counting off from 0 the number of segments 
named by the numerator. (50 Some of these rational numbers, 
such ^s ^, arle aiso whole numbers, 

^ 1 ^ ^ 

\^ich numbers named above are also whole numbers?/^ ^^o) 



'2. 'Wha't whole Inumber can be a numerator of a fraction, but 

- * not a.^4^nominator? (^Oj 

5. Think of two whole numbers. Find their sum. What kind of 

\ number is the sun^ ^(^ yiAj-&>t>-£t^ --^ri.^^ 

4." Think, of two rational numbers. Find their sum. What kind 
of number is the sum? ^/t..^2;2il>^^-?^^ 
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^. 'Think of two rational numbers. Subtract the smaller from 

the greater. ' What kind of number is your answer?!^^^^.^^,,^.;^^^.^^^^ 

6. / Try ^o" subtract the gpeater number in exercise 5 .from the 
' .smaller. • Can you do it?^ Can you alv/ays subtract one 

rational'number from another? C'-yur') 

7. TJhink of a rational number n named by a fraction with 
.•denominator 6. Add it to ^. ^'fhat do you notice about, 

592 . ' . - '.^ 



the~s\im?, 



F532 



8. Find- th^se sums-. 



9. 



Ill\istrate^eachpairt of exercise 8 on 3 the number line. 



-it). What /property of additicp of ratdb^cl nvimbeps do exercises- 
8 and 9 suggest? (L^&^-yyv^yyi..^^^ 

» * 

11. Find fraction names for the numbers n and t. * 



a. 



12. V/hat do you notipe about n and t in exercise II? . 

15. What property of addition oT rational numbers doe^ 
, exercise 11 suggest? 



^vimmary of Propertied/of Addition of Rational Numbers 



1. If "-^vo.'f'ational nujnbers are added, the sum' is - a 



rational number. 

2. If sO is added to any rational number 'n, the sum ^ 
is the same rational' number n (Addition Property of Zero). 

3. ^ The order of adding two rational numbers may be 
changed without changing their sum* (Commutative Property). 

4. To'find the, sum of three rational numbers, you may 

(1) add the first two and addv^the third to their sum; 'or 

(2) add the second and third, and add their, sum to/the first 
(Associative Property). 

• ■ • / 



X 



3 
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Exercise Set 21 

«. 

V/rite a mathematical sentence for each problem. ' Solve it and 
answer the questijCjn in a sentence. * 

1. One measuring cup contains ^ cup of liquid. A secdnd 

^ measuring cup contains ^ cup of liquid. If the liquid in 
t^e first cup is poured into 'the second cup, what amount of 
liquid will be in the second cup? ( <5 T 

t I 

2. u<ki::£ctions on a can of concentrated grange Juice call for 
mixing^he juice with water. One-half quart water is to 
be mixed with., ^5- quart of concentrated juice.' What 
amount of liquid will result? Lz /6 ^ ^ - 71>' 



2 1 
5. I have -r <^zen cookies in one box and -jr dozen in \ 

!?-^ 'How 




another. You Vi^ve 1 4ozen bookies. Who has more? 'How 
.'^"^^ many cookies do I, have?-" (■§ ' ""^ = tI' 

4. A measuring cup is fj.lled to the ^ mark with milk. 

Enough water is added to bring the level of the mixture 
to the |- mark. How much wa'^r was added? (^^^ ^-^J 
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Cars have dials which show the quantity of gasoline in the 
tank. The dial .might look like this: * 




How do the markings on the dial dijTfer from^Jbhose on our - 
number lines? {.J^tk.^^ .ci^-t^ .,^.,^>^l.^^ ^^^i^^ 



What unit bf measure is represented on the ^^^1"? (^'.^£,<^,^_x^ 

Suppose enough gasoline were added to the tank to move the 

1 

pointer to a position halfway between thd ^ m§rk and the • 
mark . 




HovJ much gasoline was added*? ^ J. ^ ±:^Lyyl/c^ 



6. On the number line below the unit represented ^s the inch. 
' ^Vrfiat is the measure in inches of each of the six line ' 
segments pictured? 



B C 



I 

4 



1 il 
8 8 




595 



VfHOLE NUMBERS AND RATIONAL NUMBERS 
FRACTIONS ANP MIXED FORMS' 
RENAMING FRACTIONS IN MIXED FORM 



Objectives: 



t Vocabulary: 
Materials : 



To develop the ideas that , 

(a) if the numerator of a fraction is greater 
.than the denominator, the rational number 
it names may l)e rena^med as— a whole number 
or* in mi-xed form. 



if the numerator' of a fraction is a 
multiple of the denominator then the 
rational number it names is a whole 
number . 



(c) 



a mixed- form is a short form for an 
indicated sum, e.g. 2^ = 2 

every, rational number either is a whole 
number ,or lies between two consecutive 
whole numbers. 



To develop computational procedures for renaming 
rational numbers,- 

Mixed form, simplest mixed form. 

Number lines, cut-outs ori^ flannel board, ditjboed 
numbet* lines for children. 



Suggested Teaching Procedures 



Use number lines^and cut-outs on the flannel 
board to show that' any Rational jiumber may be 
expressed as, the sum of two rational numbers, one 

2 2 ♦ 

, of which a whole^ nuipber (e,g. , j = 0 -h 

= 1 -f S, etc*) Some rational numbers may bS 

J *' ' 1 2 I \ ' 

expressed as whol^ numbers (e,g,, -=?-'= ^) and 

this is the case when the numerator* is a multiple 
^f the denominator. 

You may need .to review division of who).e ^ 
numbers, and expression of a v/hole number^n in 
the form' n=(dxq)-hr, r<d, > 
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P/HOLE. NUMBERS ANp RATIONAL NUMBERS > 
T • * • * Exploration 



Co) (0 . (2) (3) (¥\r (5) 

— * > ^ — ^. ^ — » ^ — '-^ ' ' ' 

O i 2 .3 4 5 6 7 8 ' 9. . 10 
- 2 2 1 2 2 2 2 2,. 2 2? 



1. Trace the number line and copy the sicale of halves. 



2. Write a 4^hoi« number scale aboVe thfe line, 1^ sure to keep 
«' * * ^ ^ . . • ,^ 

the ^same un^t segment. V/hat number Us at ^ ^? (^/ 



■ i 



5* The whole number i .should be ;^itten a1? the ^oint iabelec! 
4., The whol-e- number 2 should be written at the point labeled 

".' ."ri; ■ . .,• ■ \ . • • 

I 

5. List the numerators of^ the "fractions- which narme counting 
numbers . (^'y ^ y ^ y 1 0 J " \> _ . ^ 



\ 

6. List the first five multiples of the denominator, €. 

{Z, 4y 10) ' . , 

. , 597 
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7. . Are your answers for exercises 5 and 6 the same? (^^^^ZAj) * 

• ' : ^' ■ ' ■ ^ ' • • " ; 

Q^^^-'^o* * TracB the^number line and copy the scale- of fifths. 

C.- - . ' ■ ■ ■ ■ ■ : 

0 I 2 /3 4 5 6 7 8' 9 10 U 12 13 14 15 16 17 \8 \9 20.3 

555 5' 55555555 '5 55555 55 5 5- 



9. V/rite a* whole number scale above the line. Keep the same 
unit segm^t.^ - ' ^ , ' ^ * » . 

10. List/the numer^tor*s of fractions which name countiVig 

niunbers on-'^h^ whole number scale/' C[Sy ^10.^ 15 ^ ZO) 



11. List tke. first four multiples of the^.dehomiriatoipj 5. ' > 
' ' ' " ' ' * ' fs^ JO^ 20) 

12*. "Are your answers* for exercises. 5L0 and 11 the 3ame?(^^,^je^ 

- • •• r 

.1;?. thi's^.a /true .statement? , . = . . * 

* ^ If the numerator of a fraction is a multiple of the 

denomirfator, theij the fraction names a whole number. (^^{^^^J 

lU^ vmich ofjthese f ractiofns " ar^ names for whole nmbers? (fc^oc, 

18 60 - . , • e ■ ' - ' 

■' 27 ■ ^ 90 p 28 

b. . ^- ^- to ' /• ^ ^ 
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FRACTIONS AND MIXED FORMS 



Exploration 



•^et ijs think of tfwo rational numbers . Their s\xm is 



9 

Here is a picture of XY measuring ^^^What «ould the addends 
be so their sum is ^ ? ( OiXt.XL^vu-^^^'z^^ /z-Jc^^lI^^ /t^^-^-^^l.-z^) 



O 'l 2 . 3 4 5 6 7 8 9 
2 2 2 2-2 2 2 2 ,2 2 



1, Look at these pairs of addends. Is the sum of each' pair 

■ 8 ^'i ' • ' . • 65' 

V ^ . . . °- ^ ? - ; 

2, V/rite eacfi of. the sums in exercise 1 as the sum of a 
whole pumber ^and a, rational number /[ • 2. 

3* Sums like your answers for. exercise 2 are often written 
without t^^e sign, in th^s way:.' 

. a. -4 _ • b. 4 . .c. 5|. • -d. 2|' 



Write these numbers as sums using the +' sign.' 
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Think of the way you picture 2+5- with^ segment^ on the • 
nujiber line . ' - ^ \ ^ 

a. V/hat fractions of the halves scale name the endpoints 
of the segment with' measure 2 ? ^/ 

b. V/hat fractions name the endpoints °of- the segment with 
measure 2^ ? 

c. What fraction names the ^same number as 2^ ? (, ^ 



1" 



Use a number line. Write a whole nxamber scale above it 



and' a scale of thirds below it'. / , f , , . f , ; f . . f . , f , ^ 

■ ( e X « . I /J If /« 

Are 'these sentences true?^'^^^ \ ^ ? ^ ^ ^ ^ ' ^ 

% - 5 + J 

_ 5 , -2 . 
, - 1 + 3- 

- J. 2 ■ 

^ _ 15 , 2 

• • ■ _ 17 • " • 



^nd fraction napies for these members. 

,a.. 6^4ry^;4(3^; -e.. ^ (f j laf 

Numera.l3 /ilPe and I2j name rational nijoribers.^ 

These numerals ^ are called pyLxed forms . In 5^ and 
the fractions ^ and are in simplest form an^i name 
niunbers less than 1. We say and ^ are simpqest 

mi?ced f^rms for rational niAmberfe . 12j is not In simplest 

mixed form, because t > 12^ is not in simplest mixed 

; ^ ' \ > . 

2 

form^ because ^ is not in simplest form. 
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' Exercise Set 22 
I4 Find. fraction names for these numbers. 



Separate t>.ese fractions into 3 sets as. follows: 

'Set r4 is the set of fractions v/hich name v/hole numbers. 
Se^^is' the set of Trsbcti^^s v/hich can be expressed as 

mixed Torms '-^^ ' ' ^ 

Set R is the set of f;7actions v^ich name numbers l.ess 
than 1 . ' . 



a. 



b. 



f ,(„) a. II. (P) . g. f (p; 



c . 



^ .(Mj- ^ e.. ^ (n) . " h.' ^ (/?) . 



3. Suppose you have a v/hole numbey scale and a scale labeled 
in fractions on the same number line. Between v/hAt tv/o 



r 



whole number points will a point lie v/hich is labeled 
with thes^e fractions? 

I. (2, 3; ' c. f 5; e. ^(5; ^> 



i 
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Express these mi:ied forms *as fractions, . Then find the 
indicated sums and addends. 



a., f.^.n (H) 



5i» = 2^7 + 



V/hijch\number of each pair is greater? Answer in a 
sentence, using > or < . 



17 



51 



(7i < H) 



39 . 
IT' 
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RENAMING >PRACTIONS IN MIXED FORM ^ 

. Exploration 

V/hen a niimber named by a mixed form, such as 2^, you 
knovi how to rename it fraction 'form. 



p3 . 2 ^ 



=7 - r 



2x7 , 3- 

nrr ^ j 

14 ^ 5 
-T' 7 

17 

T 



4 = ¥ 



vnien a number is named by a fraction, you can easily 
rename it in mixed form when the numeratpr and denominator are 
small enough to use the number facts you Icnow and to think 
about the points on the number fine, ^ ' 

•- ^ 4. 5 



' Let us see how you can rename a n\imber when th^ nximerator 

and denominator are greater; for example, . 

Since a fraction names» a whole number when the numerator is 

a multiple of. the, denominator, triinlc about the set of multiples 

of 1 ^ * 

Multiples of 16 = (l6, 52, 48, 64 . . . } 



■ 603 
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You- would have to find a good many multiples of l6 to 
find a multiple close to . 457. Sa try another way to. find a 

f 

multipl-e close to ^37. 

Suppose you write ^57 in the form 

457 = (16 K^n) + r, where r < I6. 
Yl^ know^you can find .n and r by using division. So 437 
can be renamed as follows: 

457 = (16 X 27)"+ 5' ' 

Explain why these sentences 

/ 

^are true: 



0 !!^.(1U<^^ 



■ 27 


16 


16 FTT 


X 27 


32 


112 


in 


' 52 ' 




452 


5 





452 + 5 ^ 
T5~- 

432 , 5 



• ■«) ■ =27^ " .. . ■ 

In line b) is -it necessary to write (l6 x 27 )• as 452? 

In c), you could write 

■ ' / 437 _ 16 X 27 . % *. 
T6 16 X 1 

^ ■ ^ =?^+ll (^'hy?) 

^ Find' mixed form names for these numbers. Write your work 
in the way shown above'. 
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' Exercise Set 2^ 

Rename th^se numbers in simplest mixed form or as whole 
nximbers . Show your work . 



1 . ^ = ( 5 X 6) + 4 



='6 a . ■ 



^=4 



2. 



6., 2^ (5of; / 11. 5|0 ^ (^7^oJ_ 
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Find siJTiplest mixed forms to make these' sentences true, 
12, , 50 ounces =. pounds = ^ s) pounds, 
^15. = 100 feet - ^ yards = (3^55^ yards. 
1^., 25^ inches. = feet = (zi z) feet. 



^ '15. 57- pints = ^ gallons' = (V g'j gallons, ^ 

l6. -Pill in the blanks' in the table, 

• 0 

Fraction ' Simplest Fraetion .mxed,Porm 

Name 

A- — a.- M ilz ' ' i ■ 



11 ^ ' ■ 



720 



f . 



6o6 



r 



C0J4PUTING V/ITH MlXED FORMS 



Objective; 



To use the Commutative and Associative pi;bperti 
to develop computational procedures for adding 
and subtracting rational numbers named mi^^ed 
f o rms * • • / * ' 



•Suggested Teaching Procedure 



The development in the teAtbook provides an 
opportunity to emphasize the w^y in which the 
basic properjbies of ratlonal-ntlmtiers (Associa- ( 
tive and Commutative) are applied in finding 
simple v;ays to compute sums . 

You may wish' also to have the pupils com- 
pute the sum of ^ and 7^ by using the 
fraction names, ^ and in 'order to verify 

that the resu]^t is the same as that shown. ^ 

Several forms which pupils" may use for 
/recording the atqps in adding and subtracting 
rational numbers named by mixed forms are 
sho\m in the text. It is advisable for pupils 
to use the longer forms at first; and adopt- 
shorter forms vjhen the process is familiar and 
they can keep' the steps in mind without 
recording all "^f them. 





COMPUTING WITH MIXED FORMS ' • • 

\^en numbers 'are expressed in nlixed forms, you can add arid 
.^^l^^rac-t them without finding fraction names for. them. 



4/ n 




a) 
b) 

e) . 

s) ' 
•h) ' 

i) • 
J) — 

k) ; 



^ + 7^ = + ^) 4- (7 + I) 

^ - = 4 + + 7) +1 ' 

' = =y^.? (7 vi) . i c^rr^r:^^;^ 

• = + 7) + + J) ^.^<i...,,-^,c^Lii^ 

= 11 + (| + !•) 
•= -11 + ' 




11 + (J + \) 
11 + (1 + \) 
(11 + 1) + i- 



= 12 +■ 



12 



. 1 



Explain each line. 

You do not need to vjrite all this to show your work. 
For example, write:' 

^4- 7^'= + 7) + (| + I) 



11 + (i 



/S: 11 + 



11 + 1 + 



=•12^ 



6o8 



P5 



You may prefer this form: 



11' +. 



11 + 1 + 4 = 12, 



Or this 



114 = 124 



The vertical form is best Tor 'subtraction* Explain these 



example 



-1 ^ .5 



3^ 



■0 




-4 = 



1? 



■ 2 + 



*0 



if ■ 



15 
■ 2h 



/ 

11^+1 = 14 + 



2 + 5 

T 

12 



12 
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. ; ^ * * Exercise Setf^24 

Find a frac*tion name or mixed form for n so 'each mathematical 
/sent'enc-e is true. Shov/ your vjork in- the form your teacher. - 
suggests. 



1. 


a. ^ 4^ + 

/ 


2l = 




2^ . n 






3 ■'^ 

+" 24 - n 

. . c^j; 


2. 


^a, 2 J + 




< 




c. 


■■^ 


+ 2I =■ n 


5. 


a, ^2|_^ 


^I'- 


n b.' 3| + 


2I = n 






- li. „ 


J • i 




ll- 




2I = n 




'4- 

.1^ 


- li = n 

"fry 



5.- a. 4 = n (gj b.- 5| - ^ = n (/^j c. 1^ - X^' = n 



7. a. 



15 - 7| = n (5^) b. -8 - 2^ = n (5;7; 0. 25 - ^ = n 



12 - 7§ = n (VIJ b. .9 - 2^ = n [lo^J c.^ 1,8 - n 



er|c 
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; 






























. Exercise Set 25* ' • 






\ 

■r 




Copy and subtract 


Exercise 1 (a] is done 


for 


you. 




• 

•1. 


a ♦ 








c . 




• 


< 




1 -f ^ 


7 










• 2. ■ 


a. 




b. 

} 




c . 












r 7 




.2 

=7 ■ 


1 




a; 


1 

7f 


b. 




' c . 






. k. 

ft 


a . 


7 


b . 




c . 


C'f)' 




" 5. 


y 




b /. 




c . 




• 
















4 


. 6. 


a , 




' b. 




















-OiJ 




^ 7. 


BBAINTV/];STER, Find n so 


each mathematical 


I" 

sentence is 


• 












* 






a. 


■ <i4--*b)- 

« 


2 J = n 




+ n 


''<^ ■ 










. 611 ' 


* 


* * 


- 


ERIC 








t 




i 



/ 



ESTIMTIJTG SUMS OF RATIONAL NUI-IBERS 

Objectives: To reemphasize the^fact that any rational number 

eitrher (a) is a whole number, or (b) lies Jie^tv/een 
. • ' ^ two consecutive v;hole numbers. ^ < , 

. . To use this fact to determine two v/hole numbers 

which ^'bracket" the sun; of two given rational 
* numbers. 

Vocabulary: >, <, consecutive. 

Suggested Teaching Prqcedure 



Before 'discussing "Estimating - Sums of 
Rational Numbers", ask the pupils to" tell ' 
whether suggested fractions and mixed forms 
name whole numb^ecs; if not, to' tell between 
what two consecu^ve v;hole numbers they lie. 
Use the num/oer, line if necessa,r;>'. , 



A number line diagram can also be used, 

to picture the interval within v;hich the 
Slim must be.. For example, in 

, ii 2 k 

55 ' ly 5' 



and 



jj > 1. 



.so 



3t Vyf > 5.^ 7 
3-*- 7 



2 3' 4 '5 



8 9 10 II 12 



4-1-8 



_4 
^5 



and < 8, so 5^ + 7j < 



8. 



The dotted segment represents the intervaj. 
vjithin whicM the- segnent v;hose measure is."^ 

5^ - 7 J m^st end. . ■ ' 

Pupils should be encourasTed to use the' 
procedure outlined In this section to Judge 
'the probable correctness of any sums or 
^dends they compute. 
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ESTIMATING SUMS OP MTIONAL l^UMBERS * 

Exploration 

^V/hen you are adding rational numbers, it is a good i-dea to 
estimate the sum first, 

1) Consider the sentence; > ,■ _ , 

Betv/een v/hat tv^o consecutive -whole numbers v;ould each addend be? 
■ a. 55 > JiV " and 3^ < CO- 
b\ 7| ^^- _<7; and ?! < 



\ 



Are th^se 'statements' true? 

3^ 7| > 5 7 • Cyj^J 



\ a. 7| < ^ 8 (-2^^ 

The sum of >=• an 
and 12. L^^) 



d 

' ' ' 4 2 ' 

e. The sum of Ji- and 7^ is a number betv;een 10 



2) Betvieen wha^ tv/o consecutive whole numbers is 



a. 



b. . ^ ? .^x,.^^:'^) ' ' ' 

' * 17* 11'* ' • 

' c. ^ 1?he sum of and. -jp must be a number 



greater than 0^ -'and less than . . 




/ 
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Exercise Set 26 . ' ^ 

V.'hich of the answers belovj may be right? V/hich one^ must be 
wrong? Answer by^fihdins t\io consecutive v;hol^ numbers betw.een 
which the sum must be. 



Between what two consecutive whole numbers must each sum be? 

7. sj^^l ^5^ • 12^ + 75^ '(20/, 203; 



8. 



(2ty23) 11. .6ii^4-l^ r^5, SS;^-' ^ 



9. lOj^ ^ 12^ ("2 2;' 2^; 12. 89^- + 15^^ ^^5^. ^o^J 




r^lght ' these addends be correct? 



13. 5^ - 2| = (Think: If 2^ + 2^ = n, then 

. ' , n > CV,) and n < 



15. 15'- 4 = ^ -Cn^) 




ERIC 



'..IB;. 



Exercise Set 27 

Ik 

22 ' ^- 

Robert needs -j- feet of neiTcord to reach from h^s deslc 

iamp to a wall outlet. The harjjware store sells lamp 

cord in no smarller divisions than the foot. How long a 

piece of lamp cord will Robert have to buy? (^y* ^ ^ 3 



Joan's family leaves on a. trip at noon. The ti^e required 

for the round trip is ^ hours. At what time will they 

be back? = ^2 ^^^Ux.^^ ^z^j^^iJ^ ^ • 5-0 .fiorxj ) 



'Suppose a man finds that to naint the outside of his 
house he v;ill need about 1? quarts, of paint. The paint 
he needs _^is. sold only in gallons. How much paint will he . 
need to buy? 

5 ..^(^^.xJ^l^^ . 



Q 

Driving time from Boston to New. York *is 4 hours. 

7 

Driving from New Yor^k^to Philadelphia requires ^ hours. 
Ho\^ long does it take to drive from Boston to Philadelphia 
by way of New XorR? C^^" ' / ^ " 
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A magic square Is one in which you can perform the operatipn on 
the n\!ufnbers vertically, horizontally or diagonally and' always 
get the same number for a result. 



Copy the square below. ' f 

a. Add the numbes's named by the fractions in ^ach column 
and i^cord the sum for 'each column, (j^) 



b. 



e. 



f . 



Add the numbers namedjDy t?%^ fractions in each row 
and record the sum for each row. Co) ' 



c. \ Begin in lower left hand corne^. Add the numbers named 
^^'^^by the fractions diagonally. Record their sum. (l^) 

d. Begin in upper left hand corner. Ada the numbers 
named by the fractions diagonally. Record their sum.^^^^ 



Is ea'ch sum vthe same rational number? , V/hat is the 
number/ (ic) , , ^ 

Is tne square a magic square? 





'1 


1 

2 


'1 














7 
8 




•2 






|| 






3 


3 
4 


'1 


.^1 




5 
8 


'i 
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Copy the square below.' V/rite fractions in. A, B, C, E, 
and P to make it a magic square whose sum is 5' (Recal 
that a "magic . square" ^is one in which the sum'of 
numbers named in a row, a column, or on a diagonal is the 
same number. This number is called the "sum" for the 
square.) 



A 


B 


1 !^ 

12 


C 


D 


E 


' 12 


* * 


II 
12 



A 
8 
C 

E 
F 



z 

\ 



7' 



•21 
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THINKKJG ABOUT DECir4ALS ' 



Objective: To develop understanding of the naming of rational 
numbers by usirig decimals, and ability to translate 
from fraction symbols to decimal syn^ols. 

Materials: Place yalue pocket chart and cards. 

Enlarged number line as shown in the Exploration 



Suggested Teaching Procedure / 



^1 



' . Review\the system' of decimal notation. Use 
the fJlace value pocket chart as needed, (See 
Grade 4, chapter 2; Grade 5, Chapter 1.) ' 

The pupils have studied some properties of 
rational numbers and have learned to add and 
subtract them, using fraction names.. They should 
^learn to look on decimals simply as other najjies 
for» these familiar numbers. ' 

. • ' 
Decimal language, has pertain advantages for • 
* computing which fractiion language does not have 
•In order to exploitf. these advantages, it is im- 
portant that the'pupila learn* to think in. more 
than 'one way about tfte numbers named by 
decimals, . Start with decimal names for whole 
numbers. 

+ • 4 tens 4- 5 ones 
5' ones, 'v 
+ '^5 ones, etc . 



.545 is 5 hwdreds 
or ten's + 
. ^ ' or. 5 hun^r.|||t 



Similarly, , . * • . 

5.45 is 5 ones 4- h .tenths 5 hundredths' 
' w or. 54 tenths + 5 hundijtkdths 

or -2 ones ,+ 14 tenths + 5 hundredths,', etc . 

tium'ber' line .showing tenths and hundredths, 
aS'Sh'Own in the Exploration, may be dj>^wn on the 
aboard and usqd to advantage. 

i/.'-'Td siYnplify not^ion, the 0 . before the 
.-decimal point^in 'the -decimal humeral for a 
number less than is sometimes omLtted, 



THINKING ABOUT DECIMALS ' ' . 

Exploration 
If you had grov/n in France, you would say 

"Mon frere est plus grand que moi," 
instead of "My brother is taller than I." 

Both sentences express the same relation. A French pupil 
does not have to know the English language to understand the 
relation we cail ^'taller". V/e do not have to speak French to 
<^ understand this relation. But to understand the idea, in the 
French sentence we would have to translate it into English. As 
soon as we learned to understand French well, we would not ha 
to trai^slate French sen'tences. We woi^ld think in French. 

Our problem with rational numbers is very-much like this. 
We know a meaning^ for addition If s and r are rational 
numbers, then s + r can be pictured as measures in this way: 



$ 



$ +- r 

We also know how to express addition relations in the 
"langjAage" of fractions, and in mixed form "lan^age". 
8 57 ^ 16 57 . 52 

l| . 5^ = 1 . 5 . ^ . ^ 4 . g . 5^. 



.ERiC 
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H But tnese are not the only languages we ^se for rational 
nmbers. A very common language is the decimal numeral system. 
V/e already know how to "translate" some fractions into decimals 
For example: ^ 

^ = 6, = .5. • 

10 ' ' 10 ^ 

In fraction language we can express this addition j'elation 

^ A. -5_ ^ 11. » ♦ 
— • 10 10 *10' 

Can we translate this sentence into decimal language*^ 

11 

We only have to translate y^. To do this 'we first find a 

mixed form expression. 

11 - 10 -i- 1 _io^i_T,'i_-,i_-,-, 
To = "To To."" To - ^ ' To - ^To - 

Now""we can write the deci-mal sentence: 

.6 + .5 = 1.1 

_V;e can always use^this method, but it can be^vlong. Here is 



another example: /" ' 








^ V/hat is^he decimal 


name 


fpr 


.38 + .75 


First we tranarlate: ^ .58 = 


38 . 

Too' 


.75- 


_ 75 
100" 


38 

■ v/e compute: 


75 
To^ 


_ 113 
" Too' 




V/e translate to mix^ foi;m 




Too 


^ 1^. 

Too 


V/e translate back: 




ii2_ 

100 


= 1.13 


* In decin^j^ language :. ^ 








. .38 + .75 


= 1. 


13- 
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Our problem is this. Can we learn to express additToff 
relations in decimal language without translating to fractions 
and bacK? Yes, we can. It is really ver;y^ easy. We can begin 
to learn how by thinlcing of the meaning of decimals. 

It he3\ped us in thinking about deciirfel numerals for v^Hole 

numbers^ to wr^te an expanded form. Now we will write it this • 

way: *• - " ^ ' 

2^6 = 200 + 4o + 6 

=' 2 hundreds + 4^ tens + 6 ones. 

Can we think of all decimals in. the same way? Can we think 

of .25 and 8.4 and l.o6 in this way? We know 

/ ' ^ 25 = 2a ^ ^ ^ 

" ' Too' Too 100 

' ' / -2^5 
To Too 



= .2 + .05 , 

= 2 tenths + 5 hundredths 

A number line diagram helps us to "understand why this is so 
Look at this number lihe> marked with a tenths scale and a 

hundredth© sca3>e. 

'/ • ' ' 

V .2 .05 

1 ^ 



0 . J .2 • „ .3 

0 .05 .10* .15 .20 .25 .30 



Now consider £>A. V/e.,know 8.4 = 8^ = g + ^ = 8 + ,).\ , 
We know . l.o6,= =1 ]-^.= 1 + -06 . 
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V/rite these in expanded form: ' ' ' ^ / 

1 

1.. 38.47 (50 4- 8 -f . V + .^?7^ , \ 

2. 160.13 ■ (f/fcO 4- €0 -i- .1 -f 05) , . \ 

3. . 57.06 r 50 -f 7 .06) 

■ >■ ■ 

V/e can express the meaning of decimal numerals in many 
v;ays . • 

ft 

27.38 = 2 tens f 7 ones -f 3 tenths + 8 hundredths 
= 27 ones + 38 ' hundredths y 
= 270 tenths -V 38 htindredths 
= 2 tens -f 7 ones -f 2 tenths + I8 hundredths 
^ 20 + 7 + .3.+ ..08 ' , 
• ' ^ * ^ 

2738 = 2 thousands hundreds + 3 tens + 8 ones 

= 27 hundreds 4- 38 ' ones 
= 272 tens"-f 18 ones c 
= 2000 + 700 30 + 8 ' T 




J / 



2.738 = 2 ones 4- 7 tenths 4- 3 hundredths .^K^'"""fcrn5>^ 
= 27 tenths + 38 thousandths * ^ — ^ 



2 ones 4- 6 tenths 4-13 hundredths 4- 8 thousandths 
2 4- .7 + .5)3 4- .008 ^ > 



^622 
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Rename these. numbers four ways, as shown on the precedjng^page , 

6. 70.605- /7.^tiw>-^o<>>t^^6Xa^ir£u^f 0..^^^ 

7. V/hat is the measure AB pictureci below?^ A? has 
measure 1, CD. has measul^e .6 and DB '^as 
measure .09. 



V/h^t is the decimal -for each of these? 

8. ^5 tens V 6 ones + 4 tenths + 5 hundredths? C^G 

9. 5 tenths 4- 6 tens + ^ ones + I5 hundredths? 'C^V. ^5^ 
10. 6 tens -f 6 hundredths. - [CO O^J 

Translate to decimals: , 



■ 12. (5.^7; 14. 285^ 



. . . Exercise Set '28 

* 4 ' ' ' ' ' ^ 

Complete : ' ^ , • 

a, , 72,9 = r^/^ ones and (?/^ tenths and (7) tens: 

b. ^ 702.09 = ^(7/^ hundreds -f C^) ones -f C^^ tenths 

+ C^J tens + hundredths . 

68i75 = r^^y^ ones>"(j^ hundredths. . ^ 

d. 52^~ ='(££2.ones + hundredths. 

e'. ' ^00 .+ 5 + = hundreds + (^^^ tens + (^-^ ones' 

tenths + hundredths . 



W-rite the decimal for each of these. 

a. 5^ hundreds and 5 hundredths (S^^ '^^} 

b. ^5 t;ens + 16 hundredths (45o./(.) 
2 tens + 7 ^'hundreds '+ 6 ones' C^^^) 

d. 1^' hundredths 4. 6 .tenths 4- 5 ones (5 7r> 

e. 12 hundredths 4- 9 tenths. ^2.) 



c 



V/rite the decimal for ea,cn of these.. 



a. 



-T 



Express 'in dollars the vaiue of: 

a. 4 ten. dollar bills, 8* dirr.es, and 6 orte dollar bills. 

■ • V • 

b. 15 one dolo/ar bills, 12 pennies, ana '! dLrr^es , (^/^s^) 

c. 2p3 penni^. (^2 55) * ^ . * 

d. 8 one dollar bills and 58 pennies ^ ^ 



Translate ro deci::;ials; 
a. ^ C/O 



J 



} 



3 fives - 2C fifths - 2 rv.entr-fifths * :/^^<^J, 



*V/ikch is greater'^ ^ 



)l .125,' or I? ^Ah^J^l,^)! 



166 or 4? Ci:^' ^,..00 




ADDITION OF HATICN.4L NUMBERS USINgNdECIMALS 

^- 

Objective: To use understanding of pl^ce value in the decimal 
system to develop a method for computing sums of 
rational numbers'naned by decimals. 

Mate;:'iaisr-^ Nur.ber lines, sealed in tenths and in^hundred^ths . . 



'oifogested Teachin;^ Procedu're: 



Si;j:ce decir^l notation for rational numbers 
has the' same properties as decimal 'notatioifs fori 
v/hole numbers, rhe discussion of a4dit:lon and /. 
sub^i?action cf rational numbers u>ing decimal'. 
n^-^V;;lc. ^r.pna:^ize. tr.eze proper-!^-. The olace 
value property 'of .decimal ^numeral? is used to 
name each n'omber in expanded notation." The com-w 
mutative* and associative- properties of addition 
are usee' to group.*tdnths with, tenths, hundredths 
with hundredths, etc. Place value is' used again 
to regroup -hundredths when 'a sum. is more than 9 
hundredths, tenths when a s-um is more than 9 
tenths, ,etc. Thus, all- the properties used i^ 
computi:^,g sums^of rational n'OTibers iising decim^al 
num.erals are already famJLliar. 

The use of these properti-es irf addition cafcn- 
i^e exhibi^tea bn.^a n'oTiber line with scales in - - 
tenthj^--and hundredths . 

1 



19 



.I5+.IS 



-.2 



.00 



.05 • .10 J5 . .20 .25 30 



— 


.1 • 

r 


-'.05 ^ • 


.1. .09 


*- 






.05 ,09 

1 -s. 



.1 -t-.05 + , I +-.09 



.1 +.1 '4-.05+-:09»5 4-J4 



04 • ; 



.24-.|-+-.04«.3.-+-,04 
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ADDITION OP RATIONAL NUMBERS USING DECIMALS . i , 

• . ^Exploration ; * 

NOW v;e are ready zo find a quick way zo add or subtract 
rational numbers using decimal names. 

Suppose we want to add .12 and, ^.3^. We could translate 



to f^ractions: 



12 3^ 



iOO .10 
Tec* 



ii6 

loo 



= .ii6 



3uc we coulG a/lso r'eneijiber this:- " 

.12 - .3^ = (.1 + .02) - (.3 + .04-) 



= .(•! -.-3) ^ {.02 ~ .0^)- 



What pi;operties of addition have we used? / 





Now .1 ^ .3 ^ tenth ;f^3 tenths = ^ tenths ' >^ ^ 

*02 .04 =2 hundredths^ -r ^ hur.dr,edths = 6 hundredths- 

In deciinals: ' - ^ ; ' 

.1 . .3- = .u 

.02 -r ' .0^ = .06 

4 

V/e have, th'en, ~ 

= . (.1 + .3) + ( .02 + .04,) 
^ ^ ■ ' = .06 ' ' , ' ~ - 

= '.46 . • ' 
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This is not a n^w method. The place value idea -is, used for 
tertths and'hmidredths . V/e have already used this idea for 
pi'aces^o the lef t i>f the decimal point. 

Here an exanole u'ith n^omerals' on-both 'Sides of th^ decimal 



point. /, ° , • , 

16.51 -i- ^13.52 = (lO 6~+ .5-+ .01). + (^0 -r 3 + .5 + l02j" 

= (IC - k'o) + (6- 5) - ,(.5 - ..5) t (-0^:- -^^^ 

= 5C - 9 - .8 - .C5 • ' . ■ . 

v;e can use zhe vertical form zo .make the cofnputations easier: 
. 16.31 ='10 - 6 - .3 + .01 ■ ^ ' ' - 
- = ^o'.-r 3 ^ .5 -02 ■ . _ ■ 

5C - 9 - .3 - .,03 = 59.83. 

use* the vertic3.1 forr. to coriT^te; ? ^ ' ' 

^{1) 180 - l^^:^^ (2) 72.66 - 15.^(^i'7/9) 

How 'should v;e th-lAof probl^riS like uhese? . 

(aj ..7 - .8 ' ^ ' (o) .06 - .09 * 

{a) v;e kr.ov;: .7 - .8 = 7 tenths -r 8 tertths =* 15 tenths 

— 10 tenths ^,5 tenths 
=' i one 5 tenths 

. ^ \ - 1.5... . - ' a 

It vou could oicture ' .7' -^'".8 on the number line. * • 



.6 J .2 3 .4 .5 .6- 7 B .| l.b LI I.2M3 1.4 1.5 L6 17 1.8 M^O 
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(b)\ We know: , *06 + .09 = 6 hundredths *+ 9' hundredths 

^ = 15 Hundredths 
■ '= 10, hundredths + 5 hundredth's 

^ , ^ • - 1 tenth + 5 hundredths . • 

* = ,15 

This is tJjIjkBame id^a, regrouping in sets of ten, that we have 
used msLny-tllne^ like: 

. . 80 -I-'tO = 150 ^ or • QOO + 900 = 1500C 

.There is o/ie thing nev;. We must be very careful to. locate the 
decimal po int correctly. 

Now we can do problems like these: 



14.55 = lb + 4 + .5 + .06 
+ 27.25 = -20 -i- 7 + .2 + -.05 - 

50% 11 + .7 + .11 ='50 + 11^+' (.7 + + .01 

= {50 + 10) + 1 + ..8 + .01• 
= 40 + 1 + .8 + .01. .' ^ . 
= 41.81 



Try these examples: 

♦ 

(5) .6.37 ' 

/. .3 J .Z + .04 , 

\.f 4-.5 -h.N =• 
? f - 5 + ../ -f . o/j 



I 



(4) 20.08 



7 -^-'.'of 
27 + 3 ^ 'J -h 07 




•Our -J^thod be shoi^n in -the \ker}:ical f!orjn you used for wriole 



numbers ; 



V 




c ■ 
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, 14.56 

-.11 

^■j^ ' *^(Why didvwe mar-kjthe 

J'' - • . ... - 

^ . ■ -u ■ 



. ^ - 

\ 

Of course this can be ^shortened by "remembering."" 
Here are the steps: • ' ' - 

(1) Add hundredths. Write 1 hundredth, 'remember- 1 tentft^ 
♦l ' . 1^.56' 

27.23 

(2) Add> tenths, './rite .8. tenths. Mark the decimal point . 

1^.56 
27 /25 

^ , • -.81 ' , ' ^ ' 

'^'(3) 'Ada ones. V/rite 1 'one And remember l^^.J>en. n 
. . • . . • 1^.56 , - ■ 
* • ■ 27.25 

1 . 81 

Add tens. -'V/rite, 4 tens. 

1^.56 • . 



jt Here is an example v;ith more remembering. Only "the ''long way 
is 'Shown : ' - ' . ♦ " * ' ' • 



.11 ' - 
.9 ' ^ 



15.. 

10. 



26.01* 



A.' 
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Exercise Set 29 



Find fraction or decimal names for the follov^in, 



g sums. 



The forms suggested below may bemused. 



V 





(3 * 


I) 


* 




- =(2 4-5) + 
















, 1 















(A ^ -5) + (5,.+ .5) 
(li + 5). + (.5 .,:;,5) 

7 + .8. 



= 7.8 



r». is) 5|/4i hi) (b) 4'+,3i (-//^j cc) 2| + 4-(5f;; - 

2. . (a ) 1^ + 4 . <7|J (b-) 8^ . 6^ ^^li) (e ) 4,-5^ (^IL . ' 

5.. (&) 2.5 ji- 4.2 (6.7; (b,) 8.6°+,^5.5 (-//f; (c) S.^^ +38.5 (/S.^j 

(a) 5.5 +'6.6 ^//.f; (b) 8.4 + h.A' (/2 8}(o) "7.7 + 3.2 f/^.^ 



EMC 
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Es^ercise Set 50 * » • 

Copy and find the sums, .'-The form- of exercises 1(a) and 1(b) 
may be used. ^ y * • ^ 



•1. 


(a* 2^ = 2 + 


■> 

10 


"(b) 2.5' 




8 " ■ 


8 

10 


5.8 




?•+ 


11 1 

To - T% 






(3.) . 




< ) 


f 










(a) 5.8 


(b) 6.4 


'■ (c) 8,7 




.6.5 ■ . 

0 2./.)} . . 


.. .8.9 


9.9 




(a) 8.6 




' (c) 8^' 




9.5 

/ 







7 + '1.1 = 8.1 

' (d) 8.5 
^ ■ 6.8 



{IS. 5; 



(d)_ 9.8 
' 8^ 



(le.. 7; 



Copy these examples arAadd. VJrite only the ansv;ers on your 

paper. " *' • , • ' . 

5. (a) 4.5 (b) 5. 7- . (c^) 8.5 (d)' 5-6 ■ 

5.? - ^.2 : -Ts • g.5 '^"-9 : 

■•"6, / (a), , 4.7 ■ ' (b) 5.4 (.c) 7.6 , (d) 4.5 - 

4.6 ' 6.9 4.8 2 ".7 

■ (f.j;. - ■ (n^^) ' " 02.^^ (7.2) ■ 
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Exercise Set 51 



-Compute : 

a . 25 . 06 

57.84 



b. 108.07 

467.94 
(576 o/; ' 

c. 117.6 ' ' . f. 
.♦ -r 58.74 

Compute the sum in any language; 
.Jixample: A 



4.5 
. V- 6.7 
11 .2 



d. .58 
15-09 

e. _ .847 



6 7 




. OH ( 

_^158j 

5-707. 

+ 2.988 
(6 . ^95) 



= iii 



23' 



7 



2 ' T 
5^ 16:7 



lie ■^-■^8-5'^ 



4. 18| 



^ 1- 7-18 



2 
5 
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T\e way name money valu'ea'^'in <iollars is really a 



^ decimal numeral and symbod^ the dollar7 sign ^ which indicates the 



unit'. 



I- 



^12.98. is usually read '^twelve jiollars an^^ninefyrelght . ^ 
cents, "^but it C9uiNd just as welT^^ re^^^twe^^and'Jhi 
eight one hundredths dollars.^' 




5. stores often sell things at prices like $l.g8 or ,$.^9. 
- It you bought somethij^g jPi^ $2.98 and something for 
$1.69,- e^ld you pay ^o^ ^them p?lth a 5 dollar biU? 

rz.98 + ./.^y.^.N^.-'^). y.,,.<5.£i;^^' 



He¥e is a "Isarj^-^Tibw^K a ^)sf6rt trip ;?llen»s f-amily tooK 
in a, car. They went fromi A, (hor;^) to B "t^^' C ' to ' 
D to E, and back to A. Hov; faf;- did they" travel? 





\ 
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SUBa?RACT10N QF RATIONAL NUMBERS USING DECIMALS, 



I. 



ObJectiv^J use understanding of places value in the decimal 
: f/< _ s^8ten> to. develop computational procedures for 
: .• '•; subtraction of rational numbers. 



t^terfals: Pocket Chart ancT cards. 



V 



6 t ' 0. " 



'Sug^^^ted Teaching Procedure 



The chief difficulty pupils .encounter in 
"Sub tr^ac ting rational munbers, using vdecimal 
^merals is in tJ^ regrouping necessary when 
°a digit in the addend is greater'thah the 
corresponding digit in the sum.* It is adr- ^ ' 
vf sable to have the pupils use expanded 
notation when' they encounter this difflcul*ty, 
and also Vo/make use of the pocket chaTrt and 
cards to. :m/iustrate the regrouping^ required. 
Pu'bils s^pmxld also be ^encouraged to record 
regroupi(^ng as shown on rhe second page of the 
Epcploration vjrhen they are having difficulty 
in computing correctly without this. help. 



'J o ^ ' ' 

<3 C ' ' 
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BTRACTION OP RATIONAL NUMBERS. USING DECIMALS 




^ _ j ' ^ Exproratioh 

Do..you/a;;^jaimber how you* found a process for subtracting- . ' 
Whole numbers using decimal notation? (Recall .that "decimal" ^ 
'mekns *^base .ten.") • * ' \ 

• To -get the decimal numeral for i 

you thought this way. ' , . 

^ 237 = 200 + 50% t . , * 

- 145 100 + 40 + 5 K 



■J 

^ ^ - ;*> ? -4- r T 2 

* Then you W?5)ught ' ^ ' 

/ ' 2^7 = 100 -+"150 + 7 

> - 145 = IQO t 4o -fVs 
' ^ . 90 -f 2 = 92 . 

£;an we think this way if our problem is ». • . 

2.57 - 1.45 •=^? ' ' 
2.57 = 2 + .5-+ .07 = 1 + 1.5 + .07 • ' 

■ ' ~ " .1.45 = 1 + .4 + .05 =' 1 + .4 + ".05 ■ > ' 

• .9 + .02 = .92 ; 

Here we thought of. -1.5 as. ^ "tehjiU. 15 ' tenthg ^-"4 - tentjis 

9 tenths. Ve 'se e^ tha,t the idea is ^ctly the same. Here 1^ <■ 

one more example: / 

5.08 ^. 1.9 ■=^.? y . - • ^ 

• • > " 5.08 = 3 + .0 + .08 = 2 + 1.0 +/.b8 J' ' 
«' - 1.9 '= 1 +' .9 + -00 = 1 + .9 i .00 ' 

1 + '.1 + .08 = 1.18 
Here it helped us "to think, of .08 as (\o '+ .08) and .9 as 
('.9 + .00.). ' , s * . ^ . 
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Try these examples. V/rite your v;ork as shovm on the 



preceding jiage.- 

!•) .9.25 - ^.15 l ■• 2) 18.56-2.5 5) 8.46 f- p. 59 



•V/e can shor.ten this, method If we think but do not wrjite all 
01" the steps. Here i's one way:" 

5.08 . . V/rlte this' as; ' ^ b) Subtrad 

- 1.9 p.08' • 

- 1-90 



c) Think 2~ 1.0 for 3.0. V;rite this in tenths 
need to: ' . (^(^ 

- 1.90 
8" 

d) Subtract ^.th^. 10 tenths - 9^ tenths = 1 teiith. 
•■ Mark the decimal 'poitnt. 



1.90 
-18 



e) Subtract ones^ 



-1.90 
1.18 



TPry these examples the short vjay. 



1) 



7.58 - 5.2 {^-'^^ •5) 12.49 -■'8.62-^^*:^. 6) 10.57 - \ 
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Exercise Set 32 



Copy and subtract. Exercise 1(a) is done for you 

N 

(a) 5.6 = ^ 4- 16 tenths ^ (b) 4.7 • 



(c) 5.8 



3-7 = 


3 + 


7^ tenths 


. i.9 


2.9 




1 + 


9 tenths = 1. 


9 \, ^ 


(2 vy 


2. (a) 5.6' 






8.1 


\^ ) ( 




2.9 












(2-7; 






(3.f;. 






Try to do 






J 






these 


subtractions 


mentally. Virite 


only the 


*> 










results for exercises 


3 


t|irough 


5. _ 




3. (a) 7.1, 




(b) 


8.7 






3.9- 






2:9 


3.5 




(3.2; 






^5.8; , 


. (3.7; 


(^•'?; 


4. (a) 8.2 




(b) 


9.0 ■ 


(c) -18.2 


(d) 9.3 










6.5 


5.8' 












■ <5.5; 


5 \ (a) 9.8 




(b) 


'8.6.^ 


(c) 7.5 ■ 


■•• (d)' 8.3 




• 




6.8 . 


3.8 


-. 5.6 


0 ^) 






(/.8> 


(3.7; 




BRAINTV/ISTER . Fill 


in^ the squares 'go the sum 


of each row 



and , column is the same nximbe'r. 



(a) 



2.4 




1.2 


O-.z) 


3.0 


m 


4.8 




3.6 



(b) 



.8 


.1 


C6; 




.5 


£ 


0^; 


.9 


02; 
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, • Exercise S?t 



Copy and subtract. Exercise 1(a) is done for you.. 
• ■• .\ ^ . - ■' 

1. (a) 7.85 = 7 + .7 + .15 (b)' 2.48 , 

5.55 = 5 .5'+'>05 , 1-09 
- 2 + .4 + ."o8 = 2.48, (I- 

■ _ / 

2. (a)-^.^ ' '{hi l.rk ... (c)-9.96 (a) 8.86 
" 2.49 5.57 ' . ' ^.57 5.57 

5.- (a) 7.61 • (b) -,8.9^^ ' .(c)_ 5.50 (d) 9.72 

5.56.^" , ' ,g.78' ^^.57 3.69 

(i^-.25; ' ■ ■ T^TI) 0-1 5.) ^, ■ (67^ 



ERIC 



Subtrac-t these mentally'./ V/rite just the answers . 

4. ^(a) 7.5^+ ■ .(b^), 8.92 . : (c) 9.71 • " . ,(d) 8.5'* . 

5.28 .5. '^7 /• ■/.58 

' . c^^.ob; ('5.V5; ' . .C2./5; 

5. (a) 9.65 . (b)' 8.47 * . .(c) 9.'jb •••(d) 7.81 

•5.39 ' ' • 4:58 ' ' ^^."56 • ' ^^.64 . 

^ ' (t~2&) . (^.09; ■ ■ (5.2?; f5./7; 

6. .fiT^btr^ct , . ' , 'r 
(a)*"-8.54 . .* (b). •9;28 " - (c ) •8.52'T ' (d)'9.5'^' 

"4.85 ■ 7.85/ ' -. ^ ' ^'.58 . 5.89 • 

BRAINTV(JSTER ' ' ' . 

' 7. Find ^ so each of the following is a true mathematical 
' * ' • . * .* 

sentence. ^ ^ - . 
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£xercl>se Set 34 



You have l^arn^d these two. methods to express 2.52 »-f 5.46 
"as a decimal numeral ' . .. 










\. - • » 


2.52 = 


2 + 


.5 + 


.02 ' • ' 


5.^6 = 


5 + 


> 

A 4- 


.06 • 


y 


7 + 


.9 + 


.08 = 7.98 ' 

t 











You have learned these two methods to express 5.8^ - 5-52 
as a decimal numeral. 

\ ♦ 




5.84 = 


5 '+ 


.8 + 


.o't-' 


3.52 = 


5 + 


■ 5 + 




# 


2 + 


.5 + 


.02 = 2.52 > 



Use two methods to add in exercise 1. 

(b) 6.55 (c) 7.24 



1. (a) 5.65, 

+ 2.54 » 



+ 5.44 

(y 7?) 



.(d) 5.56 
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_ use two methods to subtract in exercise 2. ^ ^ 

"2. (a) 6.24 (b) 8.69 _ (c ) 7.8? ^ (d) 8..86 

(3./ 2; .C'f^sv; (2,5/; ■ (V.6_2; 

write only your answers for exercises 5 and 4. Do 
your v;ork mentally. 

3. (a) '^.63' (b) 8.56 (c) 5.21 ' (d) 6.54 

+ 3.26 + 3.43 ■■ + ?-''^7 ' ^ + 

4, . (a) 6.^7 (b) 8.79 (c ) 9.68 . (d). 8.89" 



3.^5 -5o4 - '^•?5 ■ . 

(5.22; • (^AS) (5.35) (5.22) 



\ 

5. BRAIN'TV/ISTER: Find n so each mathematical sentence Is 



true, 



(a) (8.97 - 4.31) + n = 11.69 il.ZZ) 

(b) ■ 11.89 - n = 8.97 - 4.5.1 . ('7 2^) . 
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Exercise Set 33 - 

You have shown your mrk for renaming '6.28 + 5^.57 as a 
decimal Numeral in two ways . 



6.28 


= 6 +• 


.2 


- + 


.08 ; ' 


/ 


\6.28 


3.57 


= ? + ■ 


.5 


+ 


.07 , , 




'?'-57 




•= 9 + 


.7 


+ 


.•15 \ 








= 9 + 


.7 


+ 


.i +".05" 


•* 


' * .70 


r 


= 9.85 










9.00 
























T 


0 



'3. 



Use both itietho.ds to find the sums in."exercise '\: 
(a) -5.^+9 Jb) 5.64 ^ .(cj 6.28 



+■ 2 .38 ^ 



+ 3.18 
(8.82; 



'1^757 



Write only'th^ sums for -exercises 2 aod 3^ 



2. (a) 6.29 
§08 



•(a) 7.5it 

, 9-37 



(rz.71) 



(b) 8.25 



"(c) 7.25 
5.58 



{10.81) 

(c) 9.^54' 
^ 2.5'$ 



(d) ■ 6'.29 

■' + 4'.'58. 
. 1^/0.67; 



■•(d) 8.25,' 

; OhGZ.) ' 
(d) ■ 8.5a ' • 



. 5.52 



♦ 4^ ^ BRAINTl'/ISTERS : . Find these sums. V/rite only the decimal 
. -■ numeral for the sum. ' • " 



(a) '5.24 
» ' 3.56 
4.16 



(b) . 4.46 : 
3.. 5.2 ' 



(c) 5.56 
^'.75 



(d) ,7.88 
5.51 
/ 6.54 



Exer.clse Set 56 



Compute, Show your v^ork t^ long v;ay. , • . n 

(a)' . 15.27 - ^^.31 (b) 5.75 - 0.28 (c) -28.75 - 1^.86 



Compute : ' ' " 
... ^ 

(*a) * 86.25 ■ (J) • 50.09 " v 

57.70 ' • _ t 4 . 91. • . 

(b) 862.5 ' . (e) V .125 ' . ^ 

57.7 • + .575 ' ■■' , , ^ 

(6) 90-67.86 (Z2.I4). " (f) 75-7.85 X(^i.n) 

(g) Translate each atldend in (ej to a fraction- in ^ * 
simplest form. » Compute in f ractions,-. (j + ^ = ^ 



Compute these repeated siuns. Use the .long' way if you 
canno't remember . < " , • ' * 

/]a), ■7'.08, ■ ' • • (O 16.67 

58:92 . ^ ' ' 5.04 ■■ 

+ 16.60 ■ * ' '^ ■ '.08 

■.(b) .75 ■'' 

■58. 

V ' + 6.94 _ ' 

1 (i , 



0 



How much change should you get from a 10 dollar bill 



if you bought ^things^ costing' $5-98, U-^Ss $-98, and 



The population of trre United States was I5I.669 million 
in 19^0.^ 150.697 million in 1^50 and, 179-525 
million in 1^960. Did th^' pupulation increase more between 
19^0 and 1950 or between I950 and 196b? 



7 



Herejare the populations of the 5 largest cities in the 
United States in 196q. Was the part^ of the United States 
population which lives in these cities more or less than 
Yq of the total poi[>ulatlon?<^'^;i^ < >^ / 79. 32 3- *z^^ 



New York . 7.78 million 



^Chicago' 
LOS Ang,eles 

- • I 

Philadelphia 

. I 

Detroit| 

/ 



3" .-55 million 

2 At million 

2.00 million 

1.67 millfon 
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(%Jective: ffo help pupils review the* meanings, skills, 
'and procedures for problem solving developed 
in this unit. 



Exploration: 



Three e^sercise sets are in9luded in this- 
section. Sets 58 -and 59\ consist of word * , 
problems. Pupils should - write mathematical* 
sentences and use metho'ds of solving probjkems 
described earlier in this commentary. The 
last part, called Just Fg>r Fun , is a magic 
square. - . - 

Not all pu^ls need solve' every -exercise 
or pi^oblem. The large number of exercises 
and problems .permit making assignments suit- 
aTDle to the ability, of ^apb pupil. At the 
same time, these sets are not i3ompletely re- 
view. .There are many variations of the con- 
tent istudied previously.. There should be 
some class discns-sion of , the ,dif f icul t 
V exercises ^in^ inethods for attacking them. 

More capable pupils may wotf'k on Exercise 
,Set 40. ^nd Just For Fun'^when ^they have 
satisfactorily completed ,this section. 



She 
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Exercise Set 37 



What numbW n ' will make each mathematicHl sentence true? 

Copy and write " > "> " < or '* = " in each blank so 

« -I 

feach mathematical sentence is true. 

^I<i^ yllZg ' (f) 

V/hich would you 'rather have? s ^ ^ 

(a) ^ or of a pie (-^*) {c) ^ or j of a candy bar|j) 

S^) ^ ^ of 'a dollar'^' (d) \ or/ of a watermelon(^ 

Find a fraction name for n so each mathematical sentence 
is true. 

(a) ^+nf:| 'Ci) i ^ = i + ' (71: 

* • * ^ *r 

1 • 

V/hlch fractions name numbers' greater than t)je number 1? 

1 7 3 * 19 9- 12 15 8 ■ 4 6 
-T' 8' TC' To'; To' T' 9' "6' 5 

Find the simplest fraction name for each number. ^ 
(a)- (§;(c) II (iJ (e) ^(y) (g) 1* (^id) 

647 
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7. Rename each ntunber'in Aixed fjorm. 



(a) 



(d) f 



8., Copy each statexrient bejow. For each'missing numerator 'or 
• denominator write a numeral so each mathematical sentence 
* is true. ' * i . > • 

i . r' T3 - {2.*) {30J - . 



Vfhich of ^these fractionrs are other names for ^ 
6* ' 10- ' h ' /5>| 7 8 • 



*7 

H 







1^. 



8 

5 ^' 




6 



1 
5 



,2^ 



12 




10.^ ♦Whl.cfh fractions in exercise 9 are other names f.or ^ ?A 



11. Which pairs of numbers below can be named by ^fractions 
with a common deno/ninator of 2h ? ^) 

1 



1 J 4 

• (a) ^^and J ? ^ 

ii - . ii 

(b) -r- and - ' 



(c) 7 



7 ^ 

4 



^ _ and Y ' ^ 





and , 




and 




and 
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Exercise Set J>8 



2 ^ ' 1 

There were 2j qt. vanilla ice cream and 5^ qt, 

^chocolate icQ. creain in the freazfer. How much ice 

* was' in the freeze]^? (2j O z j ^ - ^ <o ' 



am 



^Mary's mother made two ^lostumes for a school play^ 7 One 

2 •* ' ' ' ' • 

costume took 5t- ds material and the other cffstume 

% . ^ , * ^ 

1 ' * ^« * 

too^ 2^ yards. How much material did Mary's r^M)er buy? ' 

" Dick's weight; ^'^as 56^ lb. in June, At the en^^ fi)f 

1 ^ ^ ^ - 

• vacation he weighed 5^ lb. How much^weigj>5^^^i 

o Mr. Long noticed that the odometer in his oair/showed 
85^3.4 miles when- he bought some gas. 'IXii/jU^g the da:, 




he traveled 49. 5 miles, 



What did -his- o^ofeeter' read at 



the end of the ^ay? ^(^52 5. V 3 - 85.72-7 




Bruce wanted to buy a /sleeping bag Tor a,;^cout pamping trip 

that was priced $26.95. Bruce's father -gave^ him^^^5 to 

-help pay the cost. ^Binice had slaved $7^55- How much more 

money cioes Bruce' need to buy the sleeping bag? 
' f 7. 55 -n/V 26.95; -/A^ ''BA.it^-njuJ-^^ 

Gerry was ill one day and" her mother took her' temper^tiure / 
irn'tli^ morning, fhe thermometer read' 99! 6°. Later in / 
^ the day Gerr;^'3 fever increased and the thermometer read / 
102.6^. How many degrees did"" l|er fever increase? 



ERIC 



on, . 



Tell whether each of -these mathematical ^sentences is an 
example of. the commutative oT'the associative properties 



for addition. 



8. In his butcher shop, Mr. Fisher had some bologna in - 
chunks. On Mondky he sold 2^^ lb. The next day he 
sold |. lb. - On Wednesday, he sold 5^ 3,b. ^ 

Use the above information to ^complete problems (a) 
through (d). 

(a) How many po\kids of bologna did Mr. Pisher' sell 

. in the thr^e daysT ^^J^,^ ri ^.^^ 

\ 

(b) ^ How much less than 10 lb. was sold? (/o- 7^ 

(c) How much bologna was Sol^ on Tuesday and V/ednesday? 

^ (d) The total number pounds of bologna sold on the 

last two days is how many more than the number of 

pounds sold on the first two days?" Express^ yt>ur ^ , 

3|. i'-^^' 

answer in simplest form. H"^-^\^='f>, p^^,. 5^-2^'^^')^'' 

^^^^^^^^^"^^--^ ^^^^ 
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Exercise Set 2^ 



!• The -fastest pitched 6^11 on record traveled '98.6 m.p.h. 

V/hen'a hoc1<:ey player striKes, a -puck, tne puck 'travels about 
98.0 m.p.h. VJhich traveled^faster? HQw x^\xQ,\i1 (^B.i-^fd.o ^-^-^ 



A recerrt census showed that out of every 100 people in 
South' Caroliiia' 36.7 lived, in towns and cities, and 
65.5 lived'in rural* conmmi ties. Out of every lOO 
people, hov; many more lived in- rural communities? 



5* The flight'time of Explorer III was 115. 87 minutes. 

That of Explorer I was 114*8. V/hat is the .diTference ' . 

in the two flight times? O / 5.S7 - // V. 6 = j ~rv =■ (.or. 
Mje^ ;(=MjU ^t:^^ ^.^^d-C^^ltJ^ ' 



In George VJashington' s time, .90 of the American people, 
could not read or write. Today only about ^.05 of the 
AjTiel?ican people cannot read and write. V/hat part of the 
" people' could read and v;rite in Washington's time? In 
our time*? (f.oo — -90 = = ./<?, . /o ..t^ ■^,A£^ 
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The Simplon Tannel between Italy and Switzerland is 12|.5 
miles long. The Cascade Tunnel in V/ashington is .7.8 
miles long. How 'much longer is the Simplon JJunnel? 



*In 1950, statistics showed that the population per square 
mile in California was 66.7 persons, in 19^0 it hqld 
been 4^.7 persons., On t-he avei^age, how many nioreJ)eople 




lived on a square mile in 1950? ("^ ^. 7 - ^5. 7 - 7^^-25 




The Moosehead J^ake in Maine has an area of 116.9& 



square 
square 



miles. The area of Lake Mead in Nevada is ,228. &5 

miles, 'v/hich lake has the greater .area?/ How much greater? 
Cj2 28. 8 3 fa = >z/; ^Vz/- //A 55^ >S>^^exy 'Tnji.^i^ ^^^^ 



'The 'length of a day on Mars is 24.5 hours* The length 
of a day on Neptune is 15.7 hours. How m\^ch longer 
is^a day on I4ars? (^Z^^ 5 - /^.r^^^j ^= ^f^- -<=^^^^ 



The distance from Earth to Cygnus is 10.6 light years. ^ 
The distance from Earth to Sirius is 8.6 light years. 
Which star* is close^r to Earth? How much' closer? 
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JUST FOR FUN 



« Make a square like this. 



1 


2. • 

(.3.5) 


9 


4 

(2) 


5 , 

0) 


6 


7 


8 


9 

(J 5a) 


10 

(s) 


11 


12 

(7.50; 


13 


14 

(3) 


15 

(/; 


16 



Jn each small square, v;rite the- answer of the example belov/ 
having the same numeral as the square, your work is correct, 
'the, sum of the numbers of each row and coltfcin will be the same 
nmber . 



1. -' 6.50 + 1,50 

2. 4.75 ~ 1.25 
3:i|l.8 -f 1.7 

4. 96 + 48 

r 

5. .25 + .15 

6. 8,00 - 2,50 

7. 1.75 +1.75 

8. 65+9 



9. .70 + ,80 

16, 4.85 + .i5 

11. 5.57 - 2.57 

12. 6+1,50 
15. 7.7 -.1.2- 

14. 108 56 

15. ■ ij>.i6\-'e'.ie 

16. 7,25 - 6..75 
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^ , ^'erclse Set 4o 

r . • ' 

12 2 1 

Belov; are ^ number of ^ steps shov/ing ^ + ^ = 15- + ^ 
A. . . ^ ^. • ^ 

State a reason for- each step. Le1: n ^ ^ + 

3 '4 

> Then . = 5- *+ § 

■ ""T. 

4+5 

— s~ 

- 4." 5 ^ 
'2 ,'1 



Write steps- like those in exercise L to show that 




study this sentence: .(X -. n) - 1 = |- - (n + 1 ) . Is *hls 
sentence, true? * ■ ... 
(a) If n - 5 f^r"(b) If n = 1 ^^.T^ (o) If ■ n - J ^ 



In each sentence what niunber does n repr^ent^;-^^^^ 
mathematical sentence is true?_^^^3&^-<ra?eful . There may be 
no aasvier, one^ . ^x^^&^v^^ov ^m:> re than one ansv/er. - 

n = n ^-hM^f^^-^-^J^ (g) 5.4 + n = 

n + ^ = n>^ (h*) n = r 



(a) 






(d) 


(b) 


^ + n = 




(e) 


(c> 


2 

1 J + n 




(f.) 



11 



n 11.6^ ^(g) 6.452 + n = n 
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(a) » V/hat number is n if n4-n=^? 

(b) What number is n if n + n = 5 .9^? (^/. 9 7^ ' 



Think of x, y and' z as representing rational niunbers . 
Suppose X -f y ^= z. — 

(a) If X ^ ^ and, z = what number is y? (o) 

(b) Can X be greater than z? v/hy? -'^t^t-2Ul-r>-*-A-^-^^ 

(c) If^ y = 8/9^^ and z = 8.9^, what number is >? C^J 



For each of the sei%^nces below, 'n^ is a fraction name for 

* 

a rational" number. ^Make n. vhave a denominator of 2, 
Find n if each mathematical sentence* is true, 

(a) n<4 CiJ'^ 

(b) n is ie&s than ^ and greater than ^ ) 

(c) n is greater than ^ and less than ^ 

^d) The sum of n and ^ is less than ^ ^ ("^J 



One mathematical sentence showing a 'relationship among 
nunjbers n, 7 'and 12 is n + 7 = 12. VJrite two 
mathematical sentences showing different relationships 
among n, 1.75, and ^.25. r4ake them so that for each 
mathernati<ial sentence, .n represents a different niimber. 
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Two nvunbers to be subtracted are represented by n and n^. 

'(The two nvunbers are the same.) John said the result of 

10 

the subtraction is Was John correct? Why? 



V/hat. rational nvunber xi *will make 'each mathematical 
sentence true? . - . 

(a) (5 + 7) + n = i^lV' (d) (1 .55 + 6.4-7) + n = 8.92 

(b) (| + J) + ^ = n (^j (e) (1.55 + 6.47) + 8.92 =^n'^''^ 

(c) n - (|+ J) = ^ (^t; (f) n - (1.55 + 6.47) = 8.92 



Sometimes you haye more than ^ two numbers to add. You may 
be able to make the exercise simpler by changing the 
prder of the addends. For example, think about 

You may think (|- + |,+ l^) + (^ + ^) = + 1 =k5. 

Pln(J these siims. Change the order of the addends if you 
think it v;ill make the computation e'asier. 



(a) 2 + 1 + 5 +1 + 1' (C2fj;+ C| + |+|;.7j • 
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Practice foc^rclses 



I. Solve for n . ' . 

' ■ • ' /" 

"•a) 54, 98? +■ n- = 80,000 ■ -k 

. b> 300,678 + 27, 492 = n 1 

■ c) 656 X.319 = n ^ „ „ m 

d)- n X 85-= ^■.08(jy^._ t,.,^-^ n 

: e)- 36 X n = 2,'?00(n- o 



■II. 



fj : 2,340 -f n = 36. (n--. OS) 

q 

- h) n 8i = ll3|(y^.- 3|,y ^ 

J) 185 X 85 = n [n= i^'.'/^s) t 
Solve for n . 

a) 12^ - n = 4 <^^=3^) k 

b) 1+1 = 1+ n (^=|) 1 

c) ^ - ^ ='j + n irs^ i) m 

f ) 2.45 + .7 + 3.05 = 

g) "248.09 + n = 388.6 ^ ,q 

1) h + li = 2| ■(n= It) s 

J) 3,354 - n^39 (yA = ?0 \ 



32 X n 5024- 

2|+ ^+ l|= n (n^S'^l) 

77 X 34618 = n ^= 3,U5,5S(i) 

2^ - |. n l^iovli) 

4^ + 3| + n = 10 = 

n - 8|= Cn^'BfJ ; ' 

n = 6|+ 3|'(y\^io;4.vii:ty 

4,006 X 78 = n^^-. 3i;z>(B^iJ^. 
^+n=4^(n.3|) 

... 

747.314 - 288.405 = n ^ . 

3 ^ 1 ^ „ - % f ^\ 

^ + ^ + n = l^- (0 - J3 o'l-f; 

954 X 384 = a (A-34i(i,33(<') 
ll| + n = .14| (A -- 2^) 

-6,400 ^ 80 = n (n-= "Jo) ' \ 

52,871 -f n = 91 (i^r ^^'^ ' 
n -x 53 = 3,498 {y\ - 
37,03p + 46 = n = ^0^) 
'48,369 X 789'= n (n-- S^^.ifc^jni) 
■ 4i"+ 5j+ 3^= n ^--ia,%c>r'l3f^ 



657 



ERIC 



'21 



III. Add; 



a) 904 bj^ 28,796' ,c) 3^ d) 2^ ' e) 2^ 

2,909 ■ 8,583 , 5 , 1-2 

• . 45 , 61,312 ' - ~ 2^ • 9^ - ■ 6j 



Cio^.ia) 0>fi\jc) (^w^i) 

Subtract: 

,- ' ■ 1 ' . 

f) 5,934 s) 17,004 h) lli i) 3^ J) 26^ 

Multiply:' ' / °./- 

kj 508 1) 369 m) 348 ' n) 957 o) ;5,'83i5 ' 

-67 _26 " _3£ Ax 

. • . , ■ (SlO^O .(^iO.m) (ST.^aj) "C^^'+.i'?^ 

Divide:- ' , 

l8Pf5^ . 42)4, 309 41)2^52 " 37)i,M 

■ f ■ ' ' 

t) (go) . • \ 

18717574 - . 

IV. Find the sum: . >, ^ 

■a) '-4^4,829 ; 78,080 ; 196,809" l'9,-998 XfS9,ni<o) 

b) ••132;435 ; 412,754 ; 21^ 734,646 C'.'-So^oei) , 

c) 28i^ 8| ; 17^ i ^ : 19' C.l^^) ' . ■ 

d) 4,027.9 ; 617.26 ; 503.07 ; .8 f 5,f{-9.C)3.) 
• e) >219|-; 1,724 ; 63| ; 10^ Q;(^ll^iLjj 

■ ' ■ V • ' , " . . 

' ' cz ■ ' 658 . f • 

2i:> 
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V. Subtract <>' 

■ .a) 678,5^3^- 25^., 745 {H-xiri'^?'^ 

' h) 800,095-173,295 <^l(^,9o\') 

■ c) 128,791 - 37,782 (cil.o.o^) 

. ..d) 52,096| - 29,636| • (7:a,H-5<l4) 

' e) '212,983 - 31,006 . (l^|,ciT73' 

VI. .-Multiply: ' ' ^ 

' a) 27,-465 X 697" ' (\^.\H3,l05) 

b) 379,865 x 756 ' ("a,?-? J T7 , "iH^o) 
* 

c) a6,492 X 489 (n.Sf^ ,^^3 

d) 843,4 76 x 654 ,, (5b\,L>^3',^oj-) 
' e) 8i;9l8. X 248 ' [jo, 3 IS , ) 



VII. Divide:- 

• 85,591 -^95' ( 'loo r. 

b) 34,997 ^ 34 { \ fi'^'^ ^'^1 

c) 87,6(50 67 t 1,307 " 3.1) 

d) 801,356 - 89 ( q.OOH-) 

e) 457,267 -r 74 ( Gn''?v2Ll) 
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^ Review 

^ ' '4. - ' SET I ' 

' Part A ' ^ ^ ^ 

1. . Oomple1;a each of the following to make it a true statement 

illustrating the distributive property. ' 
*. Exanipie: 12 x (20 + 15)"+ (12 x 20) + (12 x 15) 

a) "^(40 + 5) >^22 =^(10X 22)*+ (5 x xx)' 

b) * 15^ V 7 - (2^0+ 14) ^ 7 

' 0) 468 X 15 ^ (424 X 15.) + (1!+ x 15) 

'd) 1,824 + 10*= ( lOOQ 10) + (800 -^22.)+ '{jiO + 10) + 4 
e) ;63 x 3^ = C60 + 3^) x (30 + 4) 

2. ^swer yes or no to the questions "below. , / 
, ■ a) Does (7 x 8) x 3 = 7 x (8 x.3)?^(ii*5\ - 

b) .Does 3 X (9 x'S) = (3 x 9) x 5 ? C^es\ • 

c) Does (36 ^ 6) 3 36 -i- (6 -f, 3) ? (no). 

d) . Does' -60. -f (30 + 2) =1 (60 •!■ 30) + 2 ? (no) 
. e) Does (ft. |) - 5 - (| - \) ?(lOo) ' 

■ ft) Does ^ - - = - ll) - ^ ? (no) ^'^ 

g) Does (37 + 13.).+ ^= 37 + (13 + 9) '?'(y«s) - 

h) Does 26 + (32 + 10)^.(26 + 32^+ 10 ? (si^s) 
1) Does (25 - 13) - 7 = 2^ - (13 -7) (no) 

J) D09S,' 75 ^(50 - 25) = (75, - 5€j - 25 ? C^o) 

k)'.Doe6 I + (^ ^; |) = (| >■ i) + I ? (Vi^^) 

1) Does,. (| + |) + = I + (| + ^ ^^i^^) 

In tlie exercises above tell which examples illustrate ttie 

■ associative property, -('ci-, , ^ >" ^^-0 ' 
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*3. Write the, following expressions as decimal numerals. • 
Example a . is done for you. 

a)' 7 +•^.,6+ .05=8.65 ' f)* 16 +1.6+ .l6C-nT^) 

*b) 2+ .3"_^ .06 A*.3(») g) 3+ .2+".T5 '^•^5) 

c) 5 + .2 + .'17 5.S7) h) 6I / ^ + .81 ^-G^-.tO 

. d)- *21 + .4 + .22 (•- i) 8+2.5+ .52 i-W-P^) 

fe) 9 + .8 + .23 (-- 10-03) j) 19 + 9-7 + .36 "l-- 5.'\'0G>) 



Expre&s egch answer in its simplest fprm. 



_x« 3+l . 4+1 rs ■r\ 3^3- 

- m -'Hi ("-'is) J) n ■ ^^-^ - - 

i 

5 4 'Wrdte'^Vs ba^e ten numemls. ^ 



a) 


2Jf 

■^^five 




f) 


^-^elght 




b). 


^•■■^four 




g) 


43 . 
six 




c) 


64' • 
seven 






' ^^.^f our 




<1) 


301five 




■ 1) 


441 

^^•^five 




e) 


^•'•^three 


(5 3) ^ • 


J) 


.^"♦^geven (357) ' 
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6. Oomplete the 'chart below. Exafnple a is worked for -yoCi. 



Niimber Pair 
* 


' All Factors 
* 


G C F 


Multiples to L C M 


L C M 


a) 9 


1,3,9 




9,'ia, 27, 36 


• 


12 ' - 


1, 2, 3; ^, 6, '12 


3 


12, 2k, 36 


36 


b) ],2 






" • ^ 1 

V 1 . J. ^ . ^ to / 




. 18 




( ip ) 






c) 15 . 


J 

U , i J b , lb 1 




30Ab> / n^i'®J».'i»J> 




40 


f 1 -0 Li C lA tXA^ 

V 1 1 A, H, 5 J0r«^0i^^ 


(5) 






d) 24. 










' • 30 


(4,bL,3,6", 6, '0,15', 26^ 








. e) ih 




— — 

IT) 


3fc, 5^ , 72., 'ioX 




^ . 45 , . 








'f) '16 . 




C4) 














7. Fi^.your answers do not depertd upon the appearance of the 

triangle. Use only the facts giveo- ^ 

a) In these \two triangles, 

C 

we know that 
AC = BE 

' / 

• • AD = BP 

What do we know about / D and / 7, / <; and [_ E, 
-V ■, . , . ' _ > 

■ also^ CD and EF ? [O^^L't^ Z_(J = E , ^.D S 
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b») ABC .Is a sc^l^ne- triangle. 



We also know 



a5 «. 




What kind -of a triar^gle would, A DEF be? (S cosityNo) 



L?3t thfe pairs of congruent angles. Z Lli ^ z L^. 



''Part B 



Write a mathematical ' sentence (or two sentences if necessairy)* 
; for each problem and solve. Write an answer sentence. 

l.v A host^ess made 1^ gals, of punch Tor a part^. She had 
^ gal. left. How much punch did the guests drink? 

Wendy lives 8.6 ,mi. £^om hen friend house. One day she^ 
rode her hoarse part of the way to hef* friend's house. She 
Walked the rest of the way. She walked 1.23 mi.' How far 
did sjie ride before she st^arted to walk to her friend's 
house? -(^^^ 'I ri^ rv-^ T37 ^ 

3. In l86^ Abraham Lincoln was ^elected President for a second 
term. He received 2,2l6^067' votes. Gepr^ McClellan 
ran against him and received l,8o8,725 votes. How 
fewer AK)tes than Lincoln did McClellan receive? - \ ^ 

M^adlotwx r^c-e^ved H07.Vf^ ^u^Y M<^% -^kA.v^ Lmcoln-j 

4. wnen Sandra's father weighed her he said, "^ou weigh 

exactly 58 -lbs. You have gained 1.8 lbs. since your 
' ' birthday^" How much did Sandra weigh on her birthday? 

663 ^ 
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'5, The Empire State Building was sold in 1951 for $51,OpO,000. 

^This is three times the amount paid for the land on which 

it.stands. How much did the land cost? (51,000,000 ^ 3 = n or 
3xn - 51,000,000.; r\. »'7,croo,aoo Yi^^ )^^^ cosf ^IXOOo.odo-ooJ 

3 1 
6. One Week Bill worked for ^ hr. on Monday, 1^. hr. on 

^ ^ ^2 
Tuesday, ^ hr. on Wednesday, 1^ hr. on Thursday, and *• 

2 hrs. on Friday* He is paid 65 cents an hour. How 
.oh did he make this week^ f(>^ ^) i ^ i ^ I ^ 4a)y(o 6,--r\ or 

Individual Projects 

1. You have developed rules for divisibility by the nuyibers 
2, 3 and 5 and have given examples in which they are 
' tested as factors of a number. Here are some rules for , 
divisibility for you to test. You should try^t least five 
examples to see if the rule is true.^ 

a) A number is divisible by - 4 if two times the tens 
digit plus the units' digit is divisible by 4. 

b) A number is divisible by 6 if the number is even and 
is divig^ble by 3. - ^ * 

'c) A number is divisible by' 7 if the difference between 
. twice the units digit and the number formed by omitting 
the units digit is divisible by^ 7. 
d) A number is divisible by 8 .if four times the hundreds 
digit plus two times the tens digit plus the units digit 
"is divisible by 8. 
•e) A number is divisible by 9. "if the sum of the digits is 

• divisible by 9. • . , 
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Review 
SET II 



Part A 



Write the 'numerator and denominator as th^ product of 
primes. Example a is done for you. 

315 Y 



TU 2x2x2x2 



c) ^ 



< •3- X 3' \ 



Select the symbols that' represent zero from each row. 



^21 + 0 V C°^^£^ 




'O X 36'4}, ^ -"I > 75-0 



c) (oT6), (T^, (^2^3)To), |, 

d) (1 0.6 - 10?6o^ , 0 + -982 , (JVo), -^-g-^ , (o[ 



12 



Copy and place' parentheses to make each a true statement, 
then solve. Example a is- shown. , 

a) (3 X 5) + 7 = 20 + 2, 22. = 22 

b) 18 x(3 + 3")= 10b Oo*--IOS')f) 4^ + (io x 2) = (6 X lOV 7 * 

c) (32 4 o)+ 4 = 6 f 2(?--S0 g) 7 +(49 x 7) = (12 - 2)+ 4 

d) 44 = 50 - (l2 -i- 2) l*W--'^'<-)h) 15 x(l2 x 6>(24 x 4) X ^ , ■ 

. (io-iO) 

e) 72 x(4 X 2)= (6 - 2)f 5 i) ^5 x(24 x 6)=(5'4 X 3)+ 18 , 

^ ^ j) (31 >< 22)+ 18 =(35 X MS)^ 2 
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'4. Rename the following in simplest mixed form. 

a) i . " e) ^ {ZiJ ■ 

b) ^ f) f (ai). 

5. Copy and replace n with the number n represents. 
An. e;xample is shown. 

Use the largest multiple of 10 , 100 r or 1,000 to make 
each of these true sentences. Example a -sis shovm. 

a) ' 9 X 7000 < 63,801 f) "^3.871 ^ G (Xm x 8 

b) 20 X go < 1,848 g) 80 X qOOv < 764,892 

c) 4.328 > G>aO x7 h) 70 x 7 < 535 

d) 300 X 30'< 10,380 i) 38,462 > 90 x ' 

e) 5,161 > 6 X J) 3<W? X 30 < 96, 483 . 





6) 


3 

-zj- - 


n 

1^ 




b) 


2 

3 ' 


n 

15 




e) 


-7 
5 " 


21_ 
n 






n 


20. 
IF 
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7. Which of these nurtbers are equal to 1^ ? 

1.5 , I, 1.05 , §•, ^ . Ci.s, I . ^ 

Which of these numbers are equal to 3? 

-5-, 2 + ^ , iTf , , 2.10 \ 6 tfj 

3 ^- 
Which of these numbers are equal to ^ ? 

h- 8-T^ .15. ^ f\,.75,i?J_ 

p 

Which of these numbers are greater than j ? 
^. ^. \7 , .285 , I (f^,.7} 



' 5 

Which of ^hese niimbers are less than ^ ? ' 
.7/ ^, .90", I , .065 (.^^..^^0 



8. Use the woi*d plane, line, line segment, ray, circle or 
quadrilateral to complete these statements, 
aj A sheet of paper could be thought of as a model of 

b) A clothes line stretched tightly between two poles 
could be thought of as a model of a (//ne g€j)^eKf) , 

c) A wedding ring could be thought of as a model of 

d) A^sWindow frara%c0uld.be thought of as a model of 

e) The beam of light from a spotlight could be 



thought of as a model of a 
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9. Construct two congruent triangles with sides who&e lengths 
in inches are 3,2, and 4 and whose intersection Is 
one vertex. The interior of one triangle should be in the 
exterior of the ot^er, | 1 C^oJ^ sc^U, ^Vso^ c.v^su.evs 




10. Construct two triangles with one common side. One triangle ^ 
has sides whose length in inches are 5 > 3 and 3, 
The second triatigle has sides whose lengths in inches are 



2 , 2 and 3, The interior of one will be in the interior 



of the other. 




11. Construct two triangjes with one common side. One triangle 
has sides whose lengths in inches are 4 , 4 and 6. 
The second triangle has sides whose lengths in inches are 
3', 3 and 4. The interior of the second triangle will 
be in the exterior of the^ firsts //^-^ 

Part B 

Write a mathematical sentence (or two sentences if necessary) 
for each problem and solve. Write an answer sentence. 

1, Mary has ^ c, flour. She looked at three recipes for 
cupcakes, one uses ^ c, flour, another uses ^ c. 
^•lour, and the third uses ^ c, flour. Which recipe, 
will use all of her flour? A S- ; 

2, The German bobsledding team made a trial run in 5 minutes, 

V 

07,84, seconds". The United States bobsledding team made 

their trial run in 5 minutes, 20.1 seconds. Which team 

( 7.0^ - o-7^Sq--h;y\-ia u 

made the faster time? How much faster? "rt.« G-e^-i^au f^<M^ ywv>^e 
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3, A parking lot has 24 rows for cars. Each row holds 32 

cars. How many cars are in the lot when the rows are' filled? 
fa*f X 3%^Y\ . n-- 1Q><^ Theve aye 7Gi? co.r5 ,n lo4.) 

4, In the Soap Box Derby John finished his run in 2,7 min, 
Mac finished in 2,68 min,, and Terry finished in 2,0^ min. 
What was the difference in time between the fastest and 

^slowest runs? (9 -70- ^J.oirn, yi-.GI 

5* If the speed of a meteroid moving through space averages 
30 miles per second, what will be its average speed per 

ho^r^ (3.0 xGO X (flO n or 3o x (cO - ;i: , > x (oO - , n ^\o2,cm 
"Tike ri^e^e£>ro(cl ujJl Vv^v/e avi ave^ro^e ^red of lo^,<SJO m. p.U,.j 

6, 'A gallon of water weighs 8,33 lbs. It is carried in a 

buv;ket weighing 1.8 lbs. What is the total weight of 

the gallon of water and the bucket? (' '^"^ "ti r\ /0./3 



Puzzles 



What number base is used in each of these? 

a) Jan said, •^MyVat wi5ighs 2 pounds, or 112 ^ounces.** 

b) My little sisteA is 100 years old. In one year she 
will be enteringthe first grade,, fB>^<r Two) 



c) ihe teacher is five feet six inches or 75 inchesvtall. 

Cross out ^very dot with four line 
segmenta. Do not lift the pencil 
from the paper until all nine dots 

are cross^^d. Do not retrace a line or, cross any a<jt more 
than once. 
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Review 
SET III' 



Part A 



1. 



ERIC 



Arrange the following numbers in order from Xeaat to greatest. 
1 1 1 1 1 -(X 1 1 L l') 



3 I 1 ir'^i^- 



I 

7 -, 1.4 , .73 , .29 , .4 C-^^''^' -'^''''^' '■'^^ 
1 2 3 1 1 i- 3l S 

.29 , .029 , 2.9 , 29 , .5 ( .0X9, .0.9, .e,a.9, x^) 

•.8, .46,2, .059, .4 (.OB'l, .f/.HC. .2 , 2). 
51-,' .5 , 5.01 , 5.1 , .51 (.S. .SI , ?.oi, 6.1 ,5l) 



2. Usii^ the symbol > , = , or < make the following true 
sentences. , 
28 X 2 154+88 
24 X (24 X 6) = 6 X (24 X 24) 
32.x 127 < 4,060 + .24 



3 \ 6 

31,106 > 74 K- 419 
47 X 608 = 28,576 

.6 + 2.15 + .25 ^ 2.9 
2,605 + 56' == 46 r 29 
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}. Write fraction names-^for these numbers.- Example a is 
done for you . 

b ) 1 . 1 ■ (U) 
e) 2.5J 

I 

^. Without working the problem, tell which expression in 
each row represents the largest number, 
a) (253 -tIl^ 253 ^ 26, 253 ^ 19, 253 -r 39 



f , 


A 73 


\lcrol 


g) 












1) 






J) 


^4 





b) 341 X 23, 314 X 23, 336 x 23, C36^_xj3) 

N 4 ^ 1 ,4 3 /4 ^ 4 2 
°^ H"^!' •Htp<.F+lO H+3 - 



' d) 1,192^ 28, 1,301 ^ -28, 1,099 ^28, (T ^O -^'28 ^ 
•^■42 1 /2 1l\ 2 4 2 5- 

5. In the above examples find the expression in each row that 
names the smallest number. ^^S-rS^; W) Bi^'Vll'; 

6. Write the greatest common factor for each pair. 



a) 


28 , 


35 




0. 


72 , 


30 


((.) ■ 


b) 


40 , 


54 




s) 


12 , 


84 


6 a.} 


c) 


27 , 


54 






42 , 


70 




d} 


18 , 


60 


((») 


i) 


225 


, 45. 




e) 


25 , 


120 


(0 


J) 


33 , 


363 


(33) 
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7. Copy and place parentheses to make each a true statement. 

a) 18 X 23 i^9 = 9 X 92 - l8 - C(\<?xXj)r^ 6 

' b) 31 X 50 - 2 = -24 x 33 - 17 [ 3t Jf(5o -l) -^IH- x S3V<^J ^ ' . 

c) 64 X 23 - 4 > 26 + 17 X 43 [(GH- 13) -if 

d) 42 x 24 + 3 / 21 x 54 [(»t a. X 3 7^ ilU ?^J. _ ' 
- * e) 43 - 9 X 16 = 4 + 27 X 20 3 16, = H-+(a7x2o)] 

f) -36 I- 18 X 47 < 48 °x 12 + 8 '[^^H^^>^'^^)<. H2x(la + 2)] 

■ g) 27 X 96.+ 8 - i3'x 196 + 4 [(a? ^ i-s ^D%-*-f)] ^ 

h) 65"x ^4 + 30 > 36 X 113 + & [Co.5 x (0 f ) -t- 3 0 > (3fcx'll3)4?j , 

8. Use closed or not closed to complete and make these true 
sentences. \ . ' • 

a) The set of whole numbers is {do^^d) under addition. 

b) The. set of odd numbers is ( r\of do g^^) under subtraction.^ 

c) The set of counting numbers is (clcrsej) under addition. 

d) The set of whole numbers is ( c/ose^j under multiplicatjcn, 
^ e) The set of whole numbers is (nof c/o?ec/) ^under division. ^ 

f) The set of counting numbers from 23 to 75 is 
( yioi cl^scJ) und^r addition. 

g) The set of whole numbers is (j2£L£^I^^^®^ subtraction; ^ 

h) The s^t of counting numbers less than ^3 is [h(ff' cJoSej) 
under multiplication. , . ; 

9. Copy'an'd compare the<sizes of , 2 ^^'^ ^^^^ L 
/TRS^ and / BCA, /RTS and CBA.. ' 
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10* Use your compass and straightedge to copy ^AC on RS so. 

falls on SR. 



-that point S corresponds to A and 




Part B , 





Write a mathematical sentence {or two sentences if necessary) 
for each problem and solv'6. Write jan answer sentence. \ 

1^ There are 40 pages in each>Orange Trading Stamp Book. 

Each page holds ' 35 stamps. How many stamps will be, rfeeded 

to fill one book? (35 xHo^fl , n - IH-oo ^ 

IHoo sfoAAA^s to'^lTW v^eedect h> ^^ii oj^e loaok 

2. Smith's Department Store ordered l6o8 Christmas tbee 

ornaments from Japan. They arrived in 6? boxes with the 

same numbe^r of ornaments in each box.' How marjy ornaments ^ 

were in each box? O^^^ bl = r\ , r\z 

♦ 

3i. The food committee for the class picnic ord^ed ^lamburgers.' , 
• Pive-eighths of the class wanted hamburgers with oniops. 
What part of the class wanted theirs without onions? 

4,* On its picnic, the class took 2j gals, ice cream. They 
2 

used 1^ gals, for sundaes. How much ice 'creart was left 

/ ± i% W ^ 

for cones? (JL-^ "'"^-iTi'^-Ts 

' ^ "\ 



ERIC 



673 
228 



P406 

B. The Campfire Girls in one town sold 426 boxes of caitdy the 
V first week of their s|le, 281 boxe^p the second week,' and 
469 boxes the^hird week. What was the average number of 
boxes sold each day?i'^ , , / s c^/^ ' T 

6., Three frying chickens weigh 1-^ pounds, 2ij pounds and 
2.-^ pounds. What is their-total weight?(/^^ +^1 ^ =^ io>- 

'7. Tlie speedometer of a car shows 7^,286.1 miles at the end 
of the month. The car had gone 3,729.4 miles that month. 
What had the speedometer shown at the beginning of the month?, 

8. A box factor makes 2,^40 soap boxes in one hour. How many 
jiozen boxes are made in one -continuous eight hour shift? 

Individual Projects 

1. model of a geometric prism. The measure of the 

* shortest edge Should be no less than 3 inches. Coloj? the 
faces so that none of the faces with a common edge are the 
same color.. Display it for your^lass. . 

2. Make a model of a polygon. Use wire for the line segments*. 
The measure of .^he shortest, segment should be no less than 

4 inches. You' could use two or more of these, to. make an 
intefresting mobile for your class. 

3. Many great men have made Important contributions to 
mathematics. Make a report about one of these famous 
mathematiclanB and his contributions.. , , • 
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PURPOSE 0^ UNIT 



Chapter 7 
IffiASUREIffiNT OF ANGLES 



• The purpose of this unit is to develop understanding and 
skill in the measiirement of angles. Like the study of linear 
measurement -V the study oS angular measurement may be divid.ed 
into four mAjor considerations which parallel the historical 
development: . • ' ^ 

1. Intuitivfe awareness of difference in size . 

'2. Choice of an arbitrary unit with the under^standing that 
the unit must be of the same nature as the^thing to be 
measiore'd — a line segment to measxzre a line segment, an 
angle to measure an angle, etc/^^ 

3* Selection of a standard unit for purposes of 
communication. 

Designing a suitable scal^ feo: convenience in measuring 
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MATHEMATICAL BACKGROUND 



It>^ls ofy^nterest to 'note that in the development of the 

idea' of measurement for the pupils, v;e are actually following the ^ 

historical development of this concept. The counting of discrete' 

or separate objects (like finding the number of sheep, in a' herd) 

was not a technique applicable to the measure of a continuous 

curve (like determining the length pf the boundaries of a wheat 

field). At first the notion of size was realized intuitively. 

One boundary ^v;as longer than another; one-piece of land v;as larger 

than another. This sufficed until fields bordered more closely on 

each other and more refined measures v;ere necessary. Then a unit ^ 

of measure (e.g% tha^ part of a rope between two knots) VN^as agK^eed , 

upon. Now it v;as possible to designate a piece of property as 

havirtg a length of "50 units of ro>^" and havipg a width of "30 

" units of rope." V/ith the^increase of travel 'and communication, 

it became obvious that "50 units of rope" did not represent the 

same length to .^11 J^eople unless they were Tamiliar uith, the unit. 

The need for a standard uni*t arose. Once a standard unit v;as 

agrfeed upon, a scale was devised for greater convenience in 

t ^ 

measuring. 

Basing the development of the concept of angle measurement 
upon these four considerations, appeal is first made to the 
' pupil «s intuition in making comparisons of the sizes of angles. 
Recall from Ch. ^ (Congruence of Common Geometric Figures) that 
an'^angle is a set of points consisting of two^rays with ^ common 
.endpoint, bUt not both' on the same^iine. Consider any two angles, 
say /ABC and /DEF, as pictured below. 
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We can conceive of placing theB^ angles one on top of the other\in 
,such a way that BC and EF coincide while^ BA ari/3- ED boih 
extend above BC, thus. ' - ' ♦ 




In the example illustrated above, ED extends into the 
interior of / j^C. We say that • / DEF is smaller than / ABC. 
If ihste'kd it happens that ED ccrfn^des' with B^, tve say that 
/ DEF is of the same size as / ABC. (Recall that in this case 
we als6 say that / AEC and / DEF are congruent . ) If ED ^ 
^extends tnto the exterior of / ABC, as shown below, we say / DEF 
•is greater than / ABC. ' . . 
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Thus, given / ABC and / DEF/ exactly one of the following three 
statements is true: 

1. ./ DEP is of smaller size than / ABC. 

2. /j)E?"''Ms 6f the, same size ars / ABC. 

. ^ / 3. / DEF is of greater size than / ABC. 

Just as we thjmk'of every line segment as having a certain^ ^ 
exact length, so too we think of every angle as having a certain 
exact size, even thoxigh this size can be determined only approxi- 
mately by* measuring a chalk or pencil drawing representing it. 

Let us examine this process of angular measurement more 
closely. As in the case of lin^r measurement, the first step is 
to choose 'a certain angle to serve as unit. This means that we 
select an angle and agree to consider its size to be d6scrj^bed or 
measured, exactly,- Jpy the number 1. Cadi this / RSTf' , , 

, ^ Unit Angle 




T ' 

Now we cac/conc^ive of forming an angle DEF by laying off the 
unit ^ RST ^jyj^ce about a common vertex E as suggested \n the 
picture below. 
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We say that / DEF has size exactly 2 units, alti^ough / DBF 
can be represented only approximately *by a drawing. 

In similar fashion we can conceive of forming an angle of size 
exactly 3 units, j:>r exactly 4 units, and so forth, until we 
have draw^ an angle whose interior is nearly half a plane, as shown 
beiow , 




We also can conceive of an angle, call it / ABC; such that 
*the unit , / RST will ^not fit into / ABC a whole number of, times, 
In the picture below we have shown an / ABC such that, starting 
at BC the unit / RST can be laid off 2 times about B with- 
out quite reaching BA, though if we were to lay off the unit 3 
times we would arrive, at a ray, call it BD, which is well beyond' 
BA. • 
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vmat can we say about ^the size of / ABC? Well, we can surely 
^.say that / ABC has size greater than 2 units and less than 3 
< units. In the particular case pictured we can also estimate by 
eye that^the size of / ABC is nearer to 2 units than to 3 ' 
units, so we can say that to the nearest unit / ABC has size 2 
units. This is the best we can do without considering fractional 
parts of units, or else shifting to a smaller unit. 

When a unit is agreed upon, then a scale may be devised to 
facilitate measurement. If we decide to use a segment of one inch 
'as a u/il|t of linear measure, then a straightedge may have successive 
]/ congruerjt segments of unit length laid off on it (each segment 
intersecting adjacent segments in one endpoint only). If v;e 
further associate each endpoint from the first to the -last on the 
straightedge, with the whole numbers taken in order, (O, 1,2, 3, 
4, 5, 6, ... ). then we have established a scale for linear measure. 

We follow the same procedure in setting up a device for angle ' 
measurement - a protractor. FcJit: the pupil's first introduction to 
t*he use of a orotractor, the uni\ chosen is a large one. Thus, 
attention, properly directed to trie correct use of the protractor, 
^ is not diverted by problems due td difficulty in reading a closely 
marked scale.' Since this first selection of a unit angle to be 
laid ofr~successively on the half *lane is not a standard unit, 
we may name it whatever, we choose, even an "oc^on". 

The choice of the octon as a unit angle is arbitrary but not 
accidental, It was selected so that if eight congruent angles, 
each 1 octon in size, are laid-^'out successively with a common 
vertex then they together with their interiors will exactly ..-cover 
a half -plane. The following demonstration shows how to use a 
paper folol^ig to determine the size -of the octon. 
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Select any piece of paper (it ^night even be irregularly 
shaped): 




^Choose a point M on AB and fold throxagh M so that M 
falls on 

A 




The / AMC is a model of a right angle. . 

If you unfold the paper, it will appear like this. 




This show^' four models of angles, all congruent, which 
together With theVr interiors, fill the plane. 

681 



Refold the paper so* that you again have a mod^l^ of a single 
right angle.' Now fold so that the rays represented by JR and 
"SH coincide. 




This provides us with a model of an. angle such that any four 
successive angles with a common vertex will exactly fit in the 
half-plane. 

Refold your paper. Proceed to make one more fold as before. 
You now have a model of an angle of one octon, eight of which, 
successively placed with a common vertex, will exactly fit on the 
half-plane and its edge. 




Each ray of the successively marked-off octons-is assbciated 
with a whole number, taken in order from 0 to 8. We rk>vi have 
a protractor ^with a scale ^on it suitable for use in measur^ng.^ f 
angles • It should be emphasized that the measure of an an^le is 
a number . We read m/ ABC = 7 as "The measure of angle is 
eeven." If the unit is the octon, then we understand the statement 
to mean: "The measure of / ABC, .in octons, is seven." We cahnot 
say, V ABC = 7" because' / ABC is a set of points and 7 is a 
nuimeral. But the measure of / ABC is a number, so that a* state- 
ment like: "m^ ABC = 7"^ is permissible, since we have n\imerals on 
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1 . . . " 

both sides of the " = symbol, * 

Eventually the pupil recognizes ^that approximate readings of 

angle measure "to the nearest octon" leads him into* a situation 

in which both / A arid- / B (clearly' not the same size) have a 
measure of 2 to the nearest" octon. 




A Bn 



The jieed for a smaller unit is appreciated. For purpo'se of commu- 
nication, a standard unit has been agreed upon. We call the size 
of the standard unit of angle measure, one degree, and write it 
In symbols as 1^. When we speak of the size of an angle we may 
say its size is 45^, but if we wisji to indicate its measure we 
must keep in mind thaf a measure is a number, and say that its 
measure, in degrees, ois 45. If we lay off 360 of these unit 
angles using *a single point as a common vertex, then these angles 
together with their'' interiors cover the entire plane. 
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Even in ancient Me&opotamian civilization the angle of 1 as the 
angle of unit measure, was used. The selection of ^ unit angle 
which could be fitted into the plane (as above) Just 360" timers 
was probably influenced .by their calculation of the number of days 
in a year as 360, • ' "N 

In this unit'we concern ourselves , only ^wtth angles whose 
measures are between 0 and 180, Because of our" definition of 
an angle and its interior it is not possible to have an angle 
whose rays coincide or extend in a straight line? Subsequent 
extension in later grades of the definition of angle will make it 
possible to discuss an angle of any. size. 
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T'iiiACHING Tim mi 

The lessons In this unit vary in their composition. Some 
havfe three parts which are: ~ first. Suggested Teaching Procedure , 
second. Exploration , ana thira, Exercises v/hich the children 
should do independently. - In some lessons th*e Exploration and 
Exercises are suificien-c to develop the lesson. Some lessons 
need only the Exploration to clarify the concepts for the 
children. 

The first part Suggested . Teaching Procedure provides an ^ 
overview of the lesson. It is i^re that the teacher v/ill find ^ 
suggestions for providing the background the children v;il'l need 
for the understandings and skills to be developed. ' ; 

Some teachers maj/- prefer to have the children's books closed 
during this introduction of the concepts.^ During the second part 
of the lesson, the Exploration in the pupil's book, the^upils 
and te'acher v;ili read and answer the questions together. She 
may say, fon example, "Now tum^to page — and look at the 
Exploration. Is this what we did? Is this what ue found to 
be true?" A.j^sourceful teacher will^^De sensitive to the mood 
of hpr class and will not extend this part' of the lesson beyond 
the point of interest. 

Other teachers may gcTN immediately intcth^ Explorations. , 
The Exploration then sqrve^s as a guide for the lesson. Still 
others may v;ish to have the pupil's book^ closed during the 
presentation and then have the pupils read the Exploration 
independently for review. * 

Tne third part of the lesson is the Incjependent Exercises. 
These are designed for the pupil to work independently. They 
a^k provided for maintenance and establishment of skill but 
they are also developmental in nature and help pupils gain 
additional understandings and skills. • 

Each teacher should feel free to adapt these ideas in a Way 
that v/ill suit her method of teaching and in a way that meets 
the particular needs of her class. 
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The first secrion of this unit is a, review of material 
covered in^the SMSGA§-xt for the fourth grade. If the pupils 
have not studied thi6 material, you will need, to spend more 
time on this section. In either oa.so, you should have a 
copy of the SMSG .text for grade four. 



'References: 4i. School Mathematics Study Group , Text for 

Grade Four. 

2. Matliema^tlcs for Junior High School , Volume Ij, 
Chapter IV, School Mathematics Study Group. 

3. Freeman, Mae and Ira, Fun v/i t h Figures , 
Ne\; York:: Random House, 19-^6. 

» » • * * 

4. Ravielli, A., An Adventure in Geometry , 

New York: Viking Press. 

5. Bassetti, F.^^Solid Shapes Lab,- New' York 
* * Science Material Center. 

. 6. R. Anderson, Concepts of Informal geometry . 
Volume V, Studies in Mathematics, School 
Mathematics Study Grov 
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•UllIT SEGMENTS AND UNIT ANGLES • , 

Objec.tive: To develop the following understandings and skills, 

1. .The unit used for measuring an angle is an ar%le, 

^ 2. The unit aj;jgle is chosen aj?bitrarily . 

3. The exact measure of a giv-en angle in^terms of a unit 'is 
^he number (not ^necessarily a whole niamber) of times the 
.unit ^ngle will fit into the given angle. 

* 4. The approximate measure of a given angle in terms of a \ 
uriit is the nearest whole number of times the unit angle 
will fit into the given angle. 

Materials : 

Teacher; Chalkboard or string compass, straightedge 

(meter stick or yard stick) , sheet of plastio 
for tracing, colored chalk. 



Pupil 

Vocabulary: measure, unit 



Compass, straightedge," tracing paper.- 



If there is an' interval between th6 study, of 
EB~ll4 and 'this unit, review the definitions of line, 
ray, line segment angle, an^ congruence. Work at 
■ the chalkb&al^d while the 'pupils work on paper at 
* thteir- seats . ^ Follow the Exploration as closely 
as possible . Exeig^se- 1 oh Page. 1, be sure 
the p|apil^^ 
that i^^ can' ^ 
trf§ rays as\ 
ure Is a niamber 
m ,AB = 3 units 
a description of 
m ^ R = 5 and not _ 

> Use colored chalk?to heJLp pupils in^E5cer^"< 
cises 7-10 of the Exercises ^ visuall^ng t}m ^. 




a segment . MN sma]K enqugh so 
off at least three times on ' 
else 3.. ;St gess^^that' the " meas - 
n|e *m AK^ 

I Cunits"^s hot ^a.Jnumber byxt 
hysical quah^Tt^;^*'^ ;-Simil%rly 
m / = 5 uniti/* 



overlapping angles whose interiors intf rs^gtv - 




0' & 
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Chapter 7 
MEASUREMENT OF ANGLES 



UNIT SEGMENTS ANI> UNIT ANGLES' 



Exploration ^ ] 

"You have 'studied congruent angles, and you know that 
congruent angles have the same size. ^You have Reamed also 
I70W to tell whijdh of two angles has *^the larger size. But we 
need to have a way to describe "the size of an angle more 
exactly, that^s, to - tneasure - an angle. Let us see how this 
could be donei 

Recall how you found a method to measvire a line segment. 
See if what you did to measure a segment sugges.ts how an ang^e 
might be meaisured^ Read the instructions of examples" 1, 2, 
^d 3 ^before you stiart the drawing requested in example 1. 

1. Draw a ray on your paper. Call its endpoipt ^ P. / 
Al-so draw, a short segment 'nS^^n the ray. Call it Mif, 

2. On yo\ir ray construct a s,egment congruent^ to MN, with 
one#endpoint CajLl it pff. 



3. On the. ray, .construct' a second segment congruent to 
M,^^ith A as endpoint. Call it — AB. On the ray 
•construct" a third* segment, congruent to Call it 

BC. *Your <3;?awing„ should look like this; 
— ^ tf 



B 



M 



N 



Copy and 'complete the following statements. Look at 
MN and PC you | have drawn on your paper. Call the 
« length of Wone unit. Then 

a) the lengtlTof PA is ( l)"^ unit. 



V 



b) the length of AB is ( I ) 

c) the length of BC is ( / ) 

d) the length of ?B is (D 

e) the length of. PC is^ (3) 



unit, 
unit, 
units . 
units . 



f) the length of AC ' is ->>(2) i units. 
The number ^ 2 ,is called the measure of PB. 

5. What is the measure of PC? (3^ of Ic? (z) of AB?(/) 

6, Did the pupil next to jiou make • the same length? 
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7. If you are told only the measure of a segment can you? 
know how long it^is? Whali else must yoil^know? 

8. Choose a new segment, different from MN, as your unit. 
Construct a segment .whose measure, using this new unit^ 
is 4, Construct another segment whose measure is 3. 



9. You used a line segment as a unit to measure line 
segments 



•an* angle?- {Cl/fiy ott^^c^] 



What should you use as a unit to measure 



11. 




P unil onqle 



10. Use / P as a unit angle, 
Draw *RT on a sheet of 

o 

aper. Make a tracing 
of / ^ on thin paper. 
Place the tracing with 

P on R and one side of / P on R^. Then use the 
sharp end of your compass to mark a point A through 
the t^racing to your, drawing. Remove the tracing and 
draw RA. Is ^/ ART = / P? (^^) 



^ . y -1 

What is the measure of / ART? 




, T 



ERIC 



r 



P410 




12. On your di^^ing of ' ART, place the 
* tracing of the unit / P so P is 

on R and 'one "side of / P is on 
RA a.nd the otheryside of ^ P is in 
the exterior of 2^ ART, Use the sharp end' of your^ ' 
cpmpass to mark a point B, and draw RB, ' 
Is / ARB = P ? {iju^ ^ ^ . ' 

13. Using P ' as th^ unit angle, what is the measure of 
/ ARB? (l) .l-ihat is the measure of / BRT? [2) 



14, 



Continue as in Problem '12, 

^l) Place the tracing oq the unit '2^ P ^with P on 

and one side of P on Be sure to place 

- '^the tracing so" the other side of^ 
{x.iftiAji(y\y\ of / BRT- Use^ the sharp end of your 
.compass to mark a pt)int C, ^through your tracing to 
your drawing'. Remove the tracing' and draw R^. 

b) Repeat thi*s process one more tim^ in order to draw 



/ CRD, Your drawing should now look like this: 




R - T 

.15. .Vftiat Is the measure In unit 'angles^of / CRT?^) / CRM (2) 
£ CRB? (t) l CRD? (/) 
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16. 'Since you^ and all yoXir , classmates used-' the same unit 

angle, P, should yxiur / DRT be congruent to theirs?^^^) 
Work with a classmatB apd test to see whether his angle 
and your angle seem to be congruent. Place your paper 
over a classmate's paper and hold them up to the light. 

17. * Choose a new unit angle smaller. in size than a right 

angle. Then use your compass to construct afi angle 
whose measui^e is 1. Call^ it / ABC. {l^4^f3<M^M^U' ^ja^f-xJnJJ^ 



18 .« 'Or> the drawingVo^ made for ^Ixe'rcise 17' construct with 



cJvr&tjL M^^%^ O''^'^-^/'^ 

le drawing you made for JExercise 17 cons 



compass an angle whose measure is 2. 



To state the measure o£ an. angle we write: 

>»m / DBA = 2. ' The small "m" is read "measure 
of". V/e also write "m AB = 5" to state the measure 
of a segment equals 5- "ni AB = 5" is read "the 
measure of AB equals 5." . 



Rememb^ that , a measure is a number . 
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Exercise Set 1 



'On a sheet of paper write tl%<^swers to the fallowing 
exercises.-- Be sure to number each exercise., ' ' . : 

1. State the measure of each segment named. The unit segment 
' ;is dhown at the x^ht . . . • ^ 



4^ 



• C. D " E F 

• » 4 9 1 ■ 



V Unft 



AC,' AF, JBE^, DA, ^ F3, CE.. 

(mAC*l) ^ji^^ (M3£^sf (mPA^,s) (j^F3^,^) (MfC£^2) 

Write' yoiir answer like* this: m AC = 2/ • ' 

2. In the sketch below) name 

a) Four segments' la^ of who.se Measure is 2. 

Wri.tej70Ur answer like this': m HJ = ^. -^^ 

Three segments^ each of whose measure is 3^: 

' c) Two_segment3__each of whose measure is 4\. 
s ^ 



Unit 



A.. .,3 - . 
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i. The small ^les in the sketches are all congruent to the ^ 
unit angle ^hown. - State the measure cj|^ach of the 
angles named. Write your answer like thih: m / ABC"= 2_ 




,{mJ_LPM^2) — 

4., Each Of 'the small' angles in the sketch js congruent to 
the unit angle. State the. measiore^^of each angle named. 

DAG, 



/>AC,. / -BAE^ /CAP, / 



/BAG, / FAG 




mi 



±6AC=Z\ 
r»lCAF=3 

\hilFAG=S 




Unit 
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5. Each the small angles in each figure below is congruent 

to the unit angle. Using only the points which are marked, 

» 

name: 

a) An angle with measure 2,^[MBl) 

b) An angle *^with measure 

c) An angle with measure ^.[jJCK^ 

Two angles, the sum of whose measures is 7, 

e) Two angles, the suin of whose measures is 9. — 

f) Three arigles, the sum of whose measures is l6, 

- {l^^CK INEP l^LPM^ ^ " ^ > 




Unit 




§^0 
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V 



i e 



6. EaQh of the small angles in the figure below iu co^Jigruent."^. 



- A 



to the unit angle. Name: 



a) Three angles with measure 2. (iHf^K^ [JPL, [KPM.lJ-P fi) . 

"b) Three angles with" measure' 2. ([HPL, [JPM, (KPi^) 

c) Two angleis with measure 4. (fJiPM, [JJ^PR^ 

d) Four ang^Les with measure \.{LHPJ, IJPK, l_KPL,lLPM.lAi?A) 




/ 




Unit 



8. 

9, ' 



4 

In the figure of Exercise S, 

a) m / RPL ^ (2) d) m / ,MPK-= T^.)- 

m / LPH = r 3j . ' e ) m /' LPM = (\) 

d) m / IJPH = /S5")> f ) m / MPH - Z'-^) 

» y« 
Look at your answers to Ex. 7a> and c. 

Is this true?" m / RPL + m / LPH = m / RPH? (^i^^). 

Now look' at your' answers for Exercises 7d, b, and f. 
Is this true? m / MPK + m / LPH" = m_/MPH? (7tc) ^ . 
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lO,. A boy wished to construct an angle of measure 4. He 
cho^e the unit angle shown below. He used his compass 
and straightedge to .construct the / APE. A picture of 



his work is shown below. 

K 

the .following: 



Look at the picture and answer 



a)' What ray can you draw to complete an angle whose 



measure is^ 3? (aAusw- fP^to c^rm^fUt^ [AFO t^^ft^f^t,^ 

b) What ray can you draw to complete an angl« whose 
measure Is 1? (»S/V€u>^ triuJ o^jUu^A^a4^ f t> o^FB^ c^r?f%fai£iL 

c) ilaiyj^he angie wifeh 





Unit 

F' — k" ^ 

11. Use the method shown in the sketch^rfor Exercise 10 to 



construct an angle whose measure is 5'. Use the unit*' 
angle of Exercise 10. 
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USE OF UNIT ANGLE IN MEASURING ANGLES 

Objective: To develop the following understandings and skills: 

1. We measure an angle by counting the number of congruent 
unit angles we may place successively in the inte'i'ior 
of this given angle. 

2. A compass may be used for laying off the unit angle 
in the interior of.the-given angle. 'The procedure 
is essentially that used in copying an angle. 

3. ^At best / our measurements are approximsftions . 

^ 4. While m / A = 4, the size of / A is 4 units. 

5. If the size of an angle is closer to 7 units t?han 

i-t \s to . 6 units or 8 units, then v;e say m / K = 7 
to the nearest unit . 

j^aterials Needed: 

Teacher-: Chalkboard or string compass, straightedge 
'Pui^l: Compass, straightedge 

Vocabulary: To the nearest 'lonit 
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USE OP UNIT ANGLE IN MEASURING 'ANGLEs"^ 



, • Exploration 

You have used your compass to construct a line segment 
of a given measure and an angle l^f a given measure. Now 
stflppose you Wish to find the measure of ^ AB, -^using W as 
unit. Tra(ie AC and point . B on. a sheet of paper. 
M . ^ N ' ' 



B C ■ 

— 1 — t — f- 



.1. Now. copy MN on AB with A as the left endpoint. Cal-l 
the right endpoint, H. Repeat the process 4 more times 
to get line segments HD, DE, EP, and PG. Make eaoh line 
segment congruent to Mj. How many such copies can you 
make on 

Your drav/ing should look like this: 
M « . N . * 



A H D • - .E P , B 

^ t — • ■ « — ' ' , * « 



In the sketch, W was copie^ 4 times on Jb so 

m AP = 4. -Whei;! Is copied the last time,' so* PG = M, 

you see that m AG = 

^ Since point B is betv/een point P and point G, 

— m. IS > }, and also m AS < 5- Since B is nearer- P 

% 

than G, we say that m AB = ^, to the nearest unit : If 
B were, nearer . G . than ^ ,P, then we would write m ,AB = 5, 
to fehe nearest unit. * ' *. ^ 



699 



P4i8 



2. Suppo'se you are to -f ind the measure of / DEF, using 
'/A as unit. , 





~D Unit 

Make a tracing 6f / DEF and /A" on your paper. Can you 

use your tracing fb estimate the measure, of / DEF? 

m / DEF = (3) , to the nearest unit. , , * ' 

3. Now instead of traciog', use your compass as you did in 

Exercise 11, Set 1. Does your drawing look like this? ^ 




/ 

4. Draw EA, EB, and EC. 

Ir 

Copy and complete the following statements. 

5. m / DEF- > m / i££B)_, and ' ^ 
m / DEF < m / {0£C) 

6. m / DEB = i2) , and 
m / DEC = is) 
so, m 



/ DEF > ^2) and m / DEF < 

7. m DEF is -nearer ( S) than (2) > 
m / DEF = (3) to the nearest '^unlt. 



ERLC 



700 

255 



Exercise Set 2 

Make a copy c^f tlxe following figures. Use the ^nit segment, 
shown to find, to the nearest unit, the measure of each of 
the segments below. Use your compass. 



Unit 



A 



s 



» . > 



Copy and complete the following statements 
m IB = f3) m M = (4) • m'*^ = {/) 



2. Iljrace the figures below on your paper. Use your conlpass 
and straightedge to find the measure, to the nearest- unit 
' of each angle below. Use the emit angle' K as the unit 
of measure. 



< # 





m / ABC = (2) , 
to the nearest 
unit. 



m 



/• DEF^= (3) , m I GYll = (/j , 



to the nearest ^ ' to the -nggcrest 
unit. unit. 
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A SCALE FOR MEASURING ANGLES 

Objective: Td' develop the following understandings and skills: 

1. We can create a device for -convenience in making 
' measurements. The ruler 'is one such instrument', 

2« The measuring device is marked with whole -numbers 
" in consecutive order, so that to each successive 
'copy of the unit laid off on the device, there 
corresponds a number, \ 

3, . For convenience, we choose a unit angle Which when. 

laid off successively will fit into the hVlf plane ^ ^ 
A k whole number of times. 

4„ The instrument we. will use for angle ^easure is a 
protractor. VrtiSn the protractor is properly placed 
on the 'angle the measure of the angle can be read 
on the scale, - v ' 

5, The two scales on a protractor are merely a convenience 
for measur^ing angles in either "direction (Clockwise or 
counter-clockwise , 
Materials deeded: ^ 

Teajher: otraig^tedge, chalkboard protractor, on^ half-disc, 
(semi-circular region), piece of tag' board far eacff 
pupil to make aji^octon scale. 



A diameter of 4 
inches i& about ' right , 
Straightedge, protractor (to be made) 



Pupil : 

Vocabulary: Protractor, scale, octon ^ 

In order to carry through the development in * 
items 1-7 of this Exploration the pupil will need* 
his book open. Exercises 2, 3 and 4 call atten- 
tion to three common errors in use of the protractor, 
namely 

failure to place the zero ray of the . 
^protractor along a ray of the angle 
to be measured, • 

failure to place the V mark of the 
protractor (interseijtion of rays) on the 
vertex of the angle to We measured. 



(a) 
(b) 
(c) 



failure to read the correct scale. 
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A SCALE FOR MEASURING ANGLES 

Exploration, 

^ As you know, when you measure a l\ne segment, 'youi^^ 
usually use a linear scale or ruler i witfi the endpointe of 

. the unit segments marked with numerals , You place the ruler' 
beside the segment and find the measure of the 'segment from ' 
^ the numerals on- the ruler, at the endpoints of the segment . 

. D 



A 



c 



B 

-H > 



I 



— r 

2 



— r- 

5 




— I- 
8 



— r- 
9 



1-. mt<5~= J^)_, m Id = (5) , m ^ = ( 3) , m a5,= (8) 

2. Must -you' place the zero on the scale at the endpoint of 
the segment in order to find the measure of the segmenf^ 



3. 



8 



/ 



We shall use ^s a scale to measure angles 'a set of rays 
whidi are the sides of angles congruent to^ unit angle. Any 
unit angle can be used but for convenience, we' shall choose one 
' so that eight of theiji w3.th their interiors will exactly cover a 
half plane. We may name it whatever we Vant to. "*We will name 
our unit angle an "octon." Two of the rays^VA and VB, ax'e on 
the same straight line and , extend in opposite directions from V. 
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Ihen ^we will number --the rays^ in order, putting 0 on the ray 



to the ri|h1?* (VA) and ending ^the scale when we reach the ray 
on th^ same straight line as the zero ray (VB). 

t4 




'Make a tracing of / DCE. To 
measure / DCE, how should the 
tracing be placed on the scale? 
Put ' C on V and ' CE on the 



zero ray. 



'^i^en r 



read the dumber 



of thfe i^ay on v^ich CJ) falls, 
m / DCE = ji) . 
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?aQe the angles below and use the angle scalfe to find 
the measure of each^ to the neaf^st unit. « 




E (mlJE^^Y 




l-ini^a 



In measuring segment^s, it is convenj-ent to have a linlear 
, scale marked off on a ruler4 Then the riolei^ can be luoved and 
placed beside a line ^gment. 

In measuring angles, it is convenient to have an angle 0 
scaled marked off on a prot3^actor . Then the protractor can.be 
moved and placed on an angle. Your teacher will show you how to 



make a protractor. 
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At this time -there is value in a teacher 
demonstration* lesson shov/ing how to make a pro- 
tractor and. mark, it off with an octon scale. The 
tgachfer should have a half disc of tag board about 
the Bize of the chalkboard protractor with the 
-^irtidpoint of the diameter of the disc clearly 
marked. On the chalkboard she shovkiUd have 'a scale' 
like the one on page ^^21 of the pupils' text, t 
. Two of the rays of the scale, ^VA and '^C are * 
on the same straight line and extend ir>"opposite 
directions from V. /lace the midpoint of the ^ 
disc ^ V (the common endpoint of all the rays) 
on ^e scale of the chalkboard, making sure -i^fhaX 
the diameter of the disc falls -along the rgtys VA 
and VC, The rays of the scale on the chalkboard 
should^ extend beyond the disc, Mark the point , • * 
where each- ray falls on the *tag board disc. Then' 
connect each of these points with the n^dpoint of 
the dimeter of th^ diBc, 

The teacher shoiild have a tag board half^ 
disc about the size o^.a standard protractor-, for 
e^ch cl:iild. After the demonstration she can have 
each child make ilis own protractor, marked off in^ 
octons;^* using the scale of rays provided in his 
text on page ^'21 , , ^ ^ 



^^G, 1. 
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.Here is a picture of* a cardboard protractor with a 
smaller unit angle than we used before . * Only parts of the • 
rays ^re shown. 




The rays are broken because part of the cardboard is cut out 
,so you can see the ray of the angle you are measuring. 



5. 



Below is a sketch showing the protractor placed on a 
set of rays. The rays have the same endp'oint, Aj ar\d 
the V-point of the protractor is on A . Find the 
rjjeasures of the angles named . . - . 
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. ^Expl oration f 

I a) m / BAG = [3) i\ m / GAF = (4-) 

• . -b) m / BAD = ('a) . g) ■ m / CAD = fs) 

c) 111/^^=^03]. "i'Z.,CAF= (5) ■ • 

: d) m / BAF ='(/3) i) m / DAG = f9) 

-e) m / BAG = J-) rn / CAJ = (?j 

In addition to the scale v/ith the zero ray at rhe right, 

many protractors also have another scale with the zero ray at 

the left. This scale is placed on the jbnner rim. 
t * • * 

% * 

T 

6. Look at the second scale on the protractor shgvm in the 
picture below. This- scale^ls written on the inner rtiji. 
Zero is put on the,ray..>t6 the left (RS) and rays have 
» been numbered in order until the ray on the same line with 
zer6 is, reached (RW). Write these numerals on the sketch 
you made for ^ercise.5. Find- the measures of the angles 
. . named in Exercise 5-using the new scale Are the measures 
the same? ^^Z^/^.'^rtx.^M-t^^tj*^ 



♦This may be used as an independent exercise-. 
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The advantages in. having the two scales can be seen from the 
following sketches: ' - * ^ 

To measure ^ SRT, the zero ray at the left is placed on RS. 
You use the inner scale to find the measure, nt / 3RT = (7) • 




To measure / DEF, the zero ray at the right is placed on 
|SD. .You use the outer scale to find the measure, m / DEF = (S) 




It 4.S ver/ easy- to read'the wrong scale by mistake.' You v;il^ 



prevent most such errors by estima 
check of* your measurement. Of course 



measure the same angle, ^by moving t?ne piRractor. 




M.2e of the angle as a 
n use either scale'- to 



ERIC 



709 

2[^4 ■ 



P426 



7. The following two sketc.hes are copies of the same angle, 

/ ABC. In the first sketch, the protractor is placed so the' 



y^- ■ ^^^) 



zero ray on the' left of the protractor is, on vmich 
scale would you use to find the measure of the angle? 
In the^gecpnd sketch, the zero, ray on the right of the 
protractor is placed on 



Now which scale would you use - 
to find the measure of the angle? Is the measure of the 



angle the same either way? 



(- 
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Exercise Set 2. 

!• Use' the "octon" scale on your protractor to find the measure 
of each of the angles below (to t\ie, nearest octon).^ After 
you have measured an angle, check your measure by placing 
the protractor with ^' zero ray on the other side of the 
angle, • Write your answer like this: * * 

\ . m ^ B = ^ , to the nearest octon. 





B 



2. Which of these sketches shows the correct way to place^he 

protractor to find the measure of ^ DEF? V^hy? ' 
<\ m /;DEF = (3) , to the nearest octon. 





if) 
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5. Which of theBe sketches shows the correct way to find the 

's 

measure of. GHI? Why? 




4. A boy said that the measure of the /_ JKL in-octonso 

is 5. ^Vhs^t.was his mistake?. What is m / JKL? -A 

[c^JlU ^ . ■y^^Jt^'-^^) .' 
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DRAWING AN ANGLE OF GIVEN MEASURE 



r 



ObjeCrtive: To develop skill in making drawings with 
a protractor of an angle whose measure is 
* a given whole n\inibel? of units. 

Materials Needed: 

Teacher: Straightedge, octon protractor 
Pupil: Straightedge, octon protractor 



Vocabulary: No new words in this section. 

•r ■ ' • 

The exp^Loration is 'sufficiently detailed- 
to be used as teaching procedure. 

■ 1> . . ' 
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DRAWING AN ANGLE OF "GIVEN MEASURE. 

Exploration 

Yqu can use your protractor to draw'an angle\.v/hose. measure, 
in octons, is to be a given, whole niimber. Do you see how to 
> use the protractor ih this way? 

Draw ^ B so that m /_ in octons, is 6. - Since 
the- vertex must be point (b) , draw BA. Pl^ce 
the protractor with the V-poin-t on the vertex and ? 
the zero ray of one scale on BA, Mark a point * C 
. ^ at the' number ^ on the same scale, Remove the 

protractor and draw BCm ' Each of these angles has 
,a measure of 6, in ocfons. Does your emgle look.' 
like one of them? 
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' Exercise Set 4 




In these exCTcises, draw rays and label points as in the 

» 

\ sketches. 

1. Copy the figure below on your paper. 

Draw on ^ an angle with a measure of 3, in octons. 
Label it */.BAC. Draw the angle so "thdt AC is above AB. 

A , B 

2. Copy the figure below on your paper. Draw an angle with 
a^^^rt^asure of 5 octons, using DE as one ray. Label j 

' ^ EDP^ . Draw the angle so that DP is above DE. 



5. Copy . JK on your paper. ' Draw an angle with a measure of 
using ^ as one ray. Label it ^ KJL. Draw the angle so 
that JL is below JK. % 



^. Copy RS on' your paper. ^ Draw ^ SRT whose measure 

is 7 using RS as one ray. Draw the angle so that RT 
•is below RS. 
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PRACTICE IN MEASURING ^ANGLES 

<• * 

Objective:. To develop the following understandings and skill 

1. Not every angle has one ray drawn horizontally, 

2. ^ Regardless of the position of the rays of an 
•angle, we use the same procedure to measure the 

angle with a protj'actor. » * . , 

5. We may nee^d to extend our representations of 

one ray of an angle in order to read its measure 

on the scale. 
o 

4. Extending our representation of the rays of an 
angle does not change the measure. 

Materials Needed: 

Teacher: Straightedge, octon protractor 

Pupil: Straightedge, octon protractQ]^ r 

'.7-- 

Vo^^abulary: No new/wor*ds in this section 

If the exploration is followed closely 
all the imderstandings will be developed. 
The Exercises provide opportunity to 
practice the .^k^lls. 
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PRACTICE IN MEASUKENQ AN(EiES ^ 

Exploration 



0 



In most |of the angles you have measured, one ray was 
horizontal^ aq in ^ R and S be3,ow. 




1, How w^graWs^ou find the measure of A? This angle is in 
a different position ^rom others you have measured. - Its 
measure is fovmd in the same way. Place your protractor 
so a zero ray falls on either AB or AC* ^ sure * 
the V of the protractor is 'exactly on^ vertex A. The 
other ^ray of the angle can then be matched with the part 
of a ray m^ked on the protractor. 
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2. These sketches show the two wa;J'a to place the protp^actor. 





Put the zero ray on AC or put the zero ray on AB. 
Does it make any difference in the measure whether the 
zejx) ray is on -AB or on AC? In each* sketch, we see 
the measure of ^ A ' to be about 5. Why is its measure 
5 rather than '5, to the nearest octo!?? J^^---^Xc. r^^^C^^ 



5. Find the measure of / R tod E. 

0 




(>n / /f ^ 



!2 Ym/^-'^,:^^^!^^) 
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k'. How do you think we. can find the n^easurg of / L? Can a 
protractoD be'*^laced on /_ L so that you can read its 
measure? Do LN ^d LM have a definite length? (^) 




i 



If LM and LN are not long enough to extend beyond the^ 



protractor, can they be extended without changing the 
V<SLize of the' angle? What is its measure? Check yojfl^ 
measure by putting the zero-ray of your protractor cJl^ \ 
other ray of the angle. Could you repre^^^^lkhe rays in 
some way without draj^ing. them? 

(Clue: Try using a sheet of paper or some other kind of. 
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6. Pin^ the measures of- 21 L ^* "^-^-^ '^^^'^ ^° 



show more of - one or both rays . 




7. a) Which .angle has the larger^ measure, or ^ B? (//*) 



^ b)' Is the measure of ^ A change^d If you extend the 
^ part of its rays which are shown on this page? 



c) ^ A 



-(2L, 



to the nearest octon. 



. to the nearest octon. 



/ 
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Es^rcise Se^ 5 



1 



Find to the nearest octon the .measures of the angles 
below. Use your octon prb tractor. 



•1» 




2. ■ 






In Exercises 1 and 2, v/as m ^ E = in ^ J? (y^) 
Is E'^ Z (U^® ^ tracing) 

^Although Z E is not'*congruent to ^ measures, to 

the nearest octon, were- the same* nuniToer . If the iinit angle^ 
were miuch smaller, then the fact tha^ the angles are not - 
congmaent ^would be shown clearly in the. measures • 
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A STAM)ARD UNTT for MEASURING ANGLES 



Objective : 
1, 



To develop the following understandings and skills; 

The desire zo cominUn ideate gives rise to the need 
for a standard unlz of measure. 



The, standard unit 'of ^angle measure is the degree. 
Its synybol iaja raised "o", i,e, ' ^2° "is, read' . 
^2 degrees. ' , 

One h^andred eight/ ^it angles of 1 degree each 
nay laid off successively and represented on a' 
serd-circular protractor. ^ ' j 



easure of an angle is a number. The size of 

an angle 'is give^ by 'nanjing its measure and also ' 

,the unlz used," ^ • • ' 

* ' 

We concern ^ourselves only with.axigles whose 
measure in degrees are more than 0 ar^d less 
than ;i8o. 



Materials Needed; 
Teacher; 



straightedge, standard protractor for chalkboard 
(with the numbers represented- on the outer scale \ 
increasii^ig 'in -bhe counter-clockwise direction) 

* Pupil; Straightedge, standard protractor (if protractors' 
are purchased, try to obtain' ones in which the ^ 
numbers represented on the outer sca^e increase 
in the counter-clock^/ise direction) ^ * 



Vocabulary; 



, 4 



Standard unit, size. of an angle, degree, 



Follow .the Exploitation, 
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A STANDARD UNIT FOR MEASURING ANGLES ' 

Exploration 

AS you know, the linear scale on a ruler is usually 
mlarked off using a^stsuidard unit such as the inch or the ^ 
centimeter. A startdard unit is one v^hose size has been 
determined by agre^rfient among people. V/e woulc^Oind it 
difficult -to cornmunlcate with people or to cariry on business 
If everyone niade up' his ow. units. other standards of 

. measure can you najne'> ' ^ , ^ 

There are also s^tandard ^anits for measuring ^angles, so 
that people ' thi^oughout uhe world c^. communicate easily. 
Th€f*^tandard u^r^it for measuring angles is% the degree . The 
unit, angle of one degree 'is smaller th^ the octon, the uriit 
angle we used on the , preceding pages. Inc-Z'act, the-octon 
is 22^ times as la:rge as an an^j^ of one degree. Its 
measure in degrees is^ 22^-. The symbol fcr degree is 
An angle of 15^"^ means an^ angle whose measure, in 'degrees,, 
is 15. As you worK with your protractor you will discover 
that it takes 36O' t>f these unit angles using^a single point 
as a common vertex and 'their interiors, to cover bhe entire 
plane. Even 'in ancient Mesopotamia the angle o^ 1^ was used 
as the angle of unit measure • The selection of ^^li' unit 
which could be fitted into a plane .just 3^0 times wa^ 




pi^bably influehced. by the 'fact that their year had 360 
days 
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Lox)k at the side of . your protractor on which the st^dard 
unit is the degree ♦ ' , . 

r 




An angle of*. 1 degree is formed by rays,^with endpoint 
,V, through tv/o of the marked points next to each other 
Does this seem like a very sfnall angle? (^) VJould it ^ 
seem so small if the segment of fhe ray shown we're 
'extended to I5 feet? ^ ^ - ' , 

* { a.^^,^U. <r^ar^^ ^^/s^^^^ 'yL^rt>*JU ^ut>4-^J£^ .<IA**^J2^-^ <». -a-*-*-.,^^ 



\ 



2. Since 1 degree is -so small, only every tenth degree is 
numbered* on the scale.^ V/hat other nufnbei^s are' mil^sing? 

' If/hy is "0 not printed on the" scale? What is the , " •' 



largest number represented -on the scale? Is its humeral 
pr^rjfced*? ^y?' . f :lU ^y<.J.Mj MJ ™^ ^ 



it. 
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Look at the side of the protractor*oh which tKe standard 
unit is the degree. ' . > 





You use this standard pratractor to'' measure an angle in 
degrees in tl;e same way you used th^ scale on the other 
side, to iT^eaoure an angle in octons. Vou must be eareful 
about the following things : \ 

a. Place the V point of the protractor on th^ vertex 
of the angle. Be ' sure the prot^ractor covers part 
of the interior of the angl-e,. * 

b. Place the proc;ractor with one of the zero rays 
exactly on one side of ' the •angle. Notice whether 
this zero is a number on the 'inner scale or the^ 
outer scale. This is the scale you must use. 

•c. Fiiid *the pblnt v;here*the other side' of the angle, 

jii iriterseets the'riin of the. protractor. If not 

enough of the rayi is' shown to inte!rsect tl^e rim^ 
. ^ - ^ * ' " • " f ^ 

' c^i the rays^ o^ the aijgle be "e^ctend^d without 

^hanging^the siz^^-of ^ Jfhe an^lei? Rea?d the' 

rt\imbei2s:^-^6 thia jroim; on the scal^ jj-ou^ chose in* 

\ ^ ^ * * *^ * * ' ^ 

Step^D* • ' ' , ^ 

■ »N * 
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Exercise Set 




1. .The sketch shov>;s a protractor placed on a set of rays from 
point K. The-^f^V point of the protrac-tor is on K*. Find 
^ / the measure^ -in degrees, of each angle named. 












•F . . 




■ a> 


p /_ AKB = 




b) 


m /_ FKE = 


(9^1- 


c) 


m ^ AKC = 




d) 


FKG-=' 




e) 




m . 




♦m /_ BKE = 


tlo). ■ 



h) m ^ HKD = > f<^>^ V 

Imagine that the 
protractor has been moved 
. so that the zero ray lies 
along KH .(or 'Kj5) 

i) »i ^ DK&^= jSo) 

Imagine'* that the ^ 
^ protractor; has, been moved 
so that _the zero_j;ay lies 
.along ^ KD (or ' Kp) \ - 



Imagine that the protractor 
. has been /moved so tha tithe . 
zero £a^lies alohg iOB 
(or KEv^ 

g') m ^ CKD = (/^P) 

Imagine that the protractor 
has been moved so that the 
zei*o ray lies along ^ KG 
(or . KC) 



m / HKC = hs) 

Imagine that the* 
protractor has been 
moved so tha^the zero 
ray lies along KH 
(or k5) \. 



. ( 
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' ESTIMATi|fe TH3E kEASUBE OF AN ANGLE ' '.^ 

ObjeetiveV' To develop- the folio^y^ig -underst^andings an^ skills: 

. • 1. Estimating the ;neasure of. an angle provide^ a.. 

' _ • ^ /check ' v/hen' rea'ding the ^measure on a^protr^ctor . 

soale. ^ , • I * X.' -' " 

■ ■ . * ' , ^ o 

2. Visualizing angles v;hase sizes are. -5 ^ 90 y 

' ^ aod 153*^ Is'^. helpful in e5tin:ating thQ^ sise 
of a give'n angle. . 

Materla].s Needed: * ^ - ^ 

Teacher: Straightedge, chalkboard protractor 
Pupil: . Straightedge, standard 

vocabulary: " Estimate 




The e>iplor^tion •in^'this section, i^^ ver^'" 
■reaaaljle/ 'Tbe -teacher mights havinig .iome - 
group, of pupils go through- ttil^.^Explor'sctidn 
as an independent activl-t:>':-'and then, c)]eck^t.p \ 
beisure that ^im&erstanAin^s and'skili-s are ' 
aci^ievQd. Ke&p in* iiTina: that cneT>5P^i' 'c^^ -^^^"^ 
'ufiit is to h^lp ^hc^ pupil' i^p2?^vo' his abili t^. ^ 
't-o r^ad^mathematiics . - _ _ 
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ESTIMATING THE 'MEASURE OF- ANGLES 



^^^ploration 

Helen used her protractor 
to find the.;neasure. of ' / A. 
•She made a mistake and-nnsrad 'the * 
wron& scale of her :^rotract6r^ > 
so she wrote for her answer 
0/_ A = 150. Max was asked to 
check her paper to see whether 
/ her answer was correct. Max 
3aid, ^I doAnot haye my 
prQtractor ' to fihd the* measure 
of /_ A, but I know that Helen's ; . ' ^ 
answer is "wrong." How did Max knaw that Helen's answer was not 

correct? . * 

« 5 ' ' * 

Vhenevep you can, you should, make an estimate of an .answer 
to a problerff. Then if ' yo^r answer is not close to this estimate 
you will suspect you may have made a mistake. 

A good angle to-yse as a guide^in estimating the measure 
of angles is a' right angle.. ^ 




DO you remember how to fold a paper to make a right 
angle? Just two fol'ds ,are needed. 

^ -M JM ^ ^ --V^ y ^ ^^^^ 
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2. What is the measure of a right angle? Us^- your protractor 



if you need to. 



5, of these angles has a measure greater than the^ 

measure of a. right angle?* Do not us^ your protractor'. 
(Per ^ B, imagine BD which would make ^ ABD a right/ 
angle* Place your pencil on the figure to represent bB. 
VjSuld BD be In the interior of ABC?) {7Cll^L<^ jC 6 




4'. Which of the angles above hav^'-in^sures less"th^ the 



measure of a right angle? 



730 , 

^ \j 



5. Draw WZ on a pl^ce of paper. .On. W.Z , choose a point 
X. Your drawing should lobk- iiice Jhis . 

V 



^ < 



Use poi*nt X as vertex and XZ as one ray^ ?and drav; 
vjit^ your protractor an angle with a measure, ^ degrees. 
Of .90. Call this ^ ZXT. ' ' . 

Use X as vertex and XZ a:^ one* ray, and dr^w angles 
with"^ measures, in degrees^of 45 and 155- 'Draw all 
three rays on the s^Jnie'-^id^ of JZ. Label tkem so that 




W ' X . - Z 

What o4:her angles In the figure. have a. measure^ o-f 



arfother angle which ha^ a measure of I55. (/ )\ 
What other angles have a measure of 90? 



Name 
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7. ijbdk at each angle below and estimate its size. Use an 
angie/bf^'onej d^ree as the unit. Now comgiare each angle 
withr.jan «&nglQ in the drawing you made for Exercise 5. 



a) IS'.m^yK nearer 0 or 45? r. 



1^^} "IS m ^ N nearer ^5 or 9C?(f^y 



'c) Is m ^ R nearer 90 or 155? 6/-^^) 



d) Is m ^ U nearer 0 or ^^1^°^ (j — =^ 



180? ^""^ 





e) Is m ^ X nearer 135 or 



f) Is m^A nearer 90 or 155? (^^^ 




8. Now measure, in degrees, eacli angle in Exercise 7 with 
your protractor and writA the ^measure you find. 
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Exercise Set 7 



> - * ' 
i^. Whicl| oS these angles has a measure less ?fen ,the measure 




2. V/hich of the Angles- above have a measure greater than 90? 

3. Look carefully at each angle. Choose -the better estimate of 
its measure in degrees . ' b 



m 



I H; -^5 or 45 i^s) 



m 



^ I; 90 -or 135 V^^) 
m /_ -j;- .45 or .9^('^^) ||. 

m /_ K; 135 or ' 175 ('7 
m L; ' 45 or 90 (f^ 




, ~ , ' K, . L ^ 

4. Me'asure "each of the angles -in Exercise 3 in degrees". » 



/ 
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Exercl-se - Set -7 1 

- * . * • 

"Which of ^these anrglas has a' measure less than the jneasure 

' of a right ^gle? f^^ ^ ^ DiLE, LG) 




2r V/hieh of the angles above have a measure greater than 90? 

3. Look carefuli^ at eaoh angle. Choose the 'better Estimate of 
its measure in degreea,* ' 




m 



/ Ij . 90 -or "^155 1^34-) ' 



m ^ J; 45 or' 90 (v^j . 
m ^oK; 155" or 175 (^7^-) 




m / L; ^5 or 90 



Measure each of, the angles in iScercise,^ in degrees 



I 
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5. Estimate the measure of each angle in degrees. Write your 



ans 



wers like this: m ^ A is about C O 




6. Measure, in degrees, each angle in Exercise 5 with your 



protractor. / ^ , ^ 

/ *^ I. B yp 



ERJC 
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7. Use your straightedge to draw an angle which you think 
has the size given below. Then measure tKe angle^with 
a protractor ' to see^how closely the measures' agree with' 
your estimates. 



a) 








: ■ b) 


i 




N 


d) 




' ' . e) 






Q 
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ANGLE ' SIZE 



X0°' 



165-°" 



.80° 

120° 
t 

lt8° 
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SUM OF MEASURES OF ANGLES^ 



Objective: Tfo develop the' following underBtandings and skills: 
1. If two angles can be placed* so that 



a. ^ they have a conroon vertex 

b. they have a common ray 



C; . their interi^ors> d6~ not intersect 
\ d. the' other twc-^rays of the angles lie on the 
sdiTiG line, 

then the sum of the measure's, in degrees, of the 
two angles is l8c. 



2/ ^ If, in addition to the four conditions above, the ^ 
two angles are congruent^ each has a measure, in 
. * . degrees, of 90. ^ " 

' . 

5. ^ If a set of angles is laid off successively and the 
union of the angles and their interiors covers a 
, , ^ half-plane and it^ edge, then the siim 'of the 

meas,ures, in degrees, of these qingles is l8o. " 

Materials Needed • ' > ' - • 

Teacher: Straightedge, chalkboard protractor ' . ' 
Pupil: Str^ightfedge^ protractor * • 

Vocabulary: No^ew words in this, section . 



This exploration should- be carried through' 
with pupil texts open, because the questions 
asked depend upon the drawing provid'ed. The 
reading material in Exercises, Set 8 may well, 
be a challehge to some pupils, 'because it is ^ 
written largely in \the symbolic language or 
mathematics. If necessary, the teacher might 
read throuffh the^ercises with the pupils * 
before the^ attempt them alone, 
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SUM OP THE MEASURES OP AJ^GLBS 



1. Copy and oomplete the following table. Pind the measures 
of the- angles from the sketch. (When the unit angle is 
not mentioned, use the measure in d^egrees.)- ^ 



r 




NAME OP ANGLE SIDES MEASURES ^ 



Pair 1 



Pair 2 



7 AGB 
^ BGP 

Z AGO 
^ CGP' 



GA, ^ 



GF, GB (/io) 
(g^. 6c ) Ji£2_ 



, Sum pf measures '^(l 9o) 



Sum of measures ii9o] 



2I3 



P450 



6 



Trace^wlth your fing.er the rays' which form the angle pair. 
Pair 1, in Exercise 1. ^ . . •» 

a) V/hat ray;is a side of both angles? (Gb) 

b) - What can you say about the^ other two rays? What is 

their intersection? WJiat is^ their unioT)*? ^tLlti^ 



c) Do the* interiors of the Angles internee t?^;;^^ 

d) 4/hat is the sum of their measures? (/^o) 




^5. Trace with your finger the rays which fprm angle pair, n 
♦ J fair 2. Angwer .thre questions 'as in Exeiicise 2 about this 
. pair. Are j^our answers, to questions^ b, and d the 
s§une as, for Pair 1? ^ 



,Pind a third pair of Angles in the sketch for which the . • 

answers tf> questions ' b, c, and d ,Jkre the same as for- 

Pair 1 and Pair 2.. Trace their rays ^ith your' finger. 
• Cl *Jl LDGF err- LAGEyCJ. IECf). 

When these rays intersect at the same point and two of 
the^rays £orm a li-^e, what can you expect will be the sum 
Of t^e measures of the two angij^es forjne.c^? 

.List the names, of al'l, of. the angles in the sketch^whose \ 

J.nteriors do not intersect*. (The^e are five.) - % 

(l/iGB, I see, ICC^O, LDC^E^ t5GPr) 

, ' ' ' 3^ ' 

^Pind the measure of -each ^ngle in, your list, \' 

V 

Find the sum of the measures of the five angles". . . • . 

What conclusion can you r^h from Exercise 6-8? (M* aJL. A*^ 

Name*'a pair of angles wi1:h GF a side of one angle, ^ 
GA a side of the pther, and GD a side -of both angles. 

V/hat is the'mea-sure.^of AGD? DGP? What kind of 
• gtn^e is / AGD? y DGP? ' ^ 
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Exercise Set 8 



Use this figure for; 
Exercises 1 and 2. BA ' and 
BD are on the .same line. 




ff - DA is a straight line, m / ABC + m ^ CBD = dioj 
2. If ' m / ABC = 65/ tTien m / CBP = {lJ_J^ 



Use this figure for ' 
Exercises 5 and 4. PE 
an<i PJ are on the 
same line. ' j 



r 




,5. IS it true, that • m ^ EPH + m / JPG 4- m £^ HPG = I80? (y^) 
If not, what true statement can you make? 

^ if . - If m / JPH = 58 and m EPG\= 36, then m / HPG = (^0 

^ 5". If SA and BC are on a 

straiglitAine, and / ABD / DBC, 



then m'/^ ABD = (9^) 

ahd m /'*PBC = i'^^) . 

^ ABD and\ ^ DBC are angles . 
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SUMMARY 



If three rays have the same endpoint, and two of 

the ray^ f<?rm a line, then, the sum of the measures j 

In degrees, of the two angles formed is l8o. ' 
♦ « 

If several -a?ays a3?e drawn from a point on a line, 
all on the same side of the line, the sum\of the . 
measures, in degrees, of all the angles formed 
whose interiors do not intersect is l8o. 



if one ray is drawn from a point on af line and 
the two angles -form'ed are congruent, each angle 
is -a right angle and its measure, in degrees, 
is 90. 



\ 

\ 
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Chapter 8 
V) • AREA 



JPURPOSE OF UNIT 



This unit is one of a serie^intended to constitute ^the 
study of measurement in the elementary grades.. It is int^endq^d 
that the study of measurement as- it applies to line segments,^ 
angles, area, and volume provide the child with a valuable 
experience in a branch of geometry which is a powei>ful tool in 
the physical world. Tiiese vnits forjjn a continuous and coordi- 
nated treatment of the topic of measurement!- The sequence of 
topics in each unit parallels th"e historical development of 
this body of Joiowledge. ' The TeachersJ Commentaries for the 
units on Linear Measurement and Measurenvefit of Angles contain 
discussions on \l) the diffenence* between comparisons of the 
sizes of sets of discrete objects. and comparisons of the 3ize§ 
of sets of points which form continuous curves, (2) the need 
for intuitive awareness of ^ comparisons of size betvyeen sets ,of 
points which form continuous cjarves, before any formal pro- 
cedure for measurement is set up, (3)' the concept of an 
arbitrary unit of measure, and the need to select <as a. unit a 
thing of the s*ame sort as the thing Whose measure we wi'sPi to' 
find (a line segment as a unit for measuring length, a region 
as a' unit for measuring area, etc,) *^ (4) the -creation of a 
scale for convenience, and (5) the final step of selecting 
a standard unit to meet the needs of , our^ society . 
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mathemXtical^^background 



. Comparing. Are^s ' - 

Let us recall how the subject of linear measurement was 
approacl^ed J.n Chapter 9, Grade^ 4, since area^lll be approached 
in a' similar ^anner^in the,, present unit"*. First we entibuntereti 
thp intuit^ive cor^cept pf comparative length 'for lipe segments: 
any two lihe segments can be^,x>oTnpared to see whethe^r the first 
af them is -of smaller length,' ^or the saqie lengtTi, on .greater 
length than the second. Corresponding to thi^ we have in the. 
present unit the idea of gomparative area for plane region^. 
(Recall that by definition a plane region is the union of a' 
sirt^le closed curve and its interior^. ) Even when they .ar^rathjer ^ 
compli'cated in shape, two regions fean/^in principle- at l^st, be 
compared (to see whether th^ first of them is of smaller . area , or 
a^ea , pr greater area than the second. 

In the Qase of line segments, this comparison is concep,tually 
very s'imple: we think of the two" segments to be compared/ say 
AB and CD, as being placed one on top of ttie *other ±x\^ such a 
manper that A and C (joincide: .then either B Is between 
t: and D, or B coincides with D, or B is beyond D from- 
C, etc. This conceptual comparison of line segments is also 
easy to , carry out approximately using approximate physical 
modefs (drawings and tracings, etd. ). of the line segments ' ' 
involved, ' ^ .* . ^ ^ " 

. ^ In the case of plane v^kXans, .this comparison is more com- 
,plica't^d both conceptual-ly and in practice, ' This is because the 
shapes of the two plane regions to be comparjed may be such that 
neither will^'fit into" the other. How, for example, , do we ^ 
compar^e in 3ize.(ire^) the two pl4ne regions pict;ured below?^ 
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If we think of these regions as* placed one on top of thfe other, 
neither bf them will fit into the other. * . 




In this particular 'case, however > v/^ can think of 'the '-'two 
p4rece^ of. the triangular region which are shown shaded in the 
figure above as snipped off and fitted into the *square region 
thjisr ^ * - ' " • — ^ 




This, shows '"that the triangular region is^ of .sAaller area than 
the square region.. Eafty in this unit,i the pupii is Risked to 
carry out approximately some simple comparisons of this sort/ 
using* paper models of ^the^plane regions to be compare'd. Thfe 
pupil actually cuts up the paper model of on6 region ^nd fit's 
the pieces, without overlapping, on the model of the^^th'er 
'regiofi. Here we rely ort-the pupilts^ intuition to "see" that 
a'plane region can tre Chough^ of . as "cut.up3 into pieces" ^and 
even ^^reassembled*** to form , a figure of different shape, without 
> changing its area. , (See^^tihe'* "robot exepcfee" in the pu]^8«' 
book. ) As the figurei^* involved become more complicated i» 
shap^,' this sort of coy^parison Incomes increasingly difficult 



in practice- 
a' region. 



We need a better way- of 'estimatinig tl^^arpa of 



, Units of Area . ^ ' ' 

Let us recall what we did next in the case of linear 
me^asurement • We chose a unit of length. That is, we selected 
a certain 'line segment and agreed to consider its length to be 
described or measured',^ exactly, by the number 1. In terms of 
this unit we could then conceive o-f line segments of lengths 
exactly 2 units, 5 units, 4 uni'ts, etc., as being con- 
•structed by laying* off this unit successively along a line 2 
times, 3 tim^sr, h times,' etc. The process of laying off 
the unit successively along a given l;Lne segment also yielded 
(under-and-over- ) estimates for the length of the given line 
segment irf terms of the unit. For example, the length of a 
given 'line segment mi^t -have turned out to be^ greater than ^ 
units (underestimate.) but less than ^ units (overestimate). 

V/e now proceed similarly in the measurement of area. The 
first step is to choose a unit of area,, that is, a rjegion whose* 
area we shall agree is measlired exaatly by the number 1. 
Regions of many aiapes as well as many sizes might be considered. 
An important thing about a line segment a^ a unit of length was 
that enough unit line segments placed end to end (so that they 
touch but do not overlap )* would together cover any given \I^ine 
segment . Similarly, we need a unit plane region such that enough 
of them Placed so that they touch but not overlap will to- 
gether cover any giv^n plane re>6ion . Circular regions do not in 
general have this property. *Por example, if we try to cover a 
triangular region with small non-overlapping congruent circular 
regions, there are always parts of the triangular region left 
uncovered. ^ — ^ ^ 
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On* the other hand can always completely cover a triangular* 
' region, or any region, by using enough non-overlapping congruent 
square regions. * x ' 



A 



1 — ^ 

/ 






1 \ U ) 
\ 










While a square region is not the only kind of region with this , 
covering* property, it. has the ^ advantage of being c^^ply. ^ 
shaped region whose size can be GonveniTently chos^TP^^e^ting 
its side be of length 1 unit. More importani^ly^ i't^^fli turns, 
out that the use of such" a square i^egion as the unit ^dtf^ area 
make.s it 'easy to compute the area of a rectangle by foming the 
product of the numbers measuring the lengths of its sides, a 
matter which we shall discuss in* the unit. 



Estimating Areas 



Just as v/e used the unit of length to fin^ underestimates 
and overestimates for the length of a given line segment, so 
3V '^an now use the! unit of area to find underestimates and 
overestimates for the area of a given region. A convenient 
tool for this , purpose is a regular arrangement or grid of 
square unit regions as shown or) the following page.. 
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V/e can verify by counting that 12 of the unit regions pictured 
are contained entirely in the, given oval region. This shows 
that the area of this region is at least 12-^ units . In fact, 
we can see that ^he area is more than 12 unit>s*. We can also 
verify by counting that there are *20 additional unit regions 
pictu3:^d which together cover' the rest of the regions Thus, 
the entire region is bovered by 12 + 20 or 52 units. This' 
shows that 'the area of this region is at most 52 units * In 
fact, we can see that the area is less than 52 units. That 
is, we now know that the area of the region i-s somewhere 
betiweeji 12 units and 52 un^ts. 

In chapter 9* Qrade 4, on Linear Measurement, we saw that 
more accurate estimates of lengths could- be achieved by using 
a smaller unit'. The same is true with area. To illustrate 
this fact, let us- re-estimate the area of the same oval region 
considered on^jthie previous page, using' this time the uhit of 
area determined by a unit of l.ength j>ast half as long as before. 
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AS before, we can- verify ' by counting that th^re are 59 of 

the new unit regions pictured which are 9ontained entirely In 

r 

the given oval region. xThis shows that the area of the region 

» "■■ ■'" — — — — — • ' 

is at.ileast 59 , ( n^evj ) units > V/e can also verify by counting 
that there are 57" additional unit ^regions pictured which 
together cover the rest of the region. Thus, the entii^e 
region is cover^ed by 59 +37 or - 96 of the new units. This 
shows that the aorea of this region is at most 96 (new) units 
That is, we now Icnow that the area of tlje region is somewhere 
between 59 , (ne\\') units abd 96 ('new) units. 

Let us compare -these new estimates of the area with the 
old ones. Each old uni't contains exactly of the new units 
as is clear from the figure below. 



Vhusf^he old -estimate of 12 units becomes 4 x 12, • or 48, 
new units; -and the old estimate of .52 units becomes 4 x 32, 
or 128, . "ne^^ 'units . ; Thus, in terms of the new unit, the old^ 
estimates tell Us that the area of the region lies somewhere 
between ^8 units and 132 units, whereas the new estimates 
fell us that this area lies somewhere between 59 units and 
96^ units. Plainly, the new estimates based on. the smaller 
unit are the more accurate ones. 

In principle it would be possible to estimate the area 
^ of region of quite general shape to aily desired degree of 
accuracy by using a grid of sufficiently small units in this 
v;ay. In practice, the counting involved would quickly become 
very tedious. Furthermore, where approximate drawings are 
used to represent the region and grid irfvolved, we wQuld, oi 
course, also be limited by the accuracy of these drawings. 
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Actually, the emphasis here is not so much on accurate 
estimates as it is on simply leading youngsters to grasp' the 
following basic sequence of ideas. 

1. ^ Area is a feature of a region (and not of its 

boundary ) . ' * 

2. Regions can b^ compared in area ,( smaller, same, 
greater),, and regions of different shapes may have 
the ,3ame area. • 

5. Like a le^ngth, an area should be describable or 

* r 

measurable, exactly, by sj^me appropriate num^ber (not 
• ♦ necessarily ^ whole number). 

4. ' For this purpose, we need to have chosen a unit of 
area just as we earlier ^need^d a unit of length. 

The n\imber of units which measu;res exactly the area 
df a region can be "estimated approximately, from 
below and from, abpve, by whole numbers of units. 

6, ^Ir^ general, smaller units yield more precise estimates 

of an area. 



Computing the Area . of a Rectangular Region 

First we consider th.e case of a rec^tangle whose length 
and width are given exactly by whole numbers of units of 
length; for example, a rectangle of length "exactly »5 'units 
and width exactly 4 units.. The region botmded by such a- 
r^tangle would naturally be placed on a grid of unit regions 
th)^&f^ere we are Using as unit of area a square region whose 
,slde is of unit length. . ^ , ' , 
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We s^e at once by coiinting that its area is exactly 20 units, 

In this Unit, we le^d pupils to the observation that for 
such^^a rectangular region "are^ = length y width."'* (Sti'ictly 
speaking, we do not multiply lengths; v/e multiply numbers 
only. So we understand the formula "area = length x width" to 
be an ^abbreviation for the assertion that the n\imbe!r of units 
measuring the area is the product of the numbers of units of 
length measuring respectively the length and the Width. ) Note 



that the given rectangular region has 
each, .which suggests the equation 

' ^ X 5 = 20. 



h rows of 5 units 



We ask the pupils to think of differently shaped rectangular 
regions of this sam^ area and lead them to note the corresponding 
equations 

• * ^ 2 X 10 => 20 

1 X 20 = 20, 
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\ Although. is not* -treateci in the pupil's book, tahe ^acher 
niiglT^ wish to\€^ten^ .the treatment, to include the case of \a 
s rectangle whpsej ^enj^th 'and width are measured only "to the 
♦nearest unit"; fbr example, a, rectangle of length slightly more 
than 5 ^nits aVd ^idth nearly 4 units, as shown below. 



if 



4 










• 













































































































By counting unit regions in the superimposed grid (just 
as in our earlier example of the egg-shaped region) we see 
that an underestimate for *the area of *the region bounded by 
this rectangle is .15 units, and that an, overestimate for • 
this area is '24 "units. Now the actual, Iwgth of the rec"^ 
tangle iies between 5 and 6 units of length and is 5 
units, to the nearest unit. The width of the rectangle lies 
between 5* and k units of length and is' 4 i^nits, to the 
nearest unit. Therefore, if in^the formula 

area length x width 

we use length and width as measured to the nearest unit, we 
obtain 4 x 5, ^jy?— 20, units oiS area. This is exactly the • 
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area of a slightly different rectangular rejgion, nam^y the one 
shown shaded in th# figure ^)elow. ' ' . * " 




It is *plain "ifrom this figure- that tlie shaded rectangular 
region contains the same^unit"^ regionSj^ and is covered b^the 
same^ unit regions, as ithe original rectangular region (whose 
rectangular bo'unda^ry is «hown in heavy outline in the fj/gure). 
This illustrates t^e fact that when we apply the formulat 

ar^a-= leng^ x width. 



t6 a rectangular'^region* whose, length and width are measured only 
to the nearest unit > we do not* in general gep the exact area of 
this, region. What we do g^t is an estimate TorAthis area. This 
estimate (20 units of area "in the example) is o^rfeasbnalbe- 
one in that*' it necessarily lies between our* underestimate (15 
units) and ou^ overestimate (2^ units) for. this area* 
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J , Once we have "learned to calculate the area of a rectangular 
region, we can easily calculate 'ti^g are^of^a right- trianguj.ar ^ 
region. Given , a right- triangle, we fiipi locate the f ourth- vej— 
tex of the rectangle whose otftier three .vertic-es are. the ve]?1?ices»^ 
of the triangle. (The pupil learns^ to do this approximately , ]f ^ 
us^ng a drawing of the triangl-e and a compass.) ^ 




f 

The resulting rectangular region is seen, to consist two con- 
gruent non-overlapping triangular regions.^ The measi;tre of each 
triangular 'region is one-half- the measure of the rectangular' 
*r^gion,. ... 

Now the measure of the rectangular region is th^ {Product 
•of the measures of two of its adjacent sides." It follows that 
th£ measure of the right- triangular, region is 'one-h^lf the ^ 
product of the measures of the sides fonning t?he flight anglp. 
V/hen- one^ of €hese sides is taken as an altitude of .the •ri^ht 
triangle^ the other becomes the bas^. In the^e \terins, the- 
^measure of the right- triangular region is one-half %he product 
of the'^easure^h'pf its base ^an^ its altitude. ^ i 

TMs" is extended to the mo-he general case of a triangle 
MPQ with altitude ^PR' and base m5> as pictured hejl?);?.. 




* A. ' . 
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As a review, the arguinent* presented in the pupils' book 
.makes use of associative and distributive laws from arit'hmetic. 
Alternatively this can' IJe argued as outlined below. 



The measure of rectangular' region MQTS 
product of the measures of MQ and PR, 



is the 



'^he measure of tilangulfeV region r4PQ is one-half 
the measure of rectanjgular region MQTS. 



Therefore,, the jneasure of triangular region .r^PQ 
'is one-half the product of the measure of Its base 
f . MQ and* the measure of its altitude pp. 

An alternate figure, which holds only for the isosceles 
triangul-ar region, is sometimes useful in clarifying the 
ideas ♦ It can be used. with the ^children as a different 
api^rOach after they have worked through the material given. 




. , A - D ^^H 

Observe that the measure of rectangle ABCD is the sanie as 
the measure of A^EG, whereas, m Iffi =.m AB and 
m' M a 2 m AD . 



' jph e charts on the next three pages tabulate ^concepts of 
measurement in connection with ;Length §.nd area. The first 
.two page^ of ':thi3 tabulation have already appeared in Chapter 9, 
Grade ^, on LinSar .Measurement. A fourth page, concerning 
^Volume, will be 'ditcted in ^ the appropriate ^late^ unit . 
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CONCEPT 



" 4 

-The unit rox" meaeuring must .be of the same nature, as the thing 
to be measured: a line segment as a unit'Tor measuring l,£ne - 

y^segments, an angle as a unit for mea/uring angles, |etc. For, 
convenience in communication, standard units {fopt, meter, 
degree, square foot, 'square, meter, etc.) are^used. 



The measure of \^ geoi^etric object (lir^e segment, angle, plane 
region, space region) in terns df a unit is the number (not . 
nece^ssarily a whole number*) of times the unit will* fit into 
the object. ' * ' . 



Measurements' yi^ld underesft.mates and ^erestimates of measure 
in tems of wh9le numbers of units. . In the case of lin^ 
se^gments 'affid angles, they also yields approximatibna to the 
nearest whole number of units ^ 



\ 



Segment? and regions^ be thought of as mathematical models 
of physical objects. Physical terms are used to describe the 
physical objects and' he physical terms are also used in 
discussing mathematical models. This is acceptable provided 
the^c.03;»rec t mathematical interpretation of the^hysical terms 
is understood. 



curve in sp^ca^may have length. 



Some measures of a ^gure may be calculated from other measures 
of 'that figure* 



k set consisting of disjoint segments (several separate pieces) 
may; also have the properly of length. ^ 



\ 
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LENGTH 



A line segmeirt is a set of points consisting of tv;o different 
points '.A ♦and *B and all point^^tietv^een A and B on the 
. line containing A and - ^metimes v/e say "segment" when 
is clear that vj^e-fii^an "line segment." 

V/e use^ line segmen-t as a unit for measuring 11^ segments. 

- ' ' „ ^ h — 

We use the \/ord "mete!r" to name the segment which is accepted 

as the standard unit for linear^ Measurement . We use "inch,"^ 

"foot," aiad*"yard" to name certain other units v;hich are^ 

defined with relation to the standard unit. 

V The measure of a line segment in terms of a unit is the number 
(not neces^sariiy a whole number) of. times the unit will fit 

' " into ."^he line segoient'. -The unit segm'fents may have common 
endpoints '.but must not overlap. 



\En measuring a line segment, 'Cs the unit becomes smaller, the 
\ interval v/ithin vjhich the appr\Dximate length may vary, decreases 
\ In size. The precision of a measurement depends upon the size 
- tefx this .interval . The smaller' the unit, the smaller the 
. interval, and the^more precise the measurement. . ^ , 

" The length of a line segment in terms af a, given. unit coi^sistg 
of (1) the measure of this segment in terns of this unit to- 
gether with (2) the unit used. ^Exampl^-^ if. the measure (in ' 
inches) of^a line segment is 5, then Lts length is 5 inches. 

, - ■ , I ' ■ " i ll f ■ ■ " 

Many of the familiar curves 'in a plane or in space al_st) have ' ^ 
length. V/e can benc^ a wi're tTo th'^ shape of the curve and then . 



^str^ighten the wire to represent a segment. 



V/e calculate -the perimeter of a' triangle or other polygon. 



If 



ERLC 



the measur*es of the sides of a triangle (where the unit of > 

measurement la the inch) are 4', 5, and 6, then th? perimeter* 

of the triangle is measured by the number ^ -f * 5 '+ 6 or 15. 

Vfe say that the perimeter of the triangle is 15 inches. 
» * - 

A figure consisting of several segments that do not touch may have 

length. The measure of the .figure in .terns of a given unit is the 

sum of ^e measures of -the separate segments in terms of that^onit . 
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AREA 



The union of a simple closed curve and its interior is a plane 
region. ''Examples are a t^^langle and it*s interior or 'a cii^cle 
and Its interior. ' ^ •'^ 

A plane region is used as a unit for measuifing plane regions, 

ft ' ' 

We use the phrase "square meter*^ to name a plane region ;vhich is 
accepted^ the ^anaard unit. The sides, of the square boundary 
or this region, are standard \anit segments (the- meter)". The 
phrases ^'square inchr, " "square foot," "square yj;?d" are used to 
name .square regions «where the sidec of the bijundary are the 
\"inch," "foot," and "yard," respectively.' 

^The measure of a plaoe region in^ terms of ^ unit is the number . 
(not necessarily .a whol^ 'number) of times .the unit will fit into 
the plane region^ The unit regions may have ^artSv of their 
boundaries in common but must not overlap.. ' ^ 

As v/ith linear measureijient, the precision of a measurement of 
plane i»egion de^pends upon the size of the region used as a unit. 
Tlje smaller the unit, "the more precise the measurement. 



,The area of a plane region in terms of a given unit consists of 
(l*) ' The ^measu re of , this regicTn in teims of this unit together 
with (2) the unit us^d. , E?cample; . if the measure (in' square 
inches X of a region is ^6, then its area is 6 square inches. 

The surfaces - of many of the familiar, solid regions have area* 
Poi*' many of .these we take^a plane region and cut it into 
pieAes so that the pieces will cover the surfac^ 



We can calculate the measure of a rectangular region. ^'If the ^ 
measures t^f' the adjacent sides of the rectangle . (where thfe^unit 
of measurement is 'the inch) a^je 2 and 5, thep the measure of 
the region is 2x3 or 6. 'Phe area of the plane region, is ^ 
6 sq. In. ' 

•The concepjfc of plane region may be extended to some plane figures 
other than a ^simple closed curve and its interior. ] For example, 
the figures eorisistinfe of two triangular regions that do not 
touch is a plane region and its measure is the sum of the 
measures of the triangular regions. \ 
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TEACHING THE UNIT 



Each section .of the chapt,er is divided 
into Explor^ations .and Exercises. ^ It is 
intended that, unless otherv/lse indicated in 
the teacner^s commentary, th$ Exploration be 
a teacher-directed activity with the fullest 
possible pupil participation. Each teacher 
will decide whether the Exploratioli can best 
be directed with opened or closed books. I€ 
the. books are' closed, you may or may not' 
wish t6 go over the Exploration again when 
the books are opened. The pupil book contains 
the Explora^tion as a written^ecord of the 
activity in which the class iRs engaged. The 
pupils should work independently on the ^ 
Exercises.' Since the ExerciSjes serv6 no't 
only for maintenance and driXl> but also are 
sometimes developmental in character. It is 
suggested tl:^at c).ass discussion of the 
Exercises follow their completion by the 
pupils. The 'answers which are included in 
the 6t)mmentary may prove helpful in these - 
discussiojis . 

It 4.S ^r^cojnmended that throughout this 
unit, wherever pertinent, the teacher have 
the pupils shade or color the plane regions 
-thByM^;ill use. In thi9>way, the pupil will, 
not always just see a simple closed cvirve 
when he is really -working with a plane 
region. . ; ^ 
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WHAT IS AREA? 



Objective: To develop thp following understandings and 
skills: ^ \ 



1. Sometimes cojfnpare the sizes of objects 
by comparing their lengths. 

2. Sometimes we compare the sizes 9f objects 
by comparing the sizes of flat surfaces 
they cover. 

5. The size of a representation of a bounded 
flat surface do.es not change when we-bend 
or fold itr^" 

To establish a, unit for measuring a . 
bounde5^ flat surface, ^we need^the concept 
that a^'simple closed curye separates the 
'plane into three sets c^f points: -the set, 
of points of|i the'-ourve, the 3|t hdT points^ 
of the •interior Qf the curve, and ^the set 
of points of the! exterl^or t)f the curve. 

5^. The union ot a simple closed curve and 
its interior is called a plane region/ 
This is Just one kind of region. 

6. We U3*e a plane, region as a unit for- * ' 

measuring plane regions., 

^ " < ' ' ' II 

7. The area of a plane region Is the measure 
of the plane region anci the unit used to. 
make the measure. We measur^e a plane 
region to -fl?id its area. 



■ 316. 



Materials: 



Teacher: Any objects con3idered necessary foV 
discussion of gross comparison of 
size in the first Exploration. 



Pupils: Crayon, any objects necessary for 
emswers to Exercise Sets 1 and 
2. 



Vocabulary: Surface, bounded, flat surface, 
plane region, area, triangular 
region, polygonal (po lig< o nal ) 
^ region, rectangular ^region. 




^By' the end of this section, the' pupil 
should .be. able to differentiate between a, 
figure which has length and a figure which 
has/ area* 
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WHAT IS AREA? 

Comparing Sizes of Regions 



Exploration » 



You have had expei'ience in comparing 

the sizes of line segments anci the sizes 
angles." Look around your classroom, 
representations of two line segments w' 
are hot the 'same lengths Can you tel 
without making any measurement vmi<?h/ is 
longer? Find representations of two angles, 
which are not the same'size* Can you tell 
which is larger without using" the; compass, or 
"^protractor? > ^< J ' 



' 763 

. 318 



' Exercise Set 1^ 
In each of the following, tell which larger: ^ 

X* A sheeli of typing paper or a stamp. (a.^<M^ ^"^It^f^^^ 

2. '-A pin^ head or a dinnei^' plate. (.^ duS^ ^J^A^ ^ 

3. 'A pillow case or a bed she^t. 

4'. A television screen or a motion picture screen. x*^^l.s.2Uc^^ 

5. A nickel or a dime. ) 

6. A wash cloth or a handkerchief. (^iUp*.J^ln^ ^v/ji^ ) 

7. A window or its window- shade . 

8. Your classroom floor. or your classroom ceiling. lit 

9. * The sole jOf your shoe or the sole of your f^iend^s 

10. A sh'^^ of your notebook paper or this P^^e^o^^^your ^ 

11. Did you imow the answer to the above exercises immediately? 
Were there some casres where you were not certain, at once, 
which was large^?^ How did you decide? (^^-^ -^^ 

te^Sto:^ ^^^^ "^'^ 

12. Will the ori^nal size of a sheet of your notebook paper 
change if you, fold it into four parts? How will you test 
to see if it has^ remained the same si^zer ^ 

13. Does the size of your bath towel change when it- is wrapped 
around your body? 

What happens to the ,size of a map wVien.'you roll it up? 
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P457 . ' 
Length of Curve or Size of the Surfacje Enolosed by It 

Exploration 

Sometimes we compare sizes of objects by comparing lengths 
and sometimes* we compare sizes by comparing the sizes of flat . 
surfaces. Suppose we have -pictures of two rectangular fields: 





If' we wish to cboTipare the atmounts of fencing'we*need to 




enclose theae ,fields> yh^^t property of Wie rectangles will we 
compa'r.eT^'^hemeniber that a rfectangle is .a simple^ closed curve. 
'*"and if ■ we measure a simplj^ closed curve we are finding i*B 
len^h. - ' . . t ' 



-We might, however, be interested in dividing one^ of the 
fields so that^ half would be planted in com and half in beans. 



d it 



Would we ri^ed to know the length of the rectangle?^' Woj^ 
be helpful tb know the size of the surface of the flejH^(yO 



-/ 
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Exercise Set 2 



/ 

Tell jvhether you are interested in the length of a- simple 
closed cui^ve or the size of the surface in Lts interior, or 
both : 



1. ' To trim the edge of a handkerchief with lace. (J^^-^^^ 

turu^ ) 

2. * To buy a rug to cover the living room floor. ^^JlW} 

5. To buy a desk blotter for your desk. 
4. To put a book cover on your text. 

To strj.ng enough beads for a necklace. CJjL^^t^^Lr,^^ 

6. Can you give 5 other examples of situations 
in v;hich. you would need to "know the siz^ of the 
surface enclosed by a simple closed curve' rather 
than just the length pf the cuWe? /^>2f.Z-^^»*w,^^ • 
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Region and Area 



Exploration 



Recall that a simple closed curve by our definition i^ a 
path having the following properties: , 

a. All of its points lie in a, plane. 

b. If one traces the path, he eventually 'i^etums to the 
starting point. 

"C. The path neverj intersects itself; i.e., in\ proceeding 
once around the path, any point is .encountered Just 
once (exoept for. the starting point). 



It also has the property that it separates the' plane Vnto 
three sets of points: the set of points of the curve] >the 
s^t of points of th*e interior of the curve, and the set of 
points of the exterior of the curve. 

Which ones are simple ft.osed curves? 
a. b. c. . 
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The 'union of a simple closed curve and its interior is 
called a plane ?;egion» If the curve is a tri^ngle'f the plane 
region ia called a tr*iangular region.* ^'he uni^ of a ' 
polygon and its interior is called a polygonal region. ItVis 
the region that we measure when we. want to know the size of 
-part of a flat, surf ace . 

^ If the curve is a simple closed curve, trace the curve 
and color the^plane reglc^n: J21s/ -.^^Jtr^i^ 





c . 
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•» Exercise Set 2. ^~ , *' ' 

• *• • • ' 

Tell whether you would be interested in area .or length, or 
both, in each of the following: ^ - ^ ^ 

1* To ^ buy enough wrapping paper for a ^package. (a^-Jl^^J^^ ^ 

2; To decide- on 'the amount of twine needed to wrap ' . 

a package. 

■ ' . r - 

3. To decide oh the size of atelt. 
4/ To buy a piece of land. ^^w-t-C'- aJ-^) 

5» To mow a lawn. 
A. 

6. To run around a closed track. (^jL^^-^^tt^^ ' • 

V 

7. To sail around an island. 
* 8. To tile a basement floor. C^^-t^^ ' 




* 9^ To measure a 



triangle. 



1 

10. To measure a triangular region. ^ ^ %' 



ERIC • . 



•COMPARING AREAS 



Objective-^ JTo develop the following understandings 
* * ' and skills: 



We can compare the ^i^as of ^wo plane 
regions^by seeing whether one region 
can be fitted into the other region. 

In making a comparison of two plane 
regions by inclusion, we may dissect 
one region and see if the smaller 
regions can be made to fit ,in the 
atl^r region. 



Materials: 



Teacher: Scissors, large cardboard models of 

•figures to ,b€< dissected, paper clips, 
scotch tape. ^ 

Pupils: Scissors, tracing paper, paper clips, 
scotch tape. 



Vocabulary: -Dissect * ^ 
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COMPARING AREAS 



The ai*eas of two plane regions usually can 
be compared by seeing whether one region may be 
inolyided in the other. That is, if one plane 
region can be placed entirely' in --fhe-.interior of 
the other, -then the area of the -first region is 
smaller than the area of the second region. ' 



A plane region can be cut up into smaller 
plane regions. When we cut up a plane region, 
we say we are dissecting it. To dissect something 
means to cut it into partjSsor^sPr^jces,. Suppose 
you can dissect one plaiB" region and place all the 
pieces, without qverlapping, entirely on a second 
plane region. What would this show about the 
areas of the two regions? 



v 
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Exploration 

^Which y^ectangular region has the smallest area? V/ill 
a. tracing of one of them fit into the interior of each of the 
otUer•s,(^^. ^ ^-^f"^ '--^•) 



ERIC 






V/hich rectangular region has the greatest 4rea?y(_ V/ill a 
tracing of either figure*fit into the interior ^f the other? 
How can the areas oe compared? /i (Jut a tracing of rectangular 
region EFGH Into 9$iall pieces. Can air -of '-these small" pieces 
be placed, without overlapping, in the interio^t^ of rectangle 
ABCD?('y^')^ . 

Is thfe area of , triangular region WXY vless than^the area 
of rectangular region PQRS? 

' P ' Q 
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Exercise Set ^ ^ 



In Exercises ' 1-5 tell which region of each pair has the 
^greater ^area^ (You may make a pape?;; model of one of these' 

regions and *cut it to see if the pieces cap be placed^ without 

r 

overlapping, on the other region. ) 
1. ' • 




(b) 



(a) 





r 




- J- 



4. V/hiah plane regi^on has the greater acea - a region ^boxinded 

• - : , ' " % ^' » 

by a square with a side whose length is 5 inches or a 
regj-on bounded by an equilateral triangle, with a side whtise ' 
length^is 4 inches? )^ You will!need models of th^se rtegi^c^s^ 
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^BRAINTWISTER- 
Trace "Robert Robot." 
Can you arrange the parts 

X 

Xof thg "robot" in such a 

/ way that they form ^a 
' ^^^^^^ 1 • 

rectangular region? 
The rectangle will have 
sides whose lengths are 
, Sg* inches and ^ 
inches, (answer below) 



(answey below) 



Antenna 
K 
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a 
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UNITS OF AREA 



Objective: To develop the following understandings and 
skills: 

— i^v-^ — 1. In measuring areas a unit plaine region is used^ 

. . as In measuring lengths a unit line segment 

is used. , *^ ' 

*2, We need as unit a plane regiNon' Isuch that any 
given plane region can be covered completely 
. by placing these units on if ' without overlapping. 

3. Circular ;?egions (and regions of many other 
shapes) dc not have the covering proper.ty 
needed, but square regions do. \ . 

4. As a unit of area we can use a- square region 
^* . * ^ whose size is determined by making each side 

of length 1 vinit. 

Materials Needed: 
Teacher: 

1. Large triangular piece of flannel/ whose sides 
have^ lengths of about 20", 15", and 10". 
Alternatives: a triangular piece of paper of 
the same size that can be used on a bulletin , ^ 
board, or^a chalkboard Rawing. 

2. Nine or ten pieces of flannel cu,t in the fom 

/ • of regions of diameter about four incites. Nine 

* . . or ten pieces of flahnel cut in the fom of 

square regions of side about 4 inches. 

5. Straightedge, pieces of string or pieces of 
wire. 

Pupil: For the exploration and for the* first part of 
the next section, each pupil will ^need-about * 
24 square pieces of construction paper, 
, . >^ l|" in size. 
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Choosing' a Unit of Area 



Exploration 



This Exploration does dot appear in th^ 
pupils' book. SThe follov/ing questions and 
outline of procedure may be used as a basis - 
for class discussion^ The discussion is^ 
sujTimarized in th§ pupils* book. *As you 
begin the discussion, place the triangular 
piece of flann'el on the flannel board. 



This represents a triangulal^ region. \Vhat do the edges of 
the region form? What does each side of, the triangle form? 
Who can tell hov/ to measure the length of a line ^ segment such 
as the side of a triangle? Will you show the class how you 
would do this? 



\ Allow time for child to do this part 

of demonstration before class. Then draw 
the follov;ing summary from the discussion. 

It may be well to add the following 
for emphasis. 



We firs€ choose a line segment as unit . Then we measure 
this side of the triangle by placing unita^'end to end *along " 
it so that they touch but do not overlap. Enough units 
placed in this v;ay will completely cover the .whole side. By 
counting we find that^it takes more tlian (for example) ^ 
units but less than 5 units to cover the side exactly. 
Therefore, we say that the length, of this side is greater than 
4 units but less than^ 5 units. 

We can measure the area of a plane region such as this 
triangular region In much the same way. Pipst we chooser a 
plane region to serve as tinlt. 
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At this time ask'"^h§ children for sug- 
gestl^ons how an area of a plane region might 
be measured by using a plane region as unit. 
Encourage* the children to ^experiment and 
demonstrate their ideas at the fiantiel board. 
You may wish to give guidance by saying, "Let 
us think about what sort of plane region would 
serVe'best as a unit. V/e- need to cover the 
whole triangular region by .placing enough units 
next to one another so thkt they -^touch but do 
not^ve^lap , " 



How would a small circular region do as' a unit? Can we 
cover the whole triangular region by placing th^e circular 
regions so that they touch but do not overlap? 

V/hy can we not cover the whole triangular region with 
circular regions? 

Can you think of a plane region that is^ better than a 
circular one to'use as a unit? ( ^ .o^^.^ ^.^^^^^ 



A rectangular region or a triangular 
region are also acceptable answers,- but 
pupils should be lead to the^ square region 
answer in any case. 



V/hy is a square region better than a ci'reular region?* 

V/ill someone use these sqviare regions to cover this 
triangular region? 



Encourage children to illustrate 
this at the flannel board by using -the 
triangular region and the small sqiTare 
regions; ^ , 



Let us agree; to use a square region as unit of area. 
Suppose we have already decided on a unit of length. Can v^e 
use this unit of length to determine the size of a square 
region to be Used as unit 6^ area? ( 
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UNITS OP AREA 
* Choosing, a Unit of Area 




This is a picture of a triangular region • Suppose we v^ish 
^to measure its area* \^en we 'measured the length of a line 
segment, we needed a unit of length. vTo measure the area of a 
region, like this triangular region, we need a unit of area, 
a unit region. ^ 

V/e need t;o cover the whole region to be measured by placing 

unit regions on it so that they touch but do not overlap. Is it 

possible to cover a whole triangular region with circular 

• . 
regioris in this way? \lhy not? 



- Is it possible to c(jver the triangular region 
regions? Ir/hy - ' ' 



\iith 



square 





/ 


\ 




/ 

■ / 

• 7 

















L?t us chooiJe a square region as unit of area? Ve choos,e 
a square regiorvv;hose side is Just one unit of length. 



uni"i of ^length 




unit of area 
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Differently Shaped Regipns of Same Area * 



' Bxplor^tion 

~ ■ 3 

Each of you Tias som^ square pieces of paper all of the 
same ^jTze. Each piece repre§en{;s 1 unit of area, 'flace tv/o 
pieces ,side by side on a sheet of paper so that they touch but 
do not overlap. Trace arq,und the region- formed by these pieces. 
Does .your picture look like this? 




V/hat is the figure^ you have drawn? Color the rectangle and its 
interior. Vfliat is the figure you have colored? V/hat is the 



area of this region? 



* Draw and qolor'a rectangular^ region of area 5 units, 
Does^ your pictu5?e look like this? 




y 
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Here are some regions of diffei^nt shapes, each with area 



5 units • Can you think of some others? 





9 

Here a^e^some regions of different shapes, each vft.th 



area of 1^ uni'ts. Can you think of somK^hers? 





y 
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Exercise Set 5; 



Use .your square region of pjaper to trkce out 
and color. ^ region of area 5 units. ,,^ake 
the region any sh^pe you wish/ -••-^-^ 



Use your squares of paper (you may want to 
fold one of them) to trace out and color a 
region of area 2^ units. Make the region 
any shape you wish. 

' Take two of your unit square ]^lons of 
paper and cut e^ch of them Into at least 
three polygonal regions. Nbw make* a new 
region of different shape, using all your 
pieces. \n\a,t is the area of this new - - 
region? 



■'l^^.i^B&her may wish to' assign addition,aJ 
exercises of this sort. 
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ESTIMATING AREAS 

Understanding and Skills: ' . „ : 

1. ^ If a ce3?tain number of units can be fitted'^into a 

given region v;ithbut overlapping, then the area of 
'.^ this region is at least this certain number of 
uni ts . ' • 

2. ^ If a certain number of units together cover^a given 

region entirely, then the area of thrs region is at 
most this number of units. 

^ * 5* 

O 

' 5* ' Just as ti scale is useful for measuring Lengths^ 
a grid is useful for measuring areas. ^ 



4. Smaller units result in more precise estimates .of ' 
areas . , » * I 



r^terials ! 




Teacher.: Large blaclA)oat»dfcc^rawir§f3 oT ri^r.es from the 
text ' ^ ^ " ' ' ' 



Pupil: The saine square pieces ^ coristnjo.tl^c^i^^per. 

used 'in the preceding ^ectionjj sheets^f^^ ^ 
paper ruled with 1 inch squares, d^^ ^ts^of 
paper ruled v/ith half-inch squaresi(8^^^ 
squares- v/ith sides of length onef!ratlf an ' ^ 
inch)*., 



V 



ESTIMTING AREAS 

Using Unit Regions to Estimate Areas 

Exploration 



^ Suppose v/e wish to estimate the area of a region v;ith 
curved boundary alotig the top, like, a church v/indow, in terms 
of the unit shown. 





unit 



V/e can fit^ units into this region a!s suggested by the 
picture below, . ' 




784 



339 



Mh&t does this'sbbw aboufthjs area of the region? 



V/e ^an'also cover this region v;ith unit regions, as shown 
b^iow. . * ^_ ^ 




V 



IVhat' does this" show about the area ©f . the region? 



<• We have riot found the exact -area of this region, but 

V 

we nov/ know '^it "is a number of ur^its {not necessarily a 

^ ' ' . ' . ' ^ 

- whol£ •number ) somev/here between 5 and 7* 



X 



I 



Can^ you guess from the picture about^ what •the area is? 



\ 
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Exercise Set 6 



On the next* page is a quadrilateral region, ' • 

See hov; many of your square pieces of pa^er / . 

you can place entirely on this region. Be 

sure that no piece goes outside the, region 

and* that no_piec6 overlaps another piece*; 

How many pieces are you able to^ place on « 

the region? fa.^^^ ^SJfi,^J*f^.^ ^^JL^ 

V/hat does this r you about the area of 

the region? i^-^ ^..^^^^-^^ 



Next, see how many of your square pieces 
of| paper you need to cover the region 
completely. No piece. should overlap 
anothe^ piece'. , *How many pieces do you 
use to 'cover tfTfe r€ 



region? ^l-*^-^^*'-^'^ ; 



V/hat^oji?%. this tell you about the area of 
the i^ign? 



Can you estima'te about what' the area might 
be? ' * 
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On the next Rage is a pictxare of an oval 
region. See how many of yp\xv square 
pi^cgs you can place entirely on this : 
region.* Be careful that no piece goes 
outside the region and that no piece_. 
overlaps another piece.- How msmy pieces 
are you able to place on the region?^ 

What does this tell you about the area 
of the Begion?"^4^ ^ ^ Jt^J^ — >u.^ ; 



How many of your square pieces of paper 
■do you ♦need to cover the region ' ' , ' 

completely? 



V/hat does this tell you about the area- 



of this region? 



Can you estimate' about what the area 
might be? {'^m-*--^ 



Your class may need*- more 
exercises similar to these to 
establish and maintain skill. 
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Using Grids to Estimate Areas ^ 



Explafl?ation 



Suppose we wish to measure the area of the oval region* 
below. -in terms- of the unit shown. ' ' ^ * 





' unit 



,V/e do not h^v^ to use square piece's of paper^ Instead we c.an 
draw.th^is oval on a grid of units as shpvm below. 




J ^, 
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Count the -units that are contained entirely in the -oval region, 

(//) 

How many are there? V/hat does this tell about the are^ of the 

( jfu^^ A^jitu:/ // . ) 
region?/ Count the units needed to cover the oval region 

completely. How many are there? V/hat does this tell about the 

area of the region?-/! The area of the oval region is someivhere , 

between^ ( /() " units and i^O units. Looking^at the figure, 

can 2^ou guess about what the area would be? 

^ -V/e can get a better estimate of this area by using a 
smaller unit. Suppose^ we use a new unit of length Just half 
as long as the^ old one. The resulting old and' new units of 
area look like this; , . - 




old unit- 



new unit 



- How many new unijs does each bid 'unit contain? 




V/e have already founci that the a^ea of*t^e oval region is 
somewhere betvieen 11" old units and Jl old units. In . 
terms of the new unit, 'what d6e§* this tell us about tJie area 
of^the oval region? ^' ^.Aje:::^^ ^y^i^,,.^ /xV^^ ^'-^-^^^^ 



How do you know? { 8^ JJ'.^ c^JLj^ 
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'Now 



let us use a grid of the new small:er units ^to get ^a^' 



better estj^mate of this area. 




County the units that are contained entirely in the oval region.- 
Hov; many are there? ^ ^ d....*---^..-^--^'^ 

Counting by rows and pointing wi th the 
erase^r end of his pencil as Ije/counts will 
hel^p keep, the pupil from maicfng errors dn 
counting, and at the'seme' time he 'will not 
be vjriting/in his book. It ^/ould be an 
a'dvanta^^f the pupil ooyld have his own 
djittoed cbpj^ of. such figures • Then he 
could color all the units contained in . 
'the oval t'egion, etc. Coloring would help 
emphasize,' that area is a prpperty of A 
region, and not of its boundary. 

count the units tliat are needed to cover the oval region 
completely./ How "many are^there? V/hat does this tell about -the 
area of the region? (-^^ <:^.y^ /o^^^.) ^ [ \' A 

. 'Thus; ^ now know that the area of the region is 'sontfewhere 
'between 69 and 108 ' ..new units . Is -this better than our old 
estimate? ^V^.^,'^ ^ ^'^^f^^^f-- ^ - 
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Exercise ' Set 7 



!• a. 



Consider the region pictured below on a §ri<J of unit^. 
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Fill in the bl^^s : ^ ' * ; . ' 

The2?»e are uni<% contained entirely In the region 

•^here are units needed to-* cover the region 

^ ^ f 

completely. i 

The area of the region is at least units and 

at most \inits. 



Let us choose ^ new- unit of area a square region has a?^its 
side^a segment just halt as long as before. Per every old unit 
of area/ we vd. 11 then hav^e 4^, new units of area. 



ERIC 



793 
348 



P48l 



In terms .of the n%w unit, we could say that the area of 
the region shown on the pre/ious pag^is eit le^ast ( ^ Z ) new 
units and at most \ 22o) new units. [2*^ 4^^3'^9x V^r^cjia^^. 

b.* Consider the same region pictured below on a grid of 
'new units , * . ' ^ * * 
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Fill in the blanks: ' ' ' , 

^^"^ 

Thfere are (/£il_^^]^units contained entirely in the region. 
There are/if/ a.**^^ ur^s'^n^eded to cover the region 
completely. 

The area* of the region is at least l'j7.y) units and 
at most (/^/) units, { ^^-^^..^^.^ y^^'^^^^^^^^-^^'^ 



Is this estimate better than the estimate you made using 
the larger unit? (iy^^^ ^^^^^^ ^ ^ 
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On a sheet of paper ruled w'itli 1 
, inch squares, draw a representation 
*of a simjple closed' curve. 'Estimate 
the area of the region formed by the 
simple closed curve and its interior. 



On a sheet of paper niled wi^th ^ 
inch s chares, trace the simple closed 
curve ^ou drew in part (a) of this 
exercise. Estimate the area of the 
region formed by^ the simple closed 
curve and i€s interior. 



WhiQh estimate, . the one in part (a) 
or the one in part /(l^), is the 
more precis^e? 



4 
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STANDARD' UNITPS OP AREA 



Objectives: To develop the following understandings and skills j 

1, One standard unit of area -is a square region with 
1-inch sides; this unit is called the sc^uare fnch . 



2. 
3- 

5. 



Other unitts^obtained similarly are the square ^ 
centimeter ^ the square fott , the square yard > 
and the square mile , P^V^ 

^n- ajrea "of 1 square yard is the same as an area 
of 9 square feet. 

An area of 1 square foot is the s^e as an^ ^ 
area of 1^4 square inches; • 

An area ofi 1 square inch is about the same as 
an area o*C 6 or 7 square centimeters, . 



Materials Needed: 



Teacher: Yards tlcl^, colored chalk 



Pupil: Sheets of paper (say 8" x 10") marked with 
grid of 1-inch squares 



/ 



, • ' Before beginning the Exploration, ask 
pupils to' summarize -what they learned about 
standard units of linear measurement, 
bringing out the , following point?-, 
1/ Standard units of measurement are needed 

for convenience and for ease of com- . 

munication. 

2. A unit for measuring the length of a line 

segment is itself a line segment. , 
5. The meter is tjhe, basic standard unit 

length in most GountrJ.es/and in all, 

scientific work, 
h. other standard unfts of length include 

the centimeter, the inch, the yard, and 

the mile. 

p. Smaller units permit more accurate 
measurements . 
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STANDARD UNITS OP AREA ' " . V 

The Basic Britlsih- American Units ,.. ^ 

* * * ' 

Exploration . - " ^ 

To measure the area of a region, we first have to^ c'hoose4 a 

unit of area. The most convenient unit of area i^, a region square 

in shape • Can you think how hard it would be to talk about?) areas ^ 



if each of us chose his own dl^fferent unit of are^? ^l^eople have 
found it is simpler if everyone agrees to usj the same few jonits 

of area. We call these standar d linits . One standard unit is a 

^ 

square region v^^ith sides* 1 ii^ch long like this. 



.< 




We call this unit of area the squai;e inch> Would the ^quare"*^' 
'IncV be a convenient tmit for measuring thfe area of a sheet of. ^ 
writing paper? 



At this. po;^nt the teacher might pass out to "each' 
pupil a sHeet of paper marked with a grid of * 
square inches (such sheets are commercially 
available) and a^k the pupil ta determine by 
co,unting v/hat area of the sheet is in. square 
iiaches. Use sheets whos^ edges' are. themselves 
lines of the -grid so that the area-.-ls -cleki^iy 
a whole number of grid units.. «' • 



Would the square inch be a convenient unit for measuring 
the ar^a of the classroom flopr^^^Why not?^ff/^J'^Jj/^ 



Can ^ou suggest a better* unit for measuring the area of the 

"1. classroom floor? ('^^t^^JJ^ ^^t^u^^-c -^LiPf" ^ ^ '^f'^^ "^MrJi 

' ' '' - '. 

■Can you explain what a square foot <i-*jti*^ 

, V . ■ 797 • ' ' 
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At this point the teacher, outlines and 
and colors a square foot region on the 
chalkboard, - Next pupils are asked if 
they can explain what a square yard Vs. 
Aft^ outlining and coloring a square) 
yard region on the chalkboard, the \ 
teacher asks pupils to guess the area\ 
of a square yard region in- square feet. 
Pupils are then led to suggest drawing 
a grid>of , square foot units on the^ 
square yard :^.egic!n and coiinti-ng t^ 
determine th4t a -square yard regicn has 
an area of, 9 square feet^ Pupil's 
should also be led to note that a 
square foot region has an area of ^ 
square yards. ^ ^ \y 

For the following discussion, the 
teacher uses full scale models in the " 
form of idl»awings on paper or on the 
chalkboard. These, should .be easil^y 
visible to the pupils at their seats. <» 
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' At the, righ^^s a'small 
picture of a- square » Your > - 
teacher v/ill use a model who&e 
.s^de is actually one foot long. 
Let us pretend that the length / 
of the side of square' 'EFGH is 
1 foot. How* many "Squares of 
side 1 -U^h In length could 
you place, touching but not 
overlapping, with one side on 
EP as shown in the figure? 

What is the area- of region ' ' . 

' How mginy regions the size of 
region EfJK could you place 
in region, EPGH? O^)' 

Since you can place 12 regions 
tlje size of EPJK' in the region 
EPGH^ and since the area of. 
region - EPJK is, 12 sjguare 
inches, then, the- measure of - 
region EPGH (where the unit is 
the region whose area is one 
square ,inch) is ^ 'X2 x 12 
or 144, ■ ; 

' • ' ^ ' 799 
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Thus, an area^ of 1* square foot is the .same as an area 

of 14^ square Lnches ; The area 2. square feet is the 

^riMme as an area of 288 square inches. An area o-f 72 

- *• ' 1 

. Sfluare inches -is the same as the area of ^ of a square 
foot^ (since 72 = ^ x l^^O' ' ^ 

1 ' 1 ^ 

A -J foot squai^e (not ^ square foot) 

is a square with eacl^ side of length 

^STPbotf.. Its area ^3 the same as an area 
of 56 square inches. 

N ^ 




7 



Suppose you wished to measure the arj^a of the whole 
United States., V/ould-you use "the square inch? the square 
foo<ti'**'the square yard? ' Vfiiy notl ( ^^^^ a*^,^ 

you suf^gest a better unit for measuring ^ the area 
Of the United States ? Y « ^ — r<.W^3 ^ 



The tfeab^eji might ask the pupilsoto look vlp^ 
■th'e area of the United States as^ a ^speclsQ 
aS'signment. . ^ « » »' ; 
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Exercise Set 8 



Irj Make a table showing the number of units required to cover 



these regions : ^ 



Number Unit ^ 

( 



Square, side 1 inch l,ong> (0 ' square inch. 

Square, side 1 foot long: ( K) square foot. 




or . (^^^/ sgu^^re inches. 

^ Square, side 1 • yard long: , y >' " squa^re yard,^ 

or (?) square feet, 

^ or k^lk) square inches^ 



9 



' 2. Here are li-^ted ar^as of some regions. V/rite ^ch area ^ 
*in at least tJne other way, using different units. 

a. S square feet ^ s 7 square feet^ • 

* b. 4 square ^apdS* ' g. 52. square feet 



c. 

/ 



eqnare feet • h. 129p square inches 
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d. 288 square inches i. 5 square yarcig 

e. . 360 square inches i j. l6 square feet 

801 



BRAINTOISTER ' 



P,ln4 different measures for the area listed belovj, 
.changing the units of measure_ as noted: 



a. square 3?*ards : I^AJL '^square f^kt 



b. square feet:- (l2o) square inches^ ^ »N 

y 

i * 

c. 2 square yards l8 s^quare inches: fV /square 

feet i\9) square inches 
. 

d. 1^ square feet / 24 square inches: ^ joix ] square 
inches * ^ * » / . 

e. 20 square feet: (^3) ^ squajpe' yards / 
square feet . ^ c . 



f. '524 square inche^s: ' j^'X) * 6 quarts fe'et [3(o) 

» . \» 

square inches . , ' 

*g. 2000 squafe inches: { j) square- yards 
llf^) s-quare inches • 



h. 56 squa^^e inches: ^ > squajre^f 00I; 

i. 2 square feet: "f" square* yard 



j. 18 square inches: ^ square foot 



^802 

357- 



P488 



. Area in Square Centimeters 



Exploration 

All these uni'ts--the square inch, the- square foot, and the 
square miLe — are units' of area in the British-American System , 
of measures. Do you know what system of measures is used in 
most countries? What unit of length in the Metric 'system 
corresponds most closely to the yard in the British-American 
System? What unit of length in' the Metric System corresponds 
most closely to the inch in the British- American System? Do you, 

'know how the meter and the centimeter compare in size?^! What 
unit of area in the Metric System would you get by taking a 
square region with each^side 1 centimeter long?(^^^^^ ^j^^^^^^^y 

Even In Britain and America it is the Metric System that - 
• is Aised for scientific measurements, There"fore, we sometimes ^ 
need to con^are units, of area in the British- American System . 
with units ''of area in the Metric System. Here is a pic»ture of 
the square inch and the square centimej;er^ " ' 




square 'inch ^ • square centimeter 
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Which is larger, the square inch or the square centimeter? 
^^hat would you estimate is th^^^area in square centimeters of the 
square -inch region pic»tured? How could you determine tMs more 
carefully?/) Here is a square inch shovm on a grid of square 
centimeter. regions . / 



tt^i many of the square regions of the grid are . contained 
entirely in the square inch region? 

T-Zhat does *this shov; about the area of this region? 

How many of the square' regions of ,the gri.". are needed to cover 

' ■ • ' "h) 

the. square inch region completely? . 
, ' Wfiat fioes this ^how about the area of the region? .c/>*^ y. . 

Gen you now guess this area more accurately? 
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Exercise Set 9 



1. 



Suppose, vje 'have a rectangular region with adjacent sides 
^of length 2 Inches and 5 Inches. ^ 



mat 



is the area of the region in square inches'? ( G >^ ^.^dJLu^ 



Below*^is ^ picture of this same rectangular region on a 
grid of square centimeter regions/ Use this picture to estimate 
the area of, the rectangular region in square centimeters. If 

you need questions to guide you, look on the next page. _ 

^1 , ' 
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The following questions should help you to find an estimate; 



a. How many square regions of the grid^ are contained 
^ entirely in the rectangular region? \Jhat does 

this* tell about the area of the region?^-^ ^ 

b. How many square regions of the grid are needed • 
to cover the rectangular region completely? 
What does 'this tell about the area of *the 
region?. ^-5^ 4^^y**-^^ ^^^-^O^ZjC* 



Can you look at the rectangulai; region arid 
estimate ^about what the area would be? 



d, 53.11 in ithe blank: If the area of a 



/ 

rectangular region fs .^6, square inches. 



its area 



is about square centimeters,^* 




ERJC 



8o6 

.361 



Below Ts picJtured a right triangular reg;ion on a grid 
of' s*uare c^timeter regionsv The sides adjacent to 
the right angl^e have lengths 2 inches 'and 3 inches 
Find an estimate for the area of the triangul'ar ^region 
in square centimeters. 
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a/ The* area of the triangular region is at iea^ 
square centime1:ers^ and at most Ajill^ 
Square centimeters. • ^ ^ ' 



1^. 



What would you^ estimate- the area would be? * 
( ^^>ti^u^ <u,j2L-iX»; :L^. y 
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3, *'Belov is pic tizred, a circular region of radius . 2 

inches -on a. grid of square centimeter regions. Find 
an estimate for the area of the circular region in 
square , centimeters . 
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^a» Th^ area of the ""^Trcular region is at least "^s^*^^^^^ 
^^^^ square*^ centimeters and at most (//^) 
sqii^-re centimeUfers. r ' " ' , 

b. What-^wQUld you estimate the area would be? 
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OP RECTANGULAR REGIONS BY CALCULATION » 4 • ' 

Objective: . To develop the 'following understandi^^gs 
. ^ skills 



1. 



2. 



r 



For each unit of length there is an associated 
unit which is the square region each of whose 
sides has length 1 unit. 

Several differently shaped rectangular regions 
of the same area can sometimes be formed 
using a given number of unit square regions. 

Suppose that in terms of the same «nit of , 
length, the measures of the sides of a 
rectangula^ region are given whole numbers. 
Then the product of these numbers is the 
measure of the region in terms of the ' . 
associated unit o^ area. (See note below) 



* In simpler terms, ifeem > above just 

.says '"^area is length times width." This 
'.simpler formulation is, however, 'both , 
inexact and incomplete. It is inexact 
because we don^t 'really multiply lengths 
andjwidths; we only multiply numbers. It 
is^ncomplete because it does not specify- 
that bottr^^length and width must be . 
measurea in the same linear unit and that 
ar^a mUst* be measured in the associated 
unit of^area. » ^ . . 



Materials Needed: 



Teacher: None^ ^ . 

Pupil: Twenty l-inch squares of construction 
paper 'for each -pupiL, sheets of paper 
ruined with 1-inch squares. 



,'AREA OP RECTANGULAR REGIONS BY CALCULATION 



Building a Rectanswlar Resion 



Exploration 



You remember that a rectangle has four sides. If we know 
the measure of any two sides that form alright migle, then vje, ^ 
know the measure of all four sides. Why? >),V/hen w6 spSak of ^ . 
"the adjacent sides^ of a rectangle,*' we vdll mean .two side^ 
which form part of 4 'right angle. 

Earlier in this Unit you found the area of a plane region 
by covering the region with models of a unit reglpn., \lhat is 
the shape -of a standard unit regio^'n? ( ^<^f-*^^ 

, Your**t*e.aeher will give you some 'models of unit regions, 
each v/ith ajl area of 'l square inch. Count out twelve of these 
,unlt regions. Pit theSlB' 12 .re'gions^ together, w^-thput ^ . ■ 

'*•; . . . . ' ' . • . 

oyer^lappljig, so that their bbiinaary is a rectangle. How long' - 
are the sides of the. rec'tangj-e?/) See how many different ' . * - 
^rectangular, regions ^o^^c^n form* frojp the 12 squai^e r^egions 



t'^-and ll-st_the informatioif' in a chart lik^ the one below: 



'7' • 



• Lengths, of 


side^ 



























Area 
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Nov; use eheets of paper ruled with' '^l-inph .squares . tJrav^ ^ 

♦ 

• two rectangles of such size that the area of each of the 
^rectangular regions is 20 square inches. (Keep each squai^e inch 
''unit ail in one piece.) List the information in a chart' as* before. 



Lengths of 'sides 



2^ 



Jr. 



Area 



What, do you notice about the numbers which are the measures 



of the^ sid6s of a rectangle and the measure of its region? 

^ In se'MKal fourth^ grade Units ^ -rectangular 

arrays, as rheywere called, were, used in' studying 
the arithmetic ♦operations^n v/hole numbers. For 
"pupils who Ijave had this^proach, the following ' 
discussion would be worthwhile. 

s 

Where have we already used rectangular arrangements of square 
regions, quite a while ago?'^V/hat were x^hese rectangular 
arrangements of square . regions called?/) What were the square regions 

^. leai 



in an array 'call ed?y| ^v/^^^i c T^ ygu 

.y^»,V/hat"l 



m to calc\ilate the number ®f 



elements in an array? >), V/hat are we now calling* the. number of 

' (JjU *^sM. ^>fti ^ m Tm , .^ ^ ,^ ^*^^^ ) 

elements in the whole array?/f VJhat are v/e,now calling: the numbers 
of elements in a row and in a column of trfe array? 3\ If tne number 
of elements in an array i^ the product of the number of ^elements 
in one row and the number of elements in one column, wha't does 
this tell us about the measure of a rectangular region?. 

Is the following statement a fair summary of what we have*, 
been saying? Two. adjacent sides of the rectangle have measures 



whose product is the measure of the rectangular region 
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Exercise Set 10 



/ 



1, Suppose a rectangular region has a measure in square inches 
of 10, V/hat pair of number^ could be the measures in 
inches of its sides? Can you think ^of another pair? Lh'^J 

2, Draw on 1-inch s,quajred paper two rectangular regions having 
a measure of 10 ill square inches. On each side write j^s 
measure in inches. On the interior of each rectangular 
region write ^its measure in square inches. 



10 



10 

For ehch. of the next three exercises »dravj rectangles on- 
squared paper and write' the measures ot the rectangular 
regions and their sides as in Exercise 2, 

5. Draw three rectap^les such that the measure of each 
^ rectangular region is l6. 



16 

























-f 


3- 









Dravj three rectangles such that the measure of each ^ 
rectangular regies is 18. 



18 



18 
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5, , Draw four rectangles such that the meaaure of each 
rectangular region is 24, ^ » 

I 



/ 



\ 

6. 



24 



24 



























3 
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2 


4 










s 12 





















8 
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^ 6 ' 

Make and fil^ in a' table like the one below. Get t;he 
information you. need from your di^avjings in Exereise 3« 



Measures in -inches of 
sides of rectangle 


Measure i^i squai'e inches 
of rectangular region 


.1 16 . 


.16 


' 2 ■ ' . ■ 8 




4 • ' ^4 


16 


/ -^N - ■ 





Mhat do you notice about the product of the measures of the 
Sides in each case? ( ^^^ -/^ ^ 



7. 



Make and fill in a table= similar to j:hat_JLn Exercise 6. 
Get the ^^formation you need from your drav/ings in 
Exercise 4. ■ ' • ^ , » 



Measures in inches of 
sides of rectangles 



18 



Measures in square inches 
of Tectangular region 



18 



18 



18 



V/hat do you notice about the product of the measure of the 



sides in each case? 
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Make^and fill in a table similar *to tjiat in Exertilse 6.^ 
Get the information you need from your drawings in <^ 
Exercise 5» ' 

r t 

^ \ 



' Measures in inches of 
^ sides of rectan*gle 


•J^leasure in square inches 
of rectangular region ^ 


\> 24 - 


J 24 


' 2 12 


1 

24 


3 8 


i • 

' 24 ^ 


4 6 


24 / 


— ^ 





I'fhkt do you notice about the^ product of the measure of 
^ the sides in each case? (J/ ^ ^^^..^^.a^ ^ >^ ^^--^^^ 



v.: . ■ T / / 

Suppose you are given the measures in inches of the sides 
of a rectangular region. ^In terms of these^tfe^^aBures, 
what is the ^measure in-' square inches of the^Qotangular 
•region? 
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Exercise Set 11 



1. Susan made a rectangular, doll blailket whose sides were 12 
inches and 10 inches Jong. Find the area of the blanket 



'2. Peter made a' plywood*shelf for his mode-1 collection. The 
shelf ^ was 50 inches long and 8 inches wide. What was 
Its area? (^^'^^-^-^ ^ 

4) 



0 



5. Suppose the edges of a Iprick have the lengths as shown in 
this picture,. 




{ 



Find^ese areas; ' / 

> Tfop of the brick, ( 3i ) 

Side of the brick>. i ((> •'^^ 
- En4 of the brick. Li 
Total surface, of the brick. • f/zA- -y.-*^ ,.) 
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4. .►Here is 4 picture of a kitchen floor, with the lengths' of the 
. edges shown. Find the. area -of^ the floor-. '(Hint: Can you. 
dra^w a segment which divides the region- into twcui^tangular 
regions? ) 



'I 
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10' 



\ 



6' 



5. Here is a picture of a floor of 'a house, with lengths of the 



edges shovm. 



40' 



50'- 



10' 



35' 



10' 



15' 



15' 



10' 



15' 



a. Find the area of^the.flopr. ^.2/-^^ ^-Z^) 

b. can you find the area pother waj'>^\ow'> 

Suppose a high pressure salesman tries ."to sell you a 
rectangular lot for your )iome. After many questions, he 
reluctantly admits that he Has twor^reotangular lots/ One is 
^ feet wide^ and 2000 f eet long. ' The' other is ' 60 feet 
wide and 10^ feet lor^. ^ ^ ^ ^ 

a.' ,vifiafis the arfea of each 'lot? ^^/^^ y-^) 
.b. Which lot would you prefer? /) vmy? (4***,^ i^^^f^y) 

' ■ 816 
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AREA OP. A TRIANGULAR REGION ^ ^ ' 

' i 

Objective: ' To» develop the follov;ing understandings and 
skills: ; , ■ ' " , • 

1*. From every right triangle^ rectangle may be 
formed 1^ properly locating a fourth vertex. 
The -region bounded by the triangle has ^ 
area which Is one-half that. of the region 
bounded by the rectangle. 

2. The measure of a region bounded by a right 

triangle is^ found by calculating the product 
of the measures of the sides of the triangle 
v/hich de'termine the right angle, and ^ 
dividing tn^ product by tv;o . 

•/ . . • 

, ^ 5. An altitude "of a triangle is a segment dravyn 
from a vertex to the opposite side so' ^s to 
form yight. angles v;ith this side^ ' 

' h. wTh^ "opposite side" to which the altitujie is 

dravm is called ^t'he- ^ase of ^the triangle 
associated^ with^ that altitude..^ 

'5. We calculate the measu«*e' of a triangular ' 
region by taking one-half the product of the 
measures of an altitude of the triangle 
and. its^ssociated base. \ . v , 



Vojcabulary: Altitude, base. 



This secti'an challenges the pupil's ability to do some 
deductive thinking. He needs 'the skills/ and understandings of 
■many of the sections in this unit to be able' to'cronclude v^7ith a 
rule for calculating the measures of k triangular region. 
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AREA OP A TRIAI^GULAR REGION 

Area of -Region Bounded by a Right Triangle 



Exploration 



Let us think ^bout how v;e' would find the area of a region . 
Uflunded by a right triangle. ^ 



r: 



0 ^ 























* 










> 


B 








c 




Using a compass draw a rectangle by making AD = BC and 



cd;,^ AB. 
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The resulting rectangula?? region is divi<ieci into 2 
triangular regions" in the following way: 



How do the lengths of the opposite sides ofthe rectangle 
compare? /I Do you* Have enough infoiimation to be sure that 

. fiS ^ do fSC = t3fi , AC :^ CA ^^.XL^ 
M*<jt ,<^J^ ^2^*^-3^ ^ -^K^c* 




If tv/o lii^ segmenta are congment, then they 'have the same 
length. Similarly, if two triangles- are congruent to each other, 
then the regions *as.^ociated with them have the^ same' area. 
' Therefore, the area of * triangular, region ABC .is 'the same as ' 
the area of triangular' region ci>A- The measur^of region ABC 
is what Tractior^al part pf the measure, of region4^BC^? (^-JL^) 
What fractional part of the measure^ of region ABCD is the 
'measure of region ' CDA? X'*^"''^^^ ' , ' ' >' 
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Suppose BC^ has length 10^ inches'. V/hat is- the in^^asure^ 
^ o"f -^BC in inches (^'^^Suppos^ AB has .length' 5 Inche's. Wh^t-- 
is the measure *of AB in Inches?^ \\rhat is the meaBu^e,^in 
.square inches, of rectangular region AfeCD? What i s ^ th e^ me^^^^ 
in 'square inches, of triangular, region A^C? Why? — What iS the^y^^j 

' area of triangular region ABC?y) What is the measure-, in square * 

m ' 0^^ ^ - ' 

inches, of triangular regiorlf ADC? V/hat is the area of 

• ' ^ • / * .^.^ ) ' ^ ' 

triangular region ^'ADC? (^^-^^^ ^^^j . ^ 

) * • , ' . . Suimna^y • » , / - 

From every right tri.angle a rectangle rfiay be -fclfnd by 
properly l^ating a fourth vertex. The region boixnded by tl}^ f 
triangle has an' area which is one-half that of the region'^ . 
botinded by the , rectangle. ' • * 

' '^y^--^;; ' .measure, *ln square units, of a region bounded by a right^ 
trl^^^feie is fovind by calculating the pjftduct of the m^u^es, in*^^ 



unitjs, $f the sides of the tiiangl^ .which determine the right 
ahglk, and* dividing the' product by two. 



• ■ ■ Exerc-lse gel;, 1-2 ' , ' 

In each exercise the triangle is a right triangle. ' 




✓j^ea of -region RST^ is 
square inches 



2. 



5; 



4^. 



4 in. 




/ 



•V. 




i 

♦J\rea of region r^PQ » i^ 
\/9) square inches 



Area of triangul;ar rp^iqn 
.XYZ Js 



Area of triangular region 



5|v/^ ' \^ '\ J'\' Se.lect4 

' area 6f the r^gi-on GHI. 



*the.«*ineasures-^5fou 
need* and calculate the 



Are^. of a^' Region Bounded by a General Triangle 



Exploration 



. \ Not every triangular region is bounded by a right triangle. 
\le made the area of a -region bounded by a right, angle depend 
u^on our Imov/ledge of the area 'of a rectangular region. Noi^ 

. we 'will make our study of the area of any triangular region 
depend upoiT v;Hat ;;e have learned about She ,area of a 'region 
bounde^d'by a right triangle. ^ Again we use the concept- that 
area is unchanged when a region is dissected. 

If we. start with a general triangle auQh as ^Ik T^PQn^- 




r ^ 



- we may draw PH> f r&ni a, verte:?? 6 such that ^ ^RQ Is -a right 
angle and . / PRM. is-'^ ^righj^'aiigle . PR is referred to the^ - 

WQ.' The side '.of the /triah^le , 
' opposite 'tl?^ vertex' P is called the ^ase of the tftan§le. It y 
the artitude Is drawn from v.ertex M, then PQ 'is,^lled the ^ 
base of • A If; the altitude Is drawn from Q; then 



is the base. Every triangle has three altitudes anj^ thre^ ^, 



/ 



Qorresponding bas^s . 
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IS A MRP a right triangle? Is RQP. a right triangle? 
Suppose the length of M is 5 incho^^ the length of* ^RQ 



is 7 inches, and the length "of PR is ^ ' inched as shown above. 
V/hat is the area of tne region bounded by^^ right triangle MPR? A 
What is the area of the region bounded by right triangle PRQ? 
V/hat is the ai^a of the^ region/bounded by /\ rJtPQf ^J^-) 



erve ;^ 



Measure of region MPR is ^ X (4"x 3) 



' Measure of regi^on QPR is ^ x (^^ "^^'^] 
Measure of 'region ^ r^PQ is^^ X x 5^ + 
ysing the associative and distributive property: 



(j X (4-x 7)) ; . ' '4 



'(|^x.(4 X 5)) .+ ^1 X (rx 7)) = ((| x'4)^x 5)+ (t| x'^) = 



• =-(|'x'4),/(5 + 7) : 
, ' " " . - • ■ = X ^/x 1-0 ' 

This tells us' that v;e^ may^ calcula^t^ the measure or the reg; 



MPQ,^ i'f we take one-half the produc}:*of the measure of t^e 
ai.titude and the measure, of the base. • . . 

:^^we get the s^e measure of .tjie regipn, MPQ if we add the' 
measures .of ^ the r.egions f^R ,and QPR a^ we get if we. divide the 
product of the measures of the base and the altitude by 2? (^y^} ^ 

* • . 823 ^ ' " • . ' ^ " ' ' • ' 
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Exercise Set 1^ 



1 y''^'*WS'4M 'ah^alti.tTxde. • V/hio'h line 

segment .Is jbhe bas^? -^suppese 

m;BD>=. 12, 'in*AI>'= 3> 

t ■ * 
• '-'rnSc'-?-," in**inches.^ Find 
* • t 

the area of 'triangular, region > 
ABC by 'Ifwo ^methods . 



V. 



2. 




,AD • .-iB , an/ altitude . vniich ' ^ 
/ ainar'segmeiit is' the*baper(^-^,^^^ ••"c'>!^'>^X^''^^ 
- . Suppose /m 8",.'. W^DC^'^'^, -'^Y ''''''^^V.-'^^^ 

./ /Tn BD.= '^, in:J.nches\ -i^^^^^]^^^^ 

"area of the triangul^ir region , V,-i^-.,i^^^ 

b.y.-twjo im>thodsr-' '.^ ••. r' -'-V'^ 



'*P508 



f 



3* CD is an^ altitudt'. Which 
) 'line segment. is ijhe 'base?^^^ ) 
Suppbse Hv C35 = 6/ 
m ^ = 12-, In inches. 
• Find the area*of region 



. V/S is-an aja.titude\ 

Which line' .'segment' is 

• the ba^e?^ Suppose ^ " -v- 

m WS = l6, m rt'= 7> 
' ^ in inches. Find th.e 
area, of r^gioji -^ST.. 



825 
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Chapter 9 * 



RATIO 



PURPOSE OP UNIT ' 



; - ' ■ • y . 

The purpose, of th^'unit is' to'-' 
build the understanding 'tha,t one use 

> of ratio is to ' indicia tfe^*hpw certain 
physical situations are aljDke in some 

- respects . " ' • \ 

Pupils vrill learn to extract. ' 
-certain properties f rom^physical^ 
Situations, and thjen to express • these 
proper^ieg uslngypairs of niuherals. 

ClUl.dren can useLtR^- concept of 
ratio wh^n co\nparing" two' sets by 
ri)?oting the corres^fJonde^e or Wtching ■ 
, "pf members of one set with the menjbers 
of the other set. , . 




» i 827 

•381 



•4 \. 



• ' ; rMATHEWICAjk/BAGKG^OUND 

In other units* we hay^. d^VeidpedVmath^at has 
prq\red useful in- deloVtbiftg^.sitiia'Uons^^^ the physical 
The concept of natural nuMbe^ ' enabl ed " u^ to -indl^atj^5lJle viay 
in which certain sets werejalilce- : ^l?e krtoW^.that^^a set of : -^^^^ 
apples and t^^at a second k^ii 5 lett^Vs of ^ Jh'e^Ipl^stb^^^ 
cHn be put' in a- one- to-one !cA^e^I^^enc^^^ .|a|'s haVe .-^ 

some1;hing in common' VTe denote the han^iWital prbpfrt5:-*l:n : 
v(hich. we are interested, by the Tiumerai' S. 'V^ have .also ' ^/ • . 
studiecj congruence and ^similari'ty , concepts 'v*^ grew^ out^ ^ 
o^ our desire to compare *t)^e':6ize ^^d/s^^^ of models of ^ ~ 
geometric figures. The- concept of yati? 4^hic>y v?^^^^j^ll aevel.op 
in this unit will give us/ still one more waj'pf ihdlo^3!^ng how 
^ertaiiY physical, situations ar0 alike. v < \ • - { 

• Consider the<oili:>i^g^ prVblemV T^can buy 2 cawdy ^ ^ 
bars for 6^ whiles^ou' can*^ - 6 of. the s^e^ candy , bars 
for 20/^ We find ou^el^^wondering- who ^l^gefet-itj^'the 
better "buy." We 5hali\fesurne thaNb thei^.e l^s '^nb ipeoiaX^ 
^scounl;. forJ^j;ge f)urcMies.'^ Sin^e I knoj^that I rms^ 
present D^^i^r^^ candy Tbars, I dan Visuallsse; m^ 

"candy purchasirig ability as pic^red' below J^^^^^ ^3 
candy bars that I buy must ^QorrV^.I^^f?* ^ pdriniea/ 



1 CANDY 1 


IcandyB 


fCANDY 1 


1 CANDY 1 


1 CANDY 1 


1 CANDY 1 


©'©(g) 


® ® © 


© ® © 



icANt 



ICA<^DVI 
I CANDY I 




^CANDYi 



I CANDY 1 



'The last frame clearly indicates that l^tm (3oin£ better* ," 
than you a^e under the given arrangements, for I am getting 
6 candy bars for I8 cents bvjt you are playing "ZOji for 

6 candy ba»s. ^ 

4^ d 



^,Ex*cftrfy, how^ did .y/e reach' this conclusion? At first we 
- askad* aursgavfe^\^yhat\«eb^^^^ of purchase v^ould be like the ' ' 
* purchase o^^ ;, 2/: .QS^ for 6/. The situatl^ni repxe- . 

^J^^.^^^ ^* parjs^rfT'answer To • sharpen • oui; unde^r-* 
^ standing q^^^ are alike^ . iet us sununari^e 



J 















' 'CANUy'-BARS 




4 

> 




' 8 


3 




^..6 


.12 


18 







Using the p^^^ 



'y.:(^T\\'m entries in our table? If .we 'are ab;e to^ 

y?«^H^^^;^i,.'*^^^ ^ picture of 'the"" situation, we can make thfe 
\y^^'ih'jie:ip^ entry with ease. - ^ . , % 

• ; We'notlcet that an essential^spect. of each situation w4*, 
,J:[^'^K^^^0^^^ can be repre'fented by using a paii;'^ of numei^^:. T^'^ 
v^V/^jr^"^J/rp^.,^^e ^i^st frame, (4/ 12) for the 'second^'^d;' ' \J^^ 
1 V-t'^^" ;?^^)' Xov the tfiird. ' Th'ese pairs can be used'*t6 represent-^'?"^ 
/a property qommon to\all of these situations.. 
(2>;;;iS) we in,tro^LKl[e/ the symbol .2:6 (read ^2 to .6)i 

^ At this pbint (as suggested byi the above 
table) you may wish to. write the symbol 

instead of 2:6, But the first emphasis is - 
on s,eeing ratio a's a property as another way' - 
of comparing two sets of objects and not as a 
nyjnber. Jjater the correspondence' between 
vratlo and rational numbers will be established. 

In tferirfs of the above model this can be interpreteti as itelling 
us tbet there are 2 candy -bars for every 6 pef)|iles . This ' \ 
\ sameNcorrespondence' could have been described u|B.ri^ tYB^ pair^ ^^^^ 
(4,^ 12^ siid't^ie associated symbol ^4:12. Por'the aboVe • ^ 
hiodel; -^is would tell us that there are k candy bars for' \ 
; every;' set of, 12 peanies. Clearly, 4:12 aivt^2:'6 ar^ ] 

different symbols "^hich. we c^ use to indicate' the Same' kind ^' ' , ' 
Of correspondence and we write 2:6 ^J4\12^ Once more, as iri 
the ca^e' of numerals' for frabtiorml nximbers, we Ifave. an ^ 
-unlimited choice of pairs of mimerals to a?epresent the sam^' / ' 
^^roper^y* The common property is 'called a ratio.. In. the preceding T 

829 ' * . . 
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example, thfe- rat^p ot candy bars to pennies is said to 1?^.,.2 ^ 
to 6, --orr 4 to 12/ or 8 to 2h. ' '■ 

\ . - Can-ie teljL how much I will have to pay for ong 'can^y ^^ : 
ljar?^fjwe take anothir look at 'the f-irst frame^ a<s indic^Wd 
below, we see that one candy -bar should cost.me'. 5/. , 



{ 




Then, 1^:5 



is another name for this ratl,o..- 
How''m\ich candy can I buy for l^L "J^xi trying to answer ' 
this question we' find ourselves ^i)i<?apable ■ of describing the 
^tuation'by g,. suitable paij? o'f. numerals unless we conBider - 
theSdandy bars to Ij*? divisible. In •■fact the caYidy bars .are .'- 
divisible although the store owner is not likely to s^l us_^ ^ 
part: of a candy bar.. I? 'he would, jrfe would expect to get 
of a candy^bar Tor" a ^)er;fiy. Hence, ^:"l i^ another -name for : 
•the ratio we have been studying. However>^'if the candy store • 
owner won't cut the candy bar in^q 5 .pieces sb th^t feach , , .•; 
piece is i- of the bpr, this particular* pdiY of nunierals 
doesn't describe a situation that will actually occut at the 

candy store. • , ^ 

we have seen thaf- ^1:5, 2:6,. 4:12, 6:18, 5-^' car) all 
b^ used to desc/ribe the^aSic property 'that each eleitent- of^'the 
first set, the set of candy-bars, always corresponds ..to 3' - . 
elements of .the'secpi^ set, j|e set of pennies. We nJigbt now 
ask. if we can decide Tliich pBps of numerals $arf 'be us^d to^' ^- 
describe this \r^tio--withou,t BLwing pictures'. Clearly, 'any . * 
pair of the form (n, Jni/wffbre n is* a Counting, number wi 11^ 
do. Of copVse, 'if the storekeepV wiil^not subdivide the can# 
bars and' if the penny is the^Smalle^jftiit of mon^y avail^^i^e, ,, 
•only pairs of,.i:he ,f^ir""(n; JnTwyWe- n_ is a (ionnting n{imber 
wiLl repres.ent actual transactions at ^the ^andy counter.. -That 
is, 5:15 and i:|- both represent the same ratio . 5:15^'^ - 
te>ls-us that 5 '.candy bars'" wll^ cost ils' 15;^, whereas ,^:^ 



t 



1 "=5 / ^ 

*ells. us that ^ candy bars would cost «. Since the dealer 

' ^ o> ^^1 • ' 1 \f * 

will^^npt sell us .Mandy bar, does not actually 

describe a poss,ible exchange of money for candy bars as* 5:15 
.does, * ^ ' • * • 

Olie property described by 2:6^ -ts -^hlbited in a wide 
variety oT situatioi^s and is not restricted to sets of candy , 
bars and pennies. Cpnsider each of .the following:, 

!• : There are 2 texts for .every 6 students 1 

\ "2. ^^'^There 'are 2 boy^ for every *6 girls in'pl^ss.. 

The kart goes ' 2 iniles in 6 minutes. 

. * ^ ' *• . ^ 

^ ' r inve'stment earns ,$2 interest for everj^ $6 

ihvesteci, * ^ * 

After a brief considefation you )vill conclude ^hlt the 
tabl'e and the associated pictures Vhich we developed fo^ our 
example of candy bars and pe^nnies would serve equally well ta' 
describe . each of the above situations . ^ For ejcample, in 1., 
we have texts instead of candy bars and students instead of 
pennies. . , * • . . j * ' * ♦ 

Consider the statemei^t 1. li describes a situation 

involving 2 sets: a set' oi* texts and a set of students^ 
y \ - ' • • 

The ^^ituatilon in question,, exhi)?its a property described by 
2:6. We can say that the ratio of niimber of texts to niimber 
of students is 2 ^ 6. In shont, thei:^^ are .2 texts for 
every 6 fetuder^tsl Another name-Yor this ratio is 3:9. This 
indicates that there are 3 texts for every'* 9^ students. 1:3 
also describes- the ratio of the number ^f texts to the numbpr 
; of* students . * 'However, 'the ratio of .the number of students to 
the number of texts is 5.!l> i.e., 3 me/nbers of the ^et of ' 
students correspond to each member of" the set of texts. 
Clearly in making comparisons between numbers of. texts and 
numbei^s of stqdfents ii:^will not. be clear, that the ratio is 
1:3 unless we understand that the first 'number indicated 
refers .to' the. set of texts. TOie order in* which the n\imbers are 
names is important. Any pair of the. f9'rm (;o> 3n) yhen inter- 
preted as n:3n could be used to describe'^e relationship. 

i* - / 
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bety^en the set of texts and the set of studenjbs. That is, ' 
since there are n texts for every 'Jn students, we have a 
si-tuation exhibiting the patio property I:?. ^ Some p^irb of 
^this type are given in the following "^ble. Spaces are^ 
provided for further entries. - , ^ 



^''Texts 


1 


3 




12 








-Students 


3- 


9 


15 


36 









. We' can,^ of course, never hope to list all possible • 
entries. The •pairs indicated in thilT'-fable are ^ sometimes 
called rate pairs since they indicate how many texts per 
student - a distribution rate of texts over the sl^t.of students. ^ 
V/e can visualize what the' table jintries tell us ibout our model • 
sets as shown below. , 
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We mights ask how to determine one of ^crur table entries 
without drawing a picture. In the examp^les we've b^en 
considering the pairs we center, in ovir table are al} of the 
typ^ (n, 3n)" and we see At once that (9, 2\) will 
represent a table entry .while (^•, 17) will not. 

Consider the ratio described by 2:3. This symbol' tells 
us that there ar? 2 items of the first setTor^every 3 
items of the 'second. It^' follows, that i^:6, 6;9, 1;|./ 
100:150, and> in general^^ 2k;3lc =^ would all be other ways of 
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representing, this same property. If the first set -referred to 
Is the set ,of boys in 'school aiid the second set Is the set 6f 
girls, we, say that there are 2 boys for every 3 girls' in - 
school. The symbol 2:5 can also be used to describe a • 
fundamental aspect of what happens when* we have a kart v/hich 
travels at the rate of 2, 'miles every 3 mi;ii3tes. The kart 
travels 2 'iniles every 3 minutes. In either wprds, 
.corresponding to every ^2 .miles stretch covered by the kart, 
there-^s' a .'tim^ interval' 6f^ 3' miniites. The symbol 2:5 

> will describe tl4e correspohdence e?chibited here if we ^choose 
^the elementSrOf the first se,t to ^be! distances of one mile and 
|:he elements of the second .to be tin^e intervjals of one minute, 

\ The aspect of 'the- m9vement,;oi; the* kart is' equal^ly well 

described by any' symbol, of the.f.Qrm fek^k. S<jffie such pai'rs 
»re. indicated below, - The symbol ^D:6o represent^ • *"^(3 ' 
miles for eacl> 60- minutes". 6^ ".4o ' miies per-hour," ^ 



9 ♦ 


Miles 


2 


V 


-5 


10 


30'.. 


1 
? 


' 1 


. 2 


40 


* * 


Minute a-* 

> 


• 3 


6 


15' 

T . 


15 


-45 ■ 


3 
? 


r 


•1 


60 



At 



r 



): 



Situa'fions in which the 'correspondence of fcv;o sets can 
be described' as above" by means of^ iJairs,,af numerals of the 
type .(ka, kb) or ka:kb all possess a property palled 
the ratio a:b. <> each collection of a* members of the ' 
first., set, there corresponds a Jollecti'on of b members # 
of the second?^ If two pairs of ♦numerals represent the same 

^ ratio, .we iise an equals sign to show, that they are different 

* » ^ ^ ^ . 
lanes for,.. the same ratio. For example^ ^ 

• • ' ' • i> . >^ * 

5.:10 = 4:8. 

V, • . ' _ • • .... 

A'\ statement 'of this type is called a proportion . 
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Hov; can we tell i-f tv;p symbols, for example ^:l8 and - 
^:52, represent the same ratio? ^.The syjnbol* 6:l8 tells us 
,that there are' 6' members th^ first set. for every l8 " / 
'memberg^of the second. This is the same as ,1 member of 
the first set for every 3* m^bers of the second set. That 
ia, 6:l8 and, 1:5 4re different names for the -same ratio. 
Similarly/ 8:52 and 1:4. lire ^di^feren? n^es-for the same 
>atio. These syrabqls 1:5 2.nd 1:^ clearly describe 
differen't correspondences and we concJLude that' 6:l8*aflid 
8:52' do not represent the same ratio. , . . » . * 

In genei^al, a:b (a ^ O) and. (b / oV represents 
the. same ratio as 1:^ while^ c:d- repjresents the sanre'r^atio 

as ' (c /O) and (d / oT., It^fol^ows that a:b an'd 

\ ' ^ b ' d * 

d:d can represent the saifie ratio if and only if . -r- =* 7-. / 

That is, a;b =^ c:d if and only ifi ad = be. USing' this t^st 

we see immediately that 6:18 /^8^52 for 6 x 52 ;^ I8 x 8. 

Consider ^ situation in whj,ch over a f ixed.^period of time I 

can earn $1.5P on a $50 investment. From what' I know 

about siirtple interest, I would expect to get $(3.75 on a 

$25. investment, $0v.05 on a $1 in-^^stment, etc. If,' as 

before> we use. a^ table' to' exhibit .these results, would hav^e 



Dollars of interest 


0.30 


1.50 . 


0.75 


•• 3 


0.03 


Dollars invested J 


10' 


50 


- 25 


100" 


i 



*The property common to all of these pairs is the ratio 
0.50:10. In particular note the pair (5, 100).' This can be 
interpreted to tell us tltat we receive $5 of intey^st for 
every $100 in^sted!. If w., -se this pair to desfrib,e the 
ratio property, we write 5:100 and indicate that we get a 
return of 5 pgr 100 or* 5 per ■ cent .<^ Here cent' used to- 
indicate 100 ^s it is in the words cen^tennial, century, ' 
centipede, etc. We use the symbol 5^ ',(^pead^ .5 per cent). , 
to describe how oUr interest compares dollar, for dollar y3±ih\ 
our investment., v. ♦ ^ * * 



Intstudying correspondences between two sets, v/e were , 
ledj to the concept of ratio. Think about the foilpwing 
sta^tements and ypu should begin to appreciate the wide ^plic 
bility of 'this new idea. ^ 

r 

* - ^ * » '' 

!• ^ The population is 2&0 people per square mile* 

2: ^^The car traveled ^100 yards in 6 seconds.^ 

5. • The recipe calls for 5 cups of 'sugar for every 
cup of water.. 

' • • ^. The *scala on this floor plan is - 1^ Centimeters 
per 10' feet. v . ^ 

5, I can 'buy 2 ^sweaters for $7. 

6. My investment is ear^iihg interest. ■' . 



It will be recognized here that ratio is not presented 
,as a number. On the second page of* the .Mathematical 
Background\»atfb is called a property belonging tc two sets 
and the symbol used for ratio describes this^property. The 
^imil^rlty 'of T:ha words "i^atio" and '"rational" may suggest 
soijie^ close relation between ratios arid rational numbers,, 
and such relation does exist. But the fq|ll significance of 
this relationship is not possible until after the 9tudy of 
multiplication and division of I rational nvuubers, .The final 
section»6^ this chapter is intended ^:o^est^blish ^an awareness 
in the pupil of some similarity between ratios and rational ^ 
,>humbers. ^ . ' " ^ 



1 
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"TEi^HlNG THE'UNIT 



The lessons in this unit are divided in two * 
parts. The first pa'ft is of ^axi exploratory pature 
artd- is to be developeS-tl^y the teacher and the, \ .* 
pupils working ; together . ' ' . ^ • ' ^ ' 

'The second part is composed of an'exerj^ise ^ 
set for children to wo^^k' Independently * Eacji r 
exerci'se in the set should, be^ discussed with /the 
pupils after the set hap been cojipleted/ "^Many of 
the* exercises are designed -to ^cajnjy a^ bi^ fui^h'er 
€he ideas presented in 'the teacher- pupil explora- 
tory^period* »^hese ^xerci^es 'also provide for ' « 
more clarff ication- of- the concepts th^t are being 



developed 'and -for practice an<? drill Work? 



r"' 



Each teacher should feel free to adapt the , ^ 
suggestions presented to fit her me thdti of , teaching'' 
and 'her group of pupils.. -As ^hls^miit.is $n. ^ 
introduction to 'rati'oj it is n'bt-e^ect^d that 
pupils ,will develop polished skill's, for example*, , 
in finding different nfcnes^for the same ratio. 
However, many children will -develop- considerable ^ "^^ 
skill Xt given an opportunity to do so, • The primary 
purpose is to "help 'aH of the *p\ipils-*develop an ^ 
tinders t'andin^ of rat4.o. " ^ 
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.INTROIUCTION TO RATIO 



\ 



Objective: To introduce the , meaning of^atio and to * 
* ♦ • " sHbw h^w ration can be represented by 
' using two numerals. 



r To develop the understanding that two 

sets are being compared when' we speafk of 
ra*tio anS that i^ i-s essential to^kno'w - 
\wha1; the physical situation iis^'in order 
to interpret the symbol which describe? 
the ratio. 



/ 



Materials: Plsmnel board and cut-buts, a variety of. 

* objects which 1fian.be piaced in two sets / 
* ^ and then ^matched, such as: :re'd and / 

black checkeirs*, sticks, " cubes/ pencils,^ 
scissors, pieces^ of chalk, erasers, books; 
in fact, almost ^ny objects c^ommojfily found 
U * ♦in a classroom* , ^ 

fChtflkfeAard^ chalk, pencil and paper for 
. ^ ,each pupil 



t. 



** Vocabulary: ;patio, f irst\nuinber, second number 



ERJC 




I 

;5agges^ed' Teaching Procedure > 



^^Pupil -books can be-^closed fpr ^this work, 
'present a number of physical situations 
.which exhibit the -ratio of. 2:5. 'For 
example,' you .might start by^ saying: 



"Here are two sets - a set of chalkboard erasers and a 
set of pieces of chalk. What number is associated with the 
set of era'sers? ^Yes, it is 2". What number is associated 
witb the set of chalk? -Yes, it'is 5, How many sets do w6 
havei^'i I2) ^ ' 



J 



Follow this same procedure using other 
physical ob'jects^, always having 2 members 
in the first set'and 5 members i^n the 
second, ^ • ' . 

The flannel board could also be used 
for this exploration. You could also use 
the 'chalkboa]^d^ drawing such pictures as 



X X. 
000 



or 



□ ^ 



Any other's which the ratio- 2:5 describes 
\could also be used". 

' Your goal is to elicit from children . 
the respons'e^ that these situations are 



alike" in some way. Your principal con- 



ii 

cern'is that the children observe that 
there are 2 sets and^ there is a matching 
in each instance of 2 'members of the ^ 
first set to- 5 members of the s'fecorid ' . 
set.. ' , ' • 



&38/ 
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Emphasize that the •pproperty of the 
"""first se^ >iaving 2 ^ members and the ' 
" second set having 5 member^ is calred a 
]^atio. T!he symbol vjhlch, represent^ ' the / 
ratio is written 2:3. Note t^hat 2':3 
is a< symbol and not the ratio> Just as. 8 
is a numeral and ^ hot ^hex number. Th^ 
symbol 2:5 is read as "two Tor three", 
o^ "two per three" or '^two to three." 

, .Show other matchings using the objects, 
flannelboardj or pictures ypu draw on the 
board. Suob ration as 1:5, 5:2, and 
'5:2' might be used. Children should first 

• Identify the two'. sets being compared, such . 
^s *"A set of red checkers JLs the fixist set 

• aind a' set of black- checkers is the Second 
•set"- or "A' set of pencils is the first 

set. and a set of erasei^s is -the second 
s^t . " This is to .help children be arware 
of the"fac-t that tl^epe are- two* Sets and to ' 
be able to .identify the *two sets. This .1^ 
necess&ry because when a.rat/l,o Is expressed 
by* the /symbol / it . is! necessary to kno^/the 
set to' which each numeral ref-ers. 

Children could .write the symbols on 

• the board >hich express the ratio in, each 
case where yqu are using objects, the flannel 
board/ or piobures on the chalkbdatd. They 
sh'oal.d then "read"- the symbol, noting es- 
,t>ecially to what each numeral in the symbol 

' refers • Fojc e^fajnple, if* the two sets are 
pencils and pieces of cha^k and the symbol 
showing the matching is 1:3 > -the pupil 
should say, "The ratio .is one per three.***/ 
(or "one to three" - pr "one for three") 
' In this c^se, it means 1 pencil to 5 
^'pieces of chalk, ' .^^ * . 

This ratio is the relationship ex- 
press e'd by "one per three" and it is 
iaterpreted in a physical situation as "one ' 
pencil per three- pieces of chalk" . or as 
^*one pencil for each "5 pieces .of chalk.J* 
Give children opportunities to read 
the sj^bols for ratios such" as 8:1 
(ei-gfit'per one,' 5:5 -(three per five), 
7:6 (seven per six). Then ask them to ^ 
think of- a physical situation to go with 
each 6f these ratios. A. Qhild might say 
for 8:1,, "This is-read eight for onejand 
it could 'stand for eight boys to one girl." 



\ 
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It would be vfe3^,to go from this symbol 
of 8:1* to 1:8. Both of these rartios 
could describe the &ame physical ?itudtion 
but not in the .same way. The jTirst i3 
Interpreted .as 8 boys to 1 girl while 
the second is interpreted as 1 girl to 
8 boys,. In each case, there is a-sQt of 
8 boys and a set of 1 'girl. Thus it is 
"important that we know the situation from 
which we have extracted the tatio of 8:1 
and 1:8. Exeixsise 6 in, the Working. To- 
gether section^s designed to develop this 
ide^. < ' '/ ^ " ^ 

After the above development, the pupils 
might open their books. You could "^quickly 
go over this section with them^ asking, 
^"Does'this tell approximately what we have 
""learned?" In this Working Together or. 
Exploratory' section. Examples 1 and 2 focue 
on the idea of twa sets being compared. 

Example 5 of the Exploratory section 
develops the 'idea of ratio and how the 
symbol is .read. 

Examples 4 and 5 give pupils oppor- 
tunities to study situa^tions that occur^irf 
life (physical situatiqn). and to note from 
them the ratio, '^l^en they write a symbol 
which expreaipes -thi^ratio. 

In Examples 6 and 7 we develop the i^ea 
that^it is necessary to know the physical 
-situation. '^You- might now- go back" to 'Example 
5 and connect, for example, that- the rati6> 
symbol for can be either^ ?.:12 or 
12':i. But we* must Ijnow to what the 1 ^and 
the 12 refer'. .This same reasoning, apjjlie's, 
to -Example 8. Thus, all four of these . 
situatipns can be associated with the symbol 
5:5.. Ail that is necessary is that we know 
to what sets the 5 and' the 5 refer. 



Exercise Set 1 provides for. further 
clarification of tEe' .concepts introduced. ^ 
i?or example. Exercise 4 of this set Is in- 
volved with the idea we've Just discuased. 



> 
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RATIO- 



INTRODUCTION TO RATIO ^ , . 

Every , day .you hear statements like these: 

- (a) -gill said, "l bought two pieces of candy for 
four pennies." . ^ * ' ' 

,(b) "l made two dolls in' four days," remarked Mary.' 
^ (c) "jack'ma'de tWo hits in- i^our times at bat," 



stated Mike\* 



(d) "My father dr<pve two miles in four .minutes, " sa 



Helen. 



These statements are alike in several wayg^ ^ Two sets are 
. given in each of them. In the first statement, one of the sets 
• is a sfet of pieces of cand^f. The other set is* a set of pe 



a set of penniea.-\ . 

1. What are the two 'Sets in .statement (b)? in (c)?i^in (d)rv^ 

in each statement, the ' two sets are matched. In 

« * 

statement (a), 2 candies '^t»e matched with 4 pennies: A • 
picture migh^t show 'it this* way: « • 



J 
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. In statement (h), 2 
dolls are matched with- 
4. days. ^ ^ 

"monTitues. I wed7ithur. 





Iii- statement? (c), >2 (jLt) are matched with^ 4 (jlz^-^/^) 
In statement .(d),' 2 j*^) are matched with 4 (^ ■ ^■-'^■■ ^ r/ 

In each .of ^the statements & members of the first set^are 

* ^ •» ' ' • ' * 

matched wit^h 4 members of the second set. This is the 

idea of . 2 to ' 4 or 2 per 4. Statement (a) matches 

2 V candies to 4 pennies. Statement (b) matches 2^ dblls 

to 4 days. > • ^ ♦ 

- In all the statemen-ts two^ thin'gs, are matched* with--^ ' 
four things, .in statement (t)),'we say the ratio of' the 
number of hits to the number of times -at* bapt is g tb 4. 



Ratio is a new, word to \xsk Ij: >is a symbol which 
ns two numerals. It is a 
nvunbers of. two sets of objeqits. 



a • - / 

contains two numerals. It is a way of compari^ng the 



The w}ay that we express the ratio ^ 2 ^for 4 
is 2:4. ,3?his symb9l is read^"two for four" or "two 
per fovir*. Two numerals are 'needed to express -a 
ratio. ' ' • - . - ' ' 

Read these ratios i 

3:10 '^:15. .2:5 1:3 5:2." -1:.2 ^ 

• / 

. « ' • 

. ■ .. ' - 842 ' . f ' ' \ • 
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Tom can v;or]c two problems in four minutes.. 

V/hat sets are being compared? ■( .^w*>-iL^ ^.^..^..^..Jjk^^ 

What hume rajs* vJSi^c^ you' write to express this ratio? (^:^) 



Jean cai\ we^rk flv^ problems in four minutes « 
"How would you ^press* this ratio?. 

* 



In each of the following, name the two sets that are 
being compared. Write the symbol for the ratio that 
compares the tv;o sets. ' , . 

^ X 

(a)' "I can travel one mile in twelve minutes by using 
the Boy Scout p^ce," said Lee. ('^♦-X 

-(b) The speed limit on the. highway is sixty miles per 
hour. f.»-4-*w/X^^ ^^:*) . 

{o)\ John ate three peaches to Perry's two peaches. ^ 

(d) , -Helen w6n 'three out of four games. ^ 

(e) Charles rode his bike to school eighteen -times 

"^in twenty .days . /^:xo^ 
*. ' ■ 'J 

(f) Dickc^ate lunch at scl/ool*four of the.]^ast five 
days . C ^'^^^^ .^^<J^^Lyu\ ^ 
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The cook at the Boy Scout camp < 
said: Vl'will bake four Q ' @^ @ 

doughnuts for each two boys\" 

What would you write to 
express thi^ ratio? If the . . '.^ 

cook said, wi^i.ba^e some' doughnuts so that there are, 
two boys for , every four doughnuts," the ratio would be 

i 

When •the cook said "four doughnuts for each two, 

boys" the*'rati9 wa^ . W^en he sai'^- "two boys for 

' - 

every four doughnuts" the ratio was* 2:4. - ' , 

To under^3tand the symbol 4:?, we need to *know 
th^t the .fir^t number- (4) represents the doughnu'^s *andi 
that the second number (2) reporesents the boy^. . To 



interpret .y-^^^: 2 then, we think "four doughputs ,to two 

/ 

boys/" This means- there will be. \h members of the . ^ 
first set (doughnuts) to ^2 members of^ the second set 
(boys). The symbol 2:^ means tWo boys to jPour 
doughnuts.' 'it^Veans that there vJili be 2 members of 
the first set (boy^) for 4 members of the seccaid set** 
(doughnuts ) . , • , 

In order to know^what a symbol ^uch as.^ -2:4 
could mean, it helps us to knoW^ the situation which 
gives us 2:4. It might be 2 boy^to 4 girls, 2 
sn^es to 4 frogs, 2 ideas to h plans. Name som?' 
other/ Situations which are 2:4. , , 
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The picture . Shown below shows ^ dogs and 6 cats 
We ^an say, "There "are four dogs to six cats," ^' 




(a) 



(b) 



/ 



What ratio exgresses how the set oC dogs compares 
to the set of cats? 

' We could also say, "There are six oats to 
four dogs." 

What ratio^' describes the matching of .cata \o dogs? 

^We can us'd. a pair of numeral's in^two cjif*^*©^*^^ 
ways to describe" the same matching. When these are 
interpreted correctly, they still tell us the same 
thing*'- "Ther^are six cats t© .four dogs." or 
"There are four dogs-' to six cats.""-^ 



"Which .of the ^following are "3 - to 5" matchings?' {a^ c] 
Which qr^e following are "5 to 3" matching^? 

(»a)/ ' There lii^three bicycles for Xive' children. ' ^ " 
(b) For every tive boys in Susan ^s' class there are 

three girls. - • • 
-(c) ^ Ton\ *h^s three marbles for every five that Dickf has/ 
(d). The train* trayeled five miles in three minutes. 
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Exercise Set 1^ ' - 

In v/hat way are l^hese situations alikfe? A.*^ ^ 3J\ 

(a) Henry walks 5 miles an hour. 

(b) / In our IJlf th ferade room, we have 3 social studies 

, books for each pupil, ^ ^ ' 

» • >, 

(c) /'^hat big truck can get c5fily 5 'miles- for each • 

gallon of gasoline, • . I ^ 



JXi Exercise « 1 ^ name the two sets^that are being , 
compared in (a), in '(b),.'' and in • (c), "* • 

V/rite> in words, how you read each of these symbols; 
(a) - - U:l ( .^^^ J^cp^ 

,(C). 1:6 (tr^^AU^ St <^/^^i*^J • 
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4. Study these pix5ture'3.; Write symbol which describes, 

the comparisdjn. ^Theji write a sentence to -tell what this- 



symbol means . * ^ 



|Condy I jCgndy KfCondy t ^ 

\ (^^:S^^ fl-t-^ A-^ zILkk 



O 0 



(c). 

• » * 

i' i 






. ERIC 



847 

' 401 



For each of these situations) write a symfeol which expresses; 
the ratio. ^ , , 

(a) Ne^ad 2, bee* stings for one that Dlclc had. {2:1) . 
'^b) For o\ir Halloween party> we had 5 sheets <'6f oraAgfe ' 

■ paper for* 5 • sheets of black paper. {^-^-^ 
^C^) The speedometer on Steven'»s 
*bike showed this-: (.5^? 0 




(d) ' Two bags of potato chips cost twenty-five cents, (jr'af) 
. (e) Jean can work four problems in five minutes.- i^*^) * 



6, ' Dr^w pictures, which could represent comparisgns ^ * 
• described by thes^ symbols: . ( ^ p^^jt^ ^^y%f<t^ 

(a) 6:l' (b) 5:2 (c) 2:3, 




7. Sandra apd mrk read this sentence: 

On Jphn«s farm there are 5 lafahs pff 5 mother sheep. 
Sandra wrote 5i3 to &how this comparison.' Shenr-said, 
. "llmdw there are 5 . lambs foi? 5 mothers." ' _ _ 
Mark wrote 5^5 to show thip matching. .He s^ald/^ 
• , "I know there are 3 mother sheep fpr^ 5. lambs." ? 

" • * Who was correct Sandra or Mark? 



biPBteRENT NAfffiS FOR THE SAME RATIO 



Objective:' To develop the concept that a ratio has many 
names and to give practice in finding, in an 
intuitive way/ some of these^names. 



Materials: Flannel board and cut outs, a variety of^ 

objects as used in the first section of t^iis 
_ - ''^ unit, chalkboardL and chalk, paper and p.encil 

for each pupil. 



7 



Suggested Reaching Procedure: . 

* Pupil's books can 'be closed for this 
introduction. .It migh^t be .well* to start ^* ^ 
with the example given in .the pu^)il text". 
^ The buying of suckers for pennies has been 
' an experience most children have had. ^ 
'''^'i Explain .that't^ two sets are<i^uck6rs 
arid pehriie-s. Use o^^^ts to'show.tnis or • 
illustrate ons fehe flanogj* board. 

Arrange /ite objecl^like this: 
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Have a pupil write on 'the board' the 
symbol that describes this ratio' (2:^). 
Have another pupil read this symbol 
("two per four") . and' still another 
describe what the'^^'Bymbol means in this 
^ problem ("two candies for -four pennies"), 
Ask if another way of matching the 
stickers to, the pennies can be found. 
Pupils might arrange the sets as four 
pennies to two ..candies (which you are 
r^^ly not searching foi?!) ^ or as .one f 
okndy t^J^wo pennies ,( which you are^ 
searching for! ) - 

. ■ ' 403. 



Sh*ow 'the'^matching as. 



\ ■ 
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Lead piuRils to see that the matching of two 
candies to 'four pennies could be done also as 
1 ^<5andy to -2 pennies. Have a pupil write 
Qn the board the symbol- for this ratio. ^ Have 
another child read it and interpret it 'in 
''this 'situation. 4 

Explain .that 2:4 and 1:2 are dif- 
ferent names for the same ratio 

jShow on the flannel, board or v/itji objects 
this iTiatching: _ . • 



Ask chiife^en to write symbols which express 
the ratio of t6e number of candies to the • « 
number of. pennies: They should suggest the 
symbols ■ ' ♦ . * 

, 5r6 and perhaps 1:2 

Bring out that 2:4 and 1:2 and 3:6 
are all names for the same matching. That 
is, there Is always one candy to twd 
pennies. : ' ^ \ 

„^ Use other matchings" with different 
•^objects to illustrate the idea that a ratio 
has many names. ✓ 

%^i,.^^p)il books might then be opened^ 
Teener and pupils can work together on the 
Ixpforatjory section to be sure the concepts , 
\ are being developed. Exercise 1 of this j 
^seciciOn sJapws several names for the same 
ratio. FlipiLls '.should be able 1^o*'sufJply the 
second n^ber oil .the » symbol on the last part 
,-^k7f* this exercise. The latter .part leads 
.naturally to the^ide^ tha^t there are^-^ore ' , 
-different names** for a ratio than can be 
counted. " , . / ^ * 

' ^ . 850, 
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Exercise^ 2 of the exploratory section iV 
designed* to emphasize the idea of having .many^ 
names to describe the same ratio. ' Jn part> 
(a) there are, of -course, many ways of de- 
scribing the ratio- of the number of boys to 
the number Qf> girls . The name sought here 
is 10:20. In (b) th^' name .'sought' is 2:^^,* 
in*(c).lt is -5:10. ' Part id) asks for still 
more, names for this '-sam^"^ ra-tio. ^ ' 

' Exercise/ 5* of the exploraftpry section 
gives praeWce in wi^iting s^anbois? f or ratios . ^ 
The symftofTN:)r' the firsts ratio might be 8:6 
or 6:8, but we" must know to whioh^set each 
numeral ref ers . , There woulcj^ be many suitable- 
names -for this ratio, such ''as 6:6,. ^hj, 
I6rl2, ^^0:50^ and 12:9^ 

It may* be necessary 1;p work v/ith a. 
ntunber of sets .of'objecte or. with a number 
—of illusti*a1?ions with^the flannel board <^r ^ 
on tlie* chalkboard, to develop the idea that 
there are many names for the. same ratio. * 

Beercise Set 2 gives further opportunity 
to develop this concept. In each of, these 
exercises, the sjrmbol descrj-bing the ratio 
can be either of two, depending on how the 
'liiatcfiipg of sets is done. ' For E^fercise 1 
(a)^ for example, the symbol can be '1:5 or 
5 ;r~ but each of thes^^ refW to 'the same two 
sets * V » - • * ^ ^ ^ f 

] ' ^ In Exercise 2 of this Exercise Set 
different nazr^es for the same ratio fire de- 
sired. . ■ * - . 

Exercises 5 'and 4 lead to putting dif- 
ferent najmes for the samS ratio Inj tabular 
f^iyn. ' ' > 

• . Exepcise 7 givres the children an 
Opportunity to be original and creative In ^ 
their thinkiijg, t The basic 6oncept of ^ ratio ^ 
will be needed here - 2 -sets^- and.*a^ 
matching of tlfe .members of on? ^e.t witft the, 
members oJ^ the other. * -The^ children's y 
drawings can be'th^iee different pictures, • ^ 
each showing the ratig" 4:1 or th^ can 
*u^^ the same sets to show 'diffecent napes 
for the ratio ^:1. ^ 
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' DIFFERENT NAMES FOR THE SAME fiATIO ' , ' ^ * " 

When Bin bought 2 .^and^ for .4 pennies, ^fe deBbribed 



this matching by writing 2:4r^Q read this, "two'^^^o fouW 
or "tv;o per fpur." ' We know it means "two candies £or.^/our 
pennies/' 'We drew a picture to represent' j^bls-^- ' ^ 

7 • 



. - ^'S ® ® ® • • ' 

can we show this in another way? Look- at IJhfs picture* 



- I T 

yThis' same matching could be j^'described'b^ the symbol 1:2* / 
This means 1 candy for v2 pennies. Study pictur^. 

We could also use the symbol 3:6.1 This meatjs ^3., cancTies 
far 6 pennies. ' ' » > ^ - 
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Look at this picture. 



I 

I ® ® ® . ® ® ® ■®, 



fife can describe this jlk at)other vvay .by writing 4:8. 
What does this symbol mean? 

. v'^he 'symbols- 2:4 ^ and 1:2 and 3:6\ and - 4:8- 
are all ^correct ways of. expressing the same comparison. 
There ar^ many symbols which describe matching. We can , 
refer to it%as twd ^per four, or one. per two, .or three 
p^r six, or four peia? eight. Give other names- for this 
same matching, v " . 

Write the second' numeral to show other names for the 

ra1W.o,of number of candles to the -number of* pennies, 

•* ; • 

' \ 5; 6: IX 



7; ■ '. 8: 



■ ' How many diff.erent names will there be? . 



: ■ > 853 
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^Look at this picture of»a'.fifth grade- ^^gr " 



(a) What is one ^jay of V'?riting the ^s^bol which 

repres^ts. the ratio of boys* to* girls? {/0:2o) 



(b) This picture 3hows the class lined up in a 
. different way. , - * . , 



MM iiM MM \m 



V/rite a symbol to express this ratio of bojrs 
to girl-s. •.'^3 . 



4. r 



i 

c 408 



V 



This picture shows Still , another way of lining up. 
this same class/ What symbol expresses this ratio 
^of ^ boys' t^o 'girls? (^"'•>'^/ 



V • - . .. ^ ■ ^ 

All* of these are names 'for the samq ratio. 

Cbmple'te these symbols to sho\^ they^are name^ 

'* - , ' *\ 

•for the same ratio ;^ , 

• ^ , 10: ' 2:: V' 



50: /oo 2^: V-.^ ^ 



21^: 5^-?'^" 



When we are matchljig one boy to two girl^,- 
there are mor^^.names to show this Kiatchihg than ^ 
we can count. VJhenever are* matching one of 
a" set .to two of another set, we usually' write ' 
1:2 to express this ratio. 



855 
409 
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5..\ For each of t>hese pictures, t^ll four names for 'the ratio. 
, , (a) 8 saddles to' 6 horses^- • (b) 4 flower^s to .1,0 bees 

• • ■ - .5.^ f V. p> ; - . '|p. -^ m |p .: 



(c) 5* .dogs^td 12 bones - {^) 9 sweaters to 6 skirts 



Mummn 



(e) l8' beavers to 6^ beaver hoifseS " 



.6 squares to k circles 

.o ooo--; ^ 



*»;• >• 



X 856 , ■ 
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Exercise Set 2 <■ ■-*. 

You kriow that a ratlq has more names than we can count. 
Each picture has two sets. Compare the first set to the 
second set. Write four oames for the ratio suggested by 
the picture. ^ 'i-a-'^ 



(a) 






(S:*^, L:^j 9:i3j I2!i^,^.) • 



(c) 










ERIC 
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For each sentence write two names for the ratio suggested 



by the sentence. Tell what the names mean. 



(a) ^George was going 5 miles per ftour on his bicycle. 
( 5-:/ , /^.-a -Su^Ky. 

^ z^?.*-.^ fAx-ifz^ J^^^^. ). 

In the baseball game, Neil was getting 2 hits for' 
every 5^ times at bat. ^ ^ 

The cookies cost 5 for 5f^^(^'^j ^*^^a ^-^^^'*-«**^/^« 
In Franklin School there are 5 ''girls for every 



(e) 
. (O 



4 boys/^^^ ^^^---V'^V^. \ 
The tfain was going 4 miles in 5 minutes. 
The airplane *was. going \L0 miles in 1 minute. 



This table shows several names for the same ratio. Copy 
it and fill each .blank space with the proper numeral. ^ 



■ 2: 


5 


1 ■ 




6 




6,' 


( 












15 . 




1'2 








'21 






'24 




18 




His- ^'^) 


20 




{2o: 30) 


2n 







BRAINTWISTER 
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4, ' This tabl.e' shews several names for the same ratio. *Copy 
it and complete it. 



5:4 



10:8 



20:- 



:20 



— :24 


55:28 


40:^fl^- 





^ 5* ij^rite the letter of each sjpbol which is another name 
' 'for the ratio 8:l6. (a- j j A j ^ ^'^^ 

(a) 4:8 ~. " (c) 1:4 . (e) * l6:^ 

• ^ (b) ^ _ (d) 5:6 (f) 9:l8 

6. I>raw two pictures of cowboys and Indians like this to 
illustrate the ratio 5 ' per 9. ( /i^!c23^ 



8. 



Use any pictures you like.. Illustrafe^with 5 drawings 
the ratio shown by the symbol 4:1, (f 

Whit symbol could you write to show the' matching of one 
member from the first set to one member from the second 
set? (hj) ^ 



§. Express each of these matchirigs as a number pair .using 
the word I' for" or "per.>" 



(a) 
(b) 

"5(c) 
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Jean can work 5 problems in 4^ minutes. ( yaitrV) 
John ate 3 grapes for every 2 that Perry ate. ^ 
The speed limit is 60 miles per hour. ^^^^ y ^ 

859. ' . 
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MORE ABOUT NAMES FOR THE SAME RATICT , ..... 

'o"bJective: To further develop, the child's concept of ratio. 
To develop some arithmetic v/ay Of finding • 
different names f<?r the same ratio' 

* ' Materials: Flannel board and cut-outs, a variety of 

objects such as those previously u^ed; 50 
slips of blue paper and ^0 "slips of red 
. paper for each pupj.> (or any other .material}' 
^ such ap colored sticks, so that each pupil 

migh-t have 2 sets vrlth about joSnembers ' 
in each) ^ f. . f 



Suggested Teaching Procedure: 



7 




/ The procedure as presented^ in the pupfil 
rtext is in, sufficient detail td follow. 'This- 

c^n be done with the texts ppen, teacher-,,and. 
. pupiis working together^ 

Comments regarding Examples l-S^ Ex- 
ploratory section. Pupil Text.. 

* » ^ "'^ " . - . 
Example I is of a review nature. 

Example 2 M^s designed" to develop the 
idea of finding new names 'for the same, 
ratio. In Exerci'^e 2 (a), (b), *(c), because* 
6:l8 and 1:3 are names, foi;* the same , 
ratio, we can write , " ' ' " 

■6:18 = 1:3. 

We do not call this a "proportion," * 
l^tt4Liner^y innate that the ecjual sign "tells 
us^^ia^^^'-fete'-S^bol 6:l8 and 1:3 are name% 
for^the-same ratio. Exercise 3 carries a 
bit further the idea ^of different names for. 
the same ratio. Exercise 5 gives, the first 
hint of a way of mathematically determining 
names for the same ratio/ It, ie here that we 
will probably need to move slowly so that a 
good foundation is laid upon which' to iDuild 
in the la^t part of this unit. 



860 
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Example 6 has the children working 
with slips of paper (or other objects) to 
set up a variety df matching of the two sets. 
Past experience inciicates that children can 
grasp the concept of ratio quite readily ' 
from this type of alctivity. It would Ije well 
to have many exercises based on the matching 

of these slips of paper. Develop these . 

exercises* as is done in the text for Exefrcise' 
6. . , 




Example 7 of this 'exploratol^ section 
provides practice in grouping in matching. • . 
All children are not expected to be able 'to 
solve these without^ the use of manipulative 
.material. These 10 problems, can be solved 
by using sticks^ as a "helper." 

Examples 8 and 9 give the child an 
opportunity to demonstrate his understanding 
of different names for the same ratio. 



-'Exercise^ Set 5 demands even more abstract 
thinking from VFie child. Exercise 3 of Set y& 
contains some symbols which cannot Easily be 
determined with sticks br slips 02/ other 
object. ' ^ ' , 

Exercises ^ and 6 of set 5 give practice 
in working with mathematical sentences v 
concerned with ratio. ' ^ \ ' 



861 
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MORE ABOUT NAI'ES FOR^ THE SAflE RATIO 

When we sRealc of ratlo ^ we immediately think of sets, ye ' 
kno\r that members of the first set^ are matched v/ith members of 
the second set. 

1. Name the liwo sets in each of these- situations : ; 

^ (a) A fifth grade girl' had 8 envelopes for every 12 
^ ' sheets of ^di^ev , / ji^>..^.J^ .<J^ ^ ^2^f^^ 

(b) - The soldiers had 56 bullets for every^^^2^mis^^^^^ 

(c) The boys rode ^heir bicycles h "^^^^^J^^^^^^J^^ 

(d) At the fifth grade party there were 12 cookies for 
every ^ -children, ( c^n>JLjL^ tJLU*^^ 

(e) " V/hat syxnbpl names the.rati^in (a)? in (b)?'.'^^'*' ^ 
(c>^^''in (d)?('^*-^^ 



in 



Some bQys^vent 6n a camping trip: There were 6 tents 
for iS^'^'^Idovs, The same number of boys^ slept in each 
tefit. ^tydy these pictures. T - 

(.a) If/hat are the two sets? a^./*^) 
One name .f6r this ^ ratio-Is - 6:1&. ^ 



-/ 
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It tells Us there are & tents per I8 boys, 

862 . - 
'416 , - • 
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(b) This picture shQvvs us another name for this same 
ratio is 1^3. What does this symbol tell u^? " 



»M» 



Because 6:l8 and 1:5 are both names for the 
^ game ratio, ^e can write: • 



6:18 = 1:5 



/ - 



We can read this mathematical sentence, "Six to , . 
eighteen equals one to- three" or ''Six to eighteen 
is the same 'ratio as one to three." ,In this problem 
that means "6 tents to iS'boys." 

fc). is 'this a true mathematical sentence? 

6:18 = 3:9 ' - - ^ 

'Because 6:l8 and 1:5 and 5:9 are all names . 

\ ^ * 

' for the same ratio, we /can write 

6:18 1:3 = 3:9 

■ This tells us that 6 to l8 and i to - 3 and 
* 3 to 9 ..are names for the same ratio. VJhat is 
another name for 'this ratio? Cjl: (> j ^ • * '^^ 



863 
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These pictures also illustrate this same ratio between 
numbers of tents and numbers of. boys^, 

•' -"1 



4 



(a-) What svmbol can we use to . express this ratlc 

A. A. 





J 

(b) Using the picture to help us, wh^t new name can 

we write^for this saiifie ratio? 
f 







864 
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{0} there were'^^ tents, this picture shows how 

^ ' many bo5« could go camping. V/hat new najne'^ 
expresses thl's ratio? 

Mi. ' " ^ A. A. . A - A. 










4 



You see that in every case the ratio is the same. 
* We stil'^^jnatch 1 tent to every 5 boys. 



4« Drav/ a picture to^ show how many boya could ,^^go camping 

if there wepe * 8 tents of this size/ ^^^»va*-^^ ^-'^^'^^^ « 



V' 

• \ 



5» Draw a picture to show hoyj many tei>ts would be needed for 
27\ boys. (:UU^^J^ A ' 

' Here is a table which shows this •information: ^ 



Tents 


1 


2 


3 




5, 


6 




8. 






Boys 






9 


12 




^> 


>2i; 




•27 , 





(a) For this 'same ratio, how many boys wpuiH sle^p 
in 2 tents? f ^ ^ - ' . 



;(b) Tell what numbers should be used ^to fill the spaces'* 
in the table. We can u^e these pairs, from the table 
to write other names for thi^ ra^io*. \^r examtfLe; 

1:3 = 2:6 = 3:9r= '^:12 = 5:15 = 6:2i8^= 7:21 = 8^:24', 
and so on. 



(c) It is not necessary to draw pictures or tc.make'a- 

table to find how many boys^coui^d go camping ^if* 

there were 8 tents. We know that J tent will* 

house ^ 3 boys. The members of our sets are tente' 



and boys. ^ We '^rite 1:3. 



The symbol 1:3 ' tells us how the "number of,, 
tents cjompares with th'e number oCxboys.^ 
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^ We want to find another nqjne for this ratl,o which 
has 8 as its first numeral. We write 

In this problem we interpret this as "1 tent for 5 
boys is the same ratio as 8 tentft for ,how many bojrs . " 
Instead of 1 tent, we now have 8 tents. Therefore, 
instead of being able to house only .1 ^ group of 5 
boys, we can house 8 groups of 5 boys pr 24 
boys. (8 X 5 = 24) 

The symbol 1:5 and 8:24 ^re different ways 
of naming th^ same^^ratio. We can' write ' 
. ' '1:5 =.8;24. 



(d) T he sym bol 2"': 6 'is another way of describing the 
^ — ralio of number of tents to the number of boys. 

2:6 = 8:N- 

T?hi3 says that 2 per 6 is the Same as 8 per how 

many. *If 2 tents will^Tiouse '6 • boys, then 8 tents 

or, 4 ^oups of 2 tents^each, shcfuld sleep 24 boys. 

V/e write . ^ , - 

2:6 = 8:24. 
* * * -» * 

, - • ' c . 

(e) Find the number represented by the letters in the 

following s^tences't • ' 

X/s) - * ' Cf^) 

1:5 = 5:x, 5:9= 12:y, 1:5 = 15:z 



. 421 , 



Place in two separate piles the 24 slips of paper (red) 

'arid the 12 slips of paper (blue) t^iat ymir teacher. has 

given you. The blue sliprs are members of one set and the 

red slips are members of the other set. V/e will match 

blue slips to red slips. 

. 

(a)' Arrainge the slips 'like this: 



BLUE 
RED 



DIODDDODI 
OODDBDIOim 

Write a symbol which descril^es the ratio of ^lue 

^ slips to red slips. { . 

% * 
(b) Now arrange the slips like this: 

BLUE OQQ QQQ DDQ 000 

RED ODDQOO) DOOOOO ODDQOO 000000 ^, 

Write the symbol which you think best describes the 
matching of blue ^slips to -red slips, (3 



(c) i^rrange thevslips like •'this: 



BLUE 



DDDDDD 



DOOBOO 



REb-DODODDDDDDDD {IDDDDDDDD 



Now what symbol would^ you use to show the matching 

of blue slips \o red slips? , • , 

- ♦ * * , • 

Arrange the blue slips so that they are in s^s of ^ ^ 

How many red slips" would be matched with each, set of 

^ blue slips?^'^^Wf*ite the symbol which would best' 

describe this* matching. 



/ ■ 



868 
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(e) Arrange the blue slips so that they are in sets of 2. 
How many red alips \iould be matched with each set of 
' bl)4e slips? What symbol best describes this matching? 




(f) Arrange the blue 'slips so there is Just 1 blue slip 



to a set. How many red slips would be matched with 
each 1 blue slip? Wha*t symbol expresses the ratio 



of -blue slips to red slips' 



(/■•^) 











4» 








(g) 


Complete this table: 




* 








Blue slips 


12 






9 


2 


1 




Red si^^s 


9 


12 


h 


8 




9 



















(h-) Replace each question mark so this mathematical 
* sentence is true. 

: (0. (0 W ' (V) ^ (a) 

12:24 = ?:12 = 3:? = ?:o = 2:? =*1:?" 

. \ ' ^ 

(i) Hovt many red slips would be- matched with 15 blue 

slips? V/e know that the matching is 1 blue slip 

* "*^' <» < ^ ^ 

f.or 2 red^S'lips. So we can write 1:2 = 15:N. ^ 

We have .expressed the idea that 1 blue *s.lip per 
i rBd slips is the same i^ati© as 15 blue slips 
per bow many red slips? Instead of "one set of 1 
blue slip we have 15 s^ts of ^ . slip. ^ Instead of 
'one set of 2 red slips, 'we have 15 sets of 2 

* -'slips or- 50 slips. So ' - . . 



ERIC 



1:2 = 15:50. 
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Find the number^epresented by^ n in each of the 

• I ■ 44 

following sentences. Then write the 'sentence '6n your 

paper. Example: ■{&), n = 27, 1:5 = 9:27 
* ' (a). 1:*5 = ,9:n 

■ * (b) i*:2 = 8:n ( . fi , .l/^ ^'-^^h 

.2:5 = 4:n ( « w/ /5 : ^ = 4 ; /.) 
(e) 5:6= 9:n ( V^^' 3:i^9.y^) 

^ (f)' 5:4 = i5:n ( y^^2^/ 3 ^ f^) ' 

- (g) - 1:4 = 2:^^ ' ( ^ ^ ' ^ = ^'■'^\> 

(h) 2:9 = lO:n C^'-'*^^ = >o:^^) ^ 

' (1)^:5 =24:n (^n.'-3o . 

(J)- 2:l=2n:n- (h^ix, >r7=3V//:i) 



Draw a picJcure to ^how.that thla mathematical sentence . 
k • 1:5 = 5:15 

Draw a picture to dllustrate^this : - ^ 
JFor every 8 pieces of candy, there v/ere l6 pe^nnies. 

870 ' • • ' ' 

••424- • \ • • 



Exercise Set 5 



1. (a) • VJrite symhols 
which express the 
— 1 — catio of the number' 

/ 

of fish to ^ the • 
' ^ ' \ number of bovs. ^ 

. (b) Write^ -two symbols - 
^ which ^express the 
ratio of the . 
• V nvmiber of boys to 
the "number of " 



fish," 

{c) Write two symbois 
which describe the^ 
rati^ of the 
^ number.' of boys tp' 
. the niunber of 

fishpoles/ ^'0 

(d) Wri^te two sjmibolg 
* 

which describe- the 
yatio of fishpoles^ 
.to boys. (^^^^ 0 







-2. .Copy and complete this tables. 





























l6:— 




20:-- 


55: — 


— :25 


12: — 


— :6 




— :10 


* * 










- 871' 

-425 








■ 


* 






\ 

9 















Copy and complecte each of these three tabljss. The last 
2 names in each" table are braintv/isters « 



(a) 



(b) 



(c) 



4: 


8 




10" 


:4 


l! 






50 


._(/^; 


8: 






..• 5 




7 // \ 


32 


• 




:8 




4 






!20 


12- 








:24. 




48 




100 






40 




4o 






72 




{toy 


!52 


52: 






1,000 




5: 






15 




^-.: 


1 . 


• 




:10 ' 



6 


!lO 


C'fl 


!20 




:50 " 


50 




24 


— H-i — 




!80 




iioo- 






56 




42 




5 
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Write a mathematical sentence for each of these situations « 
Then find the answer. 

(a) A car will go^ 20 miles on one gallon of gas« How 

far will at go on 5 gallbns'of gasj? { ) 
V y) iz /oohJk-^ J 

(b) Elmer threw a basketball through the hoop 5 ^out 
of 4 timaB« If he kept this sa^ne record, how ^ 

many times v/ould he need to throw to make 24 ba^skets? 



872 
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5. 



6.. 



(ja) -Write 4 symbols which 
express the ratio of the 
number of rabbits to the' 
n\iinber of carrots 

(b)* ' Write ; 4 symbo^ which 





exhibit the matching of 

carrots to rabbits. . 
HT-^f^, ^',3^ i?:^ n\\ ^'3 

Write a mathematical sentence for each of these^ 

(a) 6 per 9 is the same ratio as 2 per J. ('^*9 = ;?5 3 

(b) 6' dinosaurs for 4 c^avemen is the same ratio as 
3 dinosaurs for 2 cavemen, (^-^ =5/;?) 

(c) ^ per 3 and l6 per 6 and ,24 per 9 are ail 
names for the same ratio Yf'^ r- ^ ^ ) 

(d) /4 flashlights for 9 boys is the same ratio as 



' ^0 flashlights ^or how many boys? 



7* write symbols for ratips suggested by the pictures.*. 



(a) 



■ ® ® ® ®.Xs:^ 



ERJC 



M □□□□□ O 00 oo □ 
. . OOOGO ^ 



J 
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USING RATIOS 

Objective: 



To develop an, arithmetic method of de.termining 
different names fdi? the same ratio 

To give pupils an opportunity to use ratio in 
the solutipn of problems ^ 



Materials: Flannel bo^rd and cUt-outs, a variety of obj^ects 
such as those previously used in this unit 

Suggested Teaching Procedure; 



The presentation in the pupil text is in 
sufficient detail to be followed* s 

Examples 1, 2, 3, and 4: of the Working 
together or Exploratory ^ section ar^e concerned ' 
with the groupinVof members* of the two sets. 
If pupils vinderstaAd this> they will progress 
father easily over the latter part, so be 
certain they iJomprehend the idea of grouping. 
The drawing of pictures, encircling the sets, 
regrouping so the new sets are seen as a ^ 
separate set, are all helpful devices. 

Example 2 presents a method ot deter- 
.mining different names for the same ratio 
without using any manipulative mat'^rials. By 
recalling what they know about .factors and ' / 
primes, ciiildren wiUL find this idea a little 
more understandable. This Example 2 is really^ 
the key to the mathematical '-^solution of pro- 
portions. It may take many examples t.o help 
children \Jinderstfand the idea. Extensive use 
may need tO-be made of materials. 



Exercise Set 4 is long and contains, several 
Braintwlsters. Af¥er children have worked inde-. 
pendently on the exercisers, plan to spend con- 
siderable time in working with' them in checking 
their answers. Many of the problems are quite 
difficult but shotild .serve as'' a good learning 
aituation. jYou may,Kan,t to devise problems of 
your own to check children ^s-vinderstandiftg if 
you Work with "She ^pupils on this exercipe" set as 
a class actiyity. * f 
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USING RATIOS 



1,^ 1 Alice^bought * 2' pencils for 5 cents. 
Wr^te theflOymbol which expresses the 



® ® ® -® ® 

ratio of pencil^ to cents. If Alice ^ - 

had 10 pennies instead of 5 pennies, how many pencils 
could she buy? This problem can be solved by Wawing a 
picture such as this: 



'(5)®©®© ® ® ® ® ® ^ 



It can be solved by finding another name, for the same , 
ratio, like this: 

This tells us that 2 pencils 
per 5 pennies is the ^ame 



, 2:5 = n:10 



matching as n ' pencils for 
10 pennies. 



The symbol, n:lO suggests we have 10 pennj^es and - 
that we want to^lmdw the ntober of pencils to mateh these. 
We know that a' set of 2 pencils •matches a 'set of 5^' 
pennies and that ten pennies are 2 sets of 5 pennies. 
So we mlist hav^ two sets of 2 '^pencils each to m)atch -^he 
10, pennies. We 'knew , then, that, Alice could buy 4 
pencils for 10 pennies. You could have solved this 
problem quit^e easily "in yotir head", couldn't you? 

' , ' r ■ ' ■ ' ' ■ 
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Could you solve this one "in your head?]{ 

Tom was shooting at a target. He made 5 hits out 
of 7 shots. If, the ratio of the number of hits 
to the number of shots stays the same, how many hits 
will he 'set in 63^ shots? - 

This is a little more^dif ficult to. answer. 'It can be 
^written as: ^ ^ ' ^ 



5;7 = 



This means that five hits 
per. seven shots Is the same 
matching^as n hits per 
65 shots. 



We know we had one set of 7 . shots the first time and 
9 sets of 7 * shots the second time because there were. 
^5 shotfe the second time. So we have^^ 9 sets of 5 
hitsxor* 45 hits per 65 ,shots. 

Nov^ let's think about Alice and her pencils. How mai^y 
could she buy for 25 pennies? You could figure-^this out 
"in your head.**' You- also can write a mathematical sentence 
The members of the two sets are pencils and pennies . • The 
matching is '2 pencils for '5 pennies. The ratio 2:5 
shows how the niiiriber of v pencils compare with the number of 
the pennies^ we want to know how many. pencils Alice can 
buy for 25 pennies. So we must find another name for the 
same ratio. We write .2:5 = n:25. This means 2 pencils 
-per 5^ pennies <is the same matching -as n pencils per- 
25*' penhies. 'in our second case, instead of 5* pennies * 

' ' ■ ' ^ ' . ./ '430 : '^^ 



we have 25 pennies or 5 sets of -^5 pennies. Therefore, 

instead of 2. pencils, we will, have 5 sets of 2 .pencils 

or 10 pencils. Tyjo different ways of describing the same 

ratio are 2 * per 5 ind 10 \>er 25^ 'The mathematical 

sentence that says this is 2:5 ,= ^10:25. Since 10:25 
< . » 

tells us how the number of pencils compare with the number 
of pennies/ we see that we can buy 10 pencils for. 25 

« 

pennies. To find how many pencils we can buy for I5 
pennies, we use the mathematical sentence 2:5 = n:15. f 
We are asking, "2 per 5 is how rtjahy per I5?" 

fa) Sow many sets of 5 are there in I5? (jJ 

(b) How many sets of 2 pencils should we have? Wnat 

shduld n be? If the first numej?al refers to pencils 
and the second to pennies,^ we see ^ that we should jgpt 
'6 pencils for I5 cents. ^ 



4. Jake bought 6 nkrbles for 10 cei;its. How much would 

/ 

9 marbles cost? Here we have two sets^ The meifibers of 
^ the first set is marbles and ,the members of the second set 
is cents. The ratio of th^- number of marbles to the number 
of pennies is- ;6:10. Our mathematical sentence is 
oVlO = 9:n. -In this problem this is interpreted, "Six 
marbles per 10 pennies is tfte same ratio as 9 marbles 
per n jJennies." We know 'that Sj^^not a niultiple^of 6. 
> That is,* a set of 9 members cannot be separated into sets 
. of 6 members each.- 
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So let's find &oW other name for the ratio '6:10. 
A name which uses smaller numbers rftight be found. Think 
of 6. per 10 as shown in this picture* 



WW. 





^ ■ 



We- see ^^that • 6 per 10 is also -2 sets of 5 marbles 
for 2 sets of 5 pennies. Therefore, 1 s6t of 5 



marbles can be matched with 1 set of 5 pennies. 



V 
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Exercise Set 4 



Complete these symbols so that each is a 'name for .the 
ratio 2:3lw . ^ ■ 



(a) 
(b) 

(d) 



4:? (6) 
?:12 C^^ 

6:.t 
12:? T/*) 

(e) ' 100!? f/-*^-^ 

(f) * ?:15 (/^) 



-yhis picture ^s. of wagons^ and-pioneers . 





*How' ^Ih^r-^'W^gorrs would be needed for 55 pioneers? 
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3. , VJrite a mathematical « sentence for each cf these situations ..f 

Let n name the unlcnowrj number. Then find the value of n. 
# , * . / 

t * * 

(a) Dpvid can run 50- yards in "8 seconds. If he 

•"^ould keep going at this same speed, how long 

would it take him to run '^300 yards? 

xu*.r>y^ >i .^su^ 

BRAINTWISTER : How long would* it take to run 175 • jfards? 

- (b) 18 birds^live in 10 birdhouses*- If the ratio of- \ 
birds to birdhouses stays the sanre, how many birds 
could live in 30 blrdhous,es? {/»'Jo yyysa ^ 

(c) . study this picture. How many boats would be needed 
for. 50 people?' {j,\/o ^ ^ '. , A) = /'f ' 




N vJ^'oats WQula -jHfe neeaf d. for 45 ■> -people? 

(d) Glen had 7 idea's in minutes- f^ fgod'lf.or a 
fifth grade i^artj^ If he jce.eps^tting r4,faa' at 
• this same ratio^ how many idea^^ll ^he h^e iji 
8 minutes? C^/ 2_ = >7 : C , ' 
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' TRYING SOMETHING NEV/ 



Do you think you could* solve some ratio problems like this*^ 
without using pictures? Using the idea, we know that 6=2x5 
and 10 = 2 X 5» see that 6 'and 10 have a common , factor < 
2. We can divide both 6 and 10 by 2. Nhen we divide by 
2 w^ g^t 5 and 5. ^ We can write 6:10 = 5:5., We know thesd' 
are names for the sam^ ratio. Let's use this second name for 
the ratio and write: 5:5 = 9:N. V/e are asking, "5 per 5 . 
is the same ratio .as 9 per how many?** Now we can 'see that 
we have 5 groups of 5 marbles so. we need 5 groups gf 5 
pennies or 15 pennies. Thus," 9 marbles would cost 15 
peYTnie^. , / . , - 

l\ Look at^he mathematical sentence vJiich descj:^ibes this 
situation. • * * * * 

r4r.. Smith can drive 50 miles in^ 1 hourT . If he 
drives at ^e ^same speed, how many hours will it 
talce to drive 250 miles? ( - 1' -'^i^^; j ^ ^ 



2. Try this one on your own^?" 



Set' A is a. set of names for the same ra^io. Fi'nd 
more names Tor tl^is sam^ ratio. - ' f 



^^^^ , ^ Set A = ^18:24, ^ZlIU --:" )^ 

-5. ,If Chuck eats 5 peanuts for every 2 that Perrv eats> 
how many peanuts v;ill Chuck eat if Perry eats I9? 
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If, a. car travels 10 miles in 25 minutes, how far v/ill ' 
the car travel* in. 75 minutes? (/€>:2S^-^ n : 7^ j « -3^ 

• "•• . . , ■ / - 

Tell v/hich of tbfcge sets ar^e names for the same ratio: 

«. . ' {^) 

set A ="■(20.: 16, 5:'»<^ 10:8) 

Set B>= '(12:18, 6:9, 2:5) '. ' . 

Set C = (18:24, ^-.H,' ^rf^) * " . 

' set D (32:16, '4:2, l6:8, - 2:1, 8:4-) 

Set E = (48:32, 6:4, 24:l6, 12:8, 5:2) , 



If a. bank charges % dollars for the use of 100 dollars 
how much would it charge for the use of 50 dollars? 



How much would the bank in exercise^ 6" charge for the 
\^se' of 259 dollars? (^^/^ -^.'^Z^-^^ ^ = XL^A^^ 



If an air.plane fli^s 570 miles in 1 hour, how 'far 
wauld/-it fl^ in 2^ hours? 
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RATIOS ANP I^ATIOHAL MUMBERS 



§1 



You have seen that a ratio such as 2:5 i 
used to describe ^a^ property of two "sets. It 
' ' means fehat the*l?e are 2 objects* in on^ set for 

K 

5 objeqts in another set. * 

Some 'other' nanaes for the ratio 2:5 
^ ^':6, 10:15, '20:50, /^0:6o, ;^nd ^000:5000. 
, You could write many more. 

In finding other names for the ra1:io 2:*5 
you can multiply the numbers 2^.and 5 . by ,the 
game number, if the number is not^ zerQ. 

The pairs of numerals in 2:5, ^^*:6, 

f 20:50 represent the. same ratio. V/e can write 

i. 

2:5 = and 2^5 =-20:50 and "4:6 = 20:50. 

* 

If we know that 4:5 = n:15, we can find 
the number represented by n. • It is 12. 

Now le^ us se6 how some of these things 
^ ~ we have just said afet)ut ratios are. aiMiar to 
things we can say^about rational numbers. 

The symbol for the rat^^c^ 2 to 5 is 

2:5.^ The symbol for tl)e member two-thirds 
2 ' ' ' . . 



is J 
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Both syinbQls use' the 'numerals -2 and 5. 

" . 2 

Othe^ names for the rational number j are 
. 10 20 ^0 2000 

' ^ 1}. 20^ 

' If vre knov; that j and. ^ and ^ are 

names 'for the" same rational number, we can 

write , ' • 

2 " or.H '2 20 ' ^ 20 



In finding other namep for the rational , 

2 ' ^ 

number j you can multiply 2 -and 5 by the 

same number, if the number is not zero. 

ir we know that ^ = -j^, we can^ind the 

^. 

number represented by n. It is 12. 

You can see tliat ratios and rational 
numbers are alikej in soBse ways. Aftfer^you 
have studied more about rational numbers, you 
can see other v/ays^in wh|.ch they are alike. 
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Exercise Set 5 



si < 



o». .l.V- Write the symbols for two ratios using the numerals 3^ 
and 5. (-3^-^ , l) *>, , . ° 



• i..r ~ 

2* • Wrjte the symbols for two rational, numbers using the 
numerals 5 and 5. v «^ ^ Ty * , 



5 



5. Is 9:10 the name for a ntimber or a^ ratio?., [ a^r-f^) 

^ Is ^ the name for a number or a ratio? .♦v***,^^) . * 

5. JWrite some other names f br^ '9;10« ""■"■^^^g^f^- 

6. Write some other names for ( A^*-.^ . 

"f. If "n:25' ''is another;* ndme for 6:5* what number does " 



, represent^ 



V- (30) 



8. If 5;10 = l8:n, then n represents v^hla^t number? (^o^ 

i » 

9. " If ' 'is another name for what number does n 
re^esent? if"^^ ^ , ' • * 

* • ' 11 " m ^ ^ / \> 

.^y '10. If -5- = then n represents what .number? (idj 



i 



Chapter 10 ' 



PURPOSE 0?'^,yNIT • , ' \ 

. - The purpose^ of.t^his unit ife to proVide 
a review t>f some of the concepts and 
techniques which .the puplj.s,teve , learned in 
"^*'./'T/Iatheinati'cs in ^rades^' |'our and Five. It is 
.igjDt necessal?y to* ^stpjDne''1;he rev^Lew pro-. 

; vided by this unit until the completion of* 
. Chaptea2^9'. Parts 'of i*t may-fbe used^at ^ . 
appropriate places during t|(fe year. "For j 
example^ the- review sections thit- pe^^tain'^ 
to the^ first five chapters of the Fourth- 
Grade mig^ t>e used after completion of 
Chapter 5. The optimum method of use can 
be determined, best by the teacher. It is 

^ suggested, however, that this ^ entire unit 
be used as review a'^*the^end of die^Q,^ 5 
although it may have been used rp<Lecemeal" 
prior to that/time. 




TEACHING FROCEDURES 



I The teaching procedure will defend upon 
the amoimt of review that is^ needed. Some^ 
pupils may be able to answer all the questions 
and v;ork all the problems with, very little or 
no assistance from the Jbeaoher. 'Other pupils 
may/ have some difficulty, Ip general^ it is^ 
suggested that the pupils .be giveh the review 
on a .particular unit without any* other prepa- 
ration than that they, had while studjring tfee 

After the pupils h^ve re^ponde<J to »the 
review question^ in'^ccord .with ihe given 

directions, the teacher can determine whether 
*• * * 'I 

thgre needs, to -be Some instruction to the 
entire class and. to.individual pupils. Pupils, 
who have' difficulty with items ^in the review 
should be encouraged, to turn -to their copy of 
the unit which was reviewed in order ta correct 
their ovm errors. If the pupils have done/Well 
enough to *indica"be no 'review of a particular 
»unit is need:ed, they Inay^^well undertake the 
next^one. ' I ^ 



J 



888 

4*4.1 



Chapter 10 
REVIEW 



CONCEPT OP SETS 



' • • • 

Number the exercises as they are numbered here and write- 

«the ansVyers on your paper. If you do pot'know the answer to- 

. ? an exercise, write the number of th^e exercise and leave the 

^ space beside it blank. Later you may.be able to fill in the 

a^sWers that you did not know. 



•*1. Set A is the set'of whole niimbers great^er than 10 
^ ^, ''.and lee^ than 2o\ Write tll| members of .A. 

■■ 2, V/rite ^.sentence that jdescribes this set: 
' , ■ , C = (u, V, w, /x, y, z) ■ , • 

• '45. . If 'A = {3, 6, 5, 12, 15i and-B = fO, 6, 12, l81 ^ 
, _jwhat is A H b? '(/inJS F ^^l) ' > ^ * 

' Using the sets ^A and B in the preceding ".exercise, 

what is^ A U B? ^»^Z? t^.^.^. f.^^^^^^ ^^i). 



5« If R is the sett-of. the states of the U.S.A. that 
are ,^^st Qf ' the Mississippi River and SJ is the ' 
set of ^ states that touol} the ''Pac^/1<3 Ocean, - ^ 

. what is n S?' (^^j^M^^^^'X \ 
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. > ■ ■ ' :■ 

1. V/rite.'the letter of each part of this- exercise on your 

«* ■ • 

^ paper. Tl^en to, the^ right of the letter write the words, ^ 

or word, that you^vould use to^fill the blank .spaces, or . 
space . ' • * > ' " } 

^ a) \3 ^' (jiZ^) fives and ^^-^j on^a. ^ - * - 
. b) 27 = (AO. fiyes and 6L>) 

c) 1 ^^*^) nines and (^^) ones = 40; 

d) (y^M.) eights and ^ j ones ='^'0. ' 

e) j sevens and f^f^ J ones =-^'0. ' ^ ^ > 
* f) ' (l<w. j s^x.es and [^L*^] ones-ll|4o. 

' g) • 546 is hundreds, f^^w) tens, ^and 6. on.es. . 

h') ^46 is .4 hundreds, (/sY tens, and 1^ ohes/-^ / 

\/ " • ^ ' * / ^ 

^;>-1^> 5^6 is« 5^ hundreds, 5 tens, and /^j onesl 



;1 



2. Express ^^71 'in 5 different ways as in 1 .g), 
. h), i). Letter the Jbhr^e ways ^y, b), ^^and c)- 



890 , 

443 



P551 



V/rlte the let'ter for each pat^t 'on your pap*er. If the 
^ statement is right, then write yea\af ter.the letter. If ' 
it is wrong,! write no. 

■ a) ^729 is 57 tens plus 29 ones. (-71^) v 
73^ = $00 + 120 + 24. (yu) . 

c) ten hundreds plus forty tens plus nine ones is the 
same as 'ofte thousand forty-nin^. 

d) 10,129 = 10 thousands plus 1;;en hundreds plus nine 
. ones. ( yu>) » 



Write the letter for each. part on your paper. -Then - 
beside It write, ^•<, >, or = , whichever makes eachr' 
a tr^. sentence.. , , . 



a) 8 



^> 11.. 



b) . (1 + 5) ^< (9 + 11): 




a) (5 + 4) + 4 > a + (5 + 

d) ■ (15 + 1^) - (7 +^) + 17. 

e) (7 + 4) + 2 <■ (7 + 5) + 2.. 



f) (6 + 5) - 2 " < (15 - 7) + 6. ^ 

g) ^ (5 X 7) + 9 < 51. 



h) ^ (60 + 5) + (10 -5) — (11 -2). 
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PROPERTIES AND TECltnQUES OP SUBTRACTION, I. . 

1* I'/rite the letter pf each part on. your paper. Then beside 

'.it write the number represented by n in that part. ^^ 

" a) 8 + 5 = n'} f/7= ' 

b) 1^^'^^ ~ n = 29. = Z/^:^ 

• * * 

I 

c) • n = I'OOl - 2. ( y)^ 999) ^ ' ' . 

9 

d) 5 ~ 5 = n. (h:^b) 
♦ 

e) 0- + 0 = n. ( yi-^o) 

;f )\ ,99 + 2 = n. = /^/) * ' ^ 

2. V/rite on your paper the l^etter for each mthematical 

sentence that is .true. 
'• 'v ' 

a)' 9 + ^1.= .i5.. • . _ . . ^ 

• * b) 17 -^9 =• 9. 

c ) " 88 - 64 = 54.. , - • ! , ' 

'1 ' ' • • • • 

* • d) • 45 + 5 = 50. ; - - • 

e) T^-^e-^"?? = 85.- 

f * , 

I 

5. Are some of "the mathematical sentences in Exercise 2 

false?^Tif a sei^t^nce is false, rewrite it and change one 
numt^er in it so that it will be true. Letter them, the * 
same as In Exercise 2. /^^^ ^ ^^^^ ^' ef /^-^-^ 



I' 
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/ 
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1' , ' . ,> 

s Write the letter of, each part on your paper. Then beside 

.it write the number tljat you would use to fill the blank. 

a) If 19 - 10 = 9, then 19 - 9 = (/o) , 
<b), .If 23 - 11 = 12, .then 11 + 12 =' (^3> . 
c) If- 15 - 10 = 3, then 13 ' r 9 = i'l) . 

5. Write the letter for each part on your paper, Then beside 
it write the one of these, > or < , that you wotld 
use to make a), b), and c) tnafe sentences. 

• - a) (65 + ^2) < (65 + ^5). 

b) (300 + 700) < (400 + 700). ' ' 

c) (1300 + 2000) < (1300 + 3000). 



Wrilje the letter for each part on your paper. Then ' , 
beside it write the answer to the question. 

How many- units must be marked on *a number line to find 

z, s, m, p, or n In each" of these matheniatlcal, sentences 

a> 1*^ + 17 r'z. ^ ^0 * ' 

b) 139 - s = 4o. Cj= f9) 

c) ' m = 20 4o. (^^ io) 

d) pV 17 = 30- (f>=^ /3) ' . ' 
' e) n - 28 - 13.* (^^ 
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7. -Write the letter ;for each part on your paper. Then beside 
■ ' it write the number you would use for the p, q, or r in 

- the mathematical seatence. ■ 

a) p - -8 = 24 O^X ' f) . r = 18 - 18^ (oj - 
■ b) q = 15-it*'(9j g) p-4o = 50 ■^'^"^ 

c) 7-'5 = r (2) • h) p;r = 0 

20 -'P ="12 (») ^i) ^ p + q. + r,= Q{f>''0, po,-<^-'^ 

. e) li\ -.q= Ih j) ^10 - P = 10 

■ \ 

8, *0n your paper write a mathematical sentence for each ^ 
' ---pi^lem. Then solve to fin,d n. Wri'te an answer 

♦ ^sentence, ' - • iv ' 

* r 

a) There were 57- cows in a pasture. Eight of them 
were black. How many cow^ not black? 

b) ' Jim has 9$ coins in a coin folder. It will hold 
' ' 150 coins. How many more coins will the folder , 

• -hoid^f^j^-^/"^^ ^p^^mM-^^'r-') 

c\ Margy practic_e_d her jflute leVson for 55 mintrtes 
' . ^on .Monday, 50 minutes on Tuesday^ and 45 fhinutes 

on Wednesday. How many minutes did she practice .on 
, all these days?(i^^^3.^4^^n Tft^f^.^ ' 

/ '' d) A school library had 4'88 boo^s. The next ,y ear 205 
books were added. How many books were then in^'the 
. library? 6"^-^ ^ . ^ -"2^* i^d^ 
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9. Write a different mathemati'cal sentence for edch of the— 
followirjg which illustrates how the numbers i^ each^ 
sentence are related* * ^ • 

a) 7 + 2 = 9 {9-2^^^ f.7=z) 4 

b) 16 - 4 = 6 * (^i0'(,^4 sf: , ^ 

c) 30 + 50 ^= 6o 3^?= ) / > N . 

d) x-s = 2 .(^2 1^5=7^ ^ Tr-?«sJ) 

10. V/rite on your paper .the letter for each sentence that is 
true, (o^ J i-,^^ ^ , ^ ' 

° ^ a) .20 + 11,= 11 + 20. ' ^ ^ 

' , 103 +-301 = 100 + 30^.. 

' c) ; ((.6 + 5) + 4 « "(6 + 5). ; ' ^ 

d) 1,207 + 2,011 = 1,10*2,+ 7>021.^ ^ ' ' *^ ' " 

e) n V p = p. + n. , " , ^/ 



11. Some of the statements are true because of the associative 
property ^d some because ,of the commutative property. 
Write the letter .for each part on your pajpr^r. Then beside 
it write associative or commutative to show .that ^ you know 
'Which property is used. - ■ , 

*a)f 2 + (5 + <2'+ 5) + ^. C ^i-^^f*^-^'^ y 

(18 + 19) + (59 ^ 12) - (59 + 12) + (l8 +'"19) . Tc«*— ^tUU) 
c) (8' -:- 9) t- 6 ^ (9 + 8) + 6. (c*™^^^ 
dj * *'(8 + 9) + 6 = 8 + (9 + 6). (0....*.^^:^ 

• * 895 ^ " 
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PROPERTIES OP rCLTI PLICATION! AND DIVISION , ^ 

1. Copy the letter for each part on your paper. .Then beside 
it write the one of > > < , = that you would use to 
fill the blank space so that a) through n) will be 

. true sentences. 

a) 5, X 5 < 4 X 8. 

i 

b) 6x8 - 8x6. 
.c) 9x5 < 6x8. 

d) 94 - 4o^_=_ 6x9. 

e) 7x 9 8 X 8. 
. ^\ 8* X 7 <^. ■ 6 X 10. 

s) 5 X. 9 > 7 "x 6. 

2. Copy the letter for each, part on your paper. Then begide 



h) 


8 X h 


> 


n X 7. 


i) 


i4o y 


60 


<' ^9-:* 9. 


J) 


9x4 




'6x6. I 


^) 


'^x 7 


> 


9x6.' 


1) 


fx 4 




4 X p. 


?n) 


7x7 


> 


6x8 >_ 7x6. 


n). 


4x8 




7x5 _<_ 6x6. 


/ 


0 







each letter "write the number jbhat you would put in the 
blank to make a) through h) true sentenced. , , * 

72 4- 9 = (^) V ' • * - 

32- 4- [£) ' =4. ^ ^ . . 

^i) +8 = 7. ■ - 

65 4- ' (?) 9. > • . ■ 

28 + 7 = Sf\_' ' ' I 

(8 X 5) 4- (^) 8. . ' 

(12 + 5) X 5 = (/i) i ^ ; ' ^ 




(9 X (4) ) + 4 = 9.*^ 
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3. We want you to use the. Distributive ^Proper ty^ of 

^lultipllxyeition. study this example i;o see how we rename^ 
. 17>"then how we use th^e Distributive Prop'ei^y of 
Multiplication. ' ^ . 

4 X €.7 = ^ X (10. -I- 7) - X 10) 4- (4 X 7) ='^0 4-^er= 68... ' 

NOW write each* part on your paper and use the method shown 
•t* in ttie example. Part d) is begun for you but "it is not 



s 

finished- 



a) • 7' X 12 = ^'^(/^'■^^)- ^^^'9)-^^^'^^^ ^ "^^^^^"^^ ' ^ 

b) 6 X 19 =^ C^l/o49) ^ ax/X + a*<) - ^.^ v-^V- //V 

c) 7 X 26 = 7<2^>^^)-(?>^^^ f^^^^) ^ J-^o^^x^^ I9X ^. 
^ "d) 4 X 155 X (100 4-50 + 5) = (V x/..^^ -aC^ 

e) 5. X 5^ = ^ ^ (304 *^) ^ (s-x^o) •i'(s'^¥)'^ js-o -^xo ^"j'?o 

f) 9x22*=- ^A(a^vti) ^(^x^i^-fO-i) - ^^'^ 



* 4/ ' ' Rename each product and divide as shown* in the example* 
Copy^e^h exeraise on^'your paper, as you did in 5« 



Example: ' * 

28 ^ 2-= (20 + 8) + 2 - (2t) -i- 2) +,(8 -f:2) S= 10 + -4 = Ik:* 



r 

i 



r 



Part a) is begun for you but it Is not finished. ^ 

a) 84 + .4 = (8o + 4).+ 4' = (>*v; ^ ^''■^''^ 

b) 96 +5 = Cf^^^^^-^''^^)-^-^'^'-^ ^ ^"^ • ^ 



Wri'te^th^ letter for each p^rt on your paper/ Then beside 




^it write the r^ber that jrou would pufc in the blank space, 
>. or use for the letter in the sentence, so that each of^^tjie 
following will be a true '-sentence . " . . 

a) X 6 xY9j\= « g) 8 X q = 48. {i) ' 

b) ^ 8x8^ (i^)' . c ^ ti) 7 X n = 0. 



) 7x9'= (^3; . ' . .i) mx n = 9^(5 X 3 = 9) 



<i) 8 X (yj = 72. J) ' (n X n) X 4 = 36|^xi);(«f 

e) J;2L X 7 = *0. ^ ^ k) 24 = W 

f) 9.x 9 = (il/^ . ■ r 



*V/rite tHe letter for ea<)h part, on your pap^r. Then 
beside it write the one of > , < > " = that j^ou ' ^ 
woul^jput in the blank space so that'" each of the \ 
follov/ing will be a true sentence. 

■ / 

a) ' 7 X ^ > ,9 >c-3. ' ■ > * % f.^ ■ ■ 

b) 9 X 5 < 6x 8. ° " ' ' .° 



c) 9ii -30 — 6 X 9. •• • . s-^ 

e) 6 >^ ^7 5 X 7._Z_ ^ x ^-^ 
'f^ 6 X'n > 7 X n. - , \ 

'-•.898 - \\ 
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7." Find the missing number." Write your answer on your pape 
beside the letter for ea6h,'part. 

a) 36 ^ H = (9)^ "... 



b) , 81 + = (9) . 



c>^28 + ='7. • ' ' ^ ( 

d) (?£)_ + 9 = 8. 

e) 4- 4 / 

f ) 56 + 6 = (^j . 



B,f Are the follo,wing .statements true? Write or % on 
your paper beside the letter for each part. 

■ a) 7 X 4 i 4. 

b) • 12^ 5 = 5 - 12. C^) , 

0^ ^0 -.' 5 = 5 •!- 10. i'^) \ . ' 

d) 6*+9 = 9+^6. ^Y^)^^ " S , " 

~~Vp *5 x-j't ^ J^°.f2 x'i7r. (y-^) ' 7 . 

$ ' ' ' 

• f) (2 X 3 = 2 X °(5,^ 3). C-y^) ■ ' ' - 
*/g1 , °25»'x 8 = (ao + 10 4- 5) X 8-. Ly=^J ... 

• h) 51 x'M9 = (50 X 50) - 1. ly^^ • 
i) 80" + 5 = (80 •!- 10) + 2. , • ■ . 



SETS OP POINTS 



l; Write the letter for each part on your paper. Then begide 
the letter v/rite true if the statement is tinn^. If the 



statement is not tru^, write false" 



/ 



g) 

• J) 

1) 
nir) 



a) Space is a s^et of points.' (X^) J^t " 

y 

b) ^ A curve is a set of points. ) • ^ • ' 

c) This is a mod,el of a simple closed 'cx^rve: 

' , - , ■ - / ' 

d) 'a ray has one endpoint . (^fc:* ) . 
A line* ^egment has one eHdp9int. (^^^^j ^ 
A line hasn't' any eijdpoints., (,^^^3 
There is only one plane in spacje. t^^^^) 
A plane niajf cq^itain many lines. (l&^J ^ 




- > 



Tv;o points in 'space niay *be con1:ained in more planes 
^ than can be counted, v^fcut J - . , ^ * " 

' Three points not on a straight lind are in one and 
only- one plane. /jjfcuj 

All the radii of ^ circle .have the same length, 

' ' \ ^ " * i 

The union of tv;o rays with a common endpoint is 

called an angle, ('j^fclt ) \ . - • • ' > 

' C ' • 

A triangle does 'not contain its angles. {^LILl) 
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; PROPERTIES AND TECHlilQUES DP ADD^TIcjw AND SUBTRACTION, II 





\ 








1. Copy each of fchqse 
each* 


on y6ur paper,/ 


Then find the 
1 


, ■ 

sujn in ^» 


' 


b)" 


. 




' e) *' ^ 


. 79 - ' . 
42 

■ 88. 


^' 527 
648 
905 

■ ?6 


'5287 ^' 
» 4925 

• 6776 
402 


17289 
42716 

fVv It >>v^ 

85^75 


46o6o * 
255^9 

61171 , ' 


" 75 

t 








2. Copy each 


of these 


on your, paper ♦ 


Then subtract ♦ 


After 



the subtraction^ undo each one to show that your ^^answer 



to tfk subtradtion was correct 

f 4 

'^'undo" 



165§ 



c) 

1417- 

519 
9^i- 



b) 


"undo" 


4321 






1231- 




30ID 




"undo" , 
















X 

• 
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On your paper writ6 a mathematical sentence for each part/ 
Then solve tp find the /answer to the problem. Write^^ 
answer- sentence. ^ , ' , 

a) Don has 600 stamps. He pasted'^ 5^2 in his 
How 'many are left to be put in the album?/ ^^^-^yy^^ >i 

b) 'A school's stadium has 12520 seats. The school has 
• sold 6/^8o tickets for a game. How many tickets are 

left?(/^^i^- ^.^^^•=^>^ ^ <,^^^o±Jut jl^si^^^^ 

c) John wanted to collect 500 shells. He had l88.. 
His uncle* gave him 125. How many more' did' he need 
to complete his collection? (/ 9P rf- f 4 y\ =^ s'^>o 

d) Supposp you ai^ going on an automobile trip of 126o 
miles. " You travel '4l8 miles the first day and 590 
miles the second day. How many miles must you travel 

• ^ on the third day to complete the trip?'(V'/^-^^9^ '^^^ 

e| 'The earth ia 92,900,000 miles from the sun. ' - 
Mars^is .1^1,000,00(3 miles from the sun* How ' 



much closer to the suti is the. e.arth than mr^ is? 
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"techniques OF MULTlfLICATION AND DIVISION 

1. Study the exaiflple in part a). Then copy on your ^ paper the 
exercises in "b), c), d) and multiply as v;e do in, a)". 

* ' a) ' ^ • b) c) , * d) 

'58 95 ' ' • 76 • 85 

24_''. 24.'' 79 

32.= X 8 ■s.ot.^xs' ')x=i^L fs:'-i*s- 

120'='ix30' .3io^^^xfo i^o.--it.io llo-.nio 

" 160 = 20 x 8 }-o'->o>d-. Ji'>rl''i{ 



3,2 to ^ l-fxlJ 
Sum 912- = 24.x Jfr , > 



600 = 20. X 30 ^ ... J^JI '= i;i:c7^ 



2. Copy each of these problems in multiplication on your 
' paper and then find the product in each. - 

a) 432 , b) 516 , c) 237 d) %89 • 

. _26" ._47 ' _69 • ' -56 

< '(■)', 23Z) [2'^,2SS.) 

3. The parts of this exercise are, division problems. In lac.h 
one. there vrlll be,, a remainder. Perform each oneVoT the 



divisions, on your , paper, ■ Then, Write a mathematical 
sentence as in' a) to show the remainder. Letter each 
part 'as s^cfvm here. . ' * / 

a) . 621 4. 15,' , ^ Sentence: 621 = (15 x -^^3,) + 6 

' . '* * ' 

b) ' ■, $83 +-24 ' . d)" 193h -i- 21 ' f/93if- ^ (^/t9a)^ j\ 




c)' 671-5-61 ■ ^y^^^* 9 . h/ff^(?xj3^)-f3) 



ERIC 
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A school .building has 4o rooms. -The s.chool .ordered 28 
new chairs for each room. \Ihen the chair^ were -delivered 
there wire 1128 chairs,. V/ere there.^ too many or .not 
enough? ,0n your paper show how you^would* find ,the answer 
„to the question. C ^ ' . i ^ ^ ^ ^ \ 

Show on your paper how- you. find the answers to the question's 
in this problem^ The Parent .Teacher Association of . a school' 
had 324 members^ These were divided into teams of 8 
members each. 

How many teams could there be with 8 members?, 

V/ere any members of the Association "le'ft oyer"? ("y^) . . 
Uhat is the largest number of teams^that'cpuld have Just 8 
members and hov? many teams would there be' that "have less i 
than 8 members so that all 52^ persons would be in a 
team? ( JjU-c^ M -^.^ ^^^^ ^i'^JLi^*^ *^ 



J 



0 



Show on your paper how^you find the answers to the 
question in this problem. * , * ^ - 

•Bhei^ are l6 .pile^ of blocks. In each pile ^tji^e -are , 
144 blocks. How mtoy blocks are there in' t^ferb piles 

Hci; many more' blocks would be needed, to h^ve 24oO blocks? 
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RECOGNITION QF GOM'ION GEOI-ETfllC FIGURES " ' ' 

1. Write the letter for each part of this. "exercise .on your 



paper. Then beside it nvrijbe the words or word that you 
would use »to fill' the blank space's or space. 

a) r A polygon which' is the union of three iih'e segments 
' is called d^ C^ttL.^ ) . * . * * 

b) A polygon which is the -) of i^>^) line 
segments is called a quadrilaterals 

c) ^ The endpoints of the line ^segments in t^te polygons in 
\ *a) ,and b) " ^re called : (Cx^^J^lc^^ J ^ - ' ^ 



2. Here' are some line segments. '.The segment AB is congruent 
to 'some of them, v/rite the names of the segments to which 
' aS' is -congruent. C , O? ^ , It ) • 

R 



B 




M 



ERIC 
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A triangle' which Ms at least two sides congruent to eacl=i 

6ther is called an'isosceles triangle. A triangle w.hlch 

has all three sides congruent to .each other is called an 

equilateral triangle.' Answer tHese questions on your 

•\ ' * 
paper. A <■ , , 

a) • 5s an equil^eral triangle an isosceles triangle?(-^) 

b) ' Are all of thq tr^an^Si^es -drawn below isosceles 

triangles? C''^^) . ^ 





c) write the names of the ones that pe. equilateral 
triangles. / 4 ■ " •' -^4^ 

'd) Urite thepname^ of 'the^ones that' are not equilateral 
triangles. yJ^h^^ ^ j , 



906 

,•459 
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1. 



r 



Make.a. mod^l of a right angle, by folding a sheet of paper. 
Nov; use your model to find. which of the angles below are 
right\angles. 

Which angles are less than right anglei? 



r 



V/hich angles are greater than right angj^es? 

Lis^ the angles your^ paper' Put the irme of each angle 
under the proper heading: ^ 



Riglit Angles 
f L FQ/l ^ 



Eess than a 
right angle 
'L^o6 LXYz 



Greater than a 
right angle 

LOTS 

LOrc 

E 





U , 




907 
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LINEAR ^1EASUREMNT 



In exerc4.ses 1,,' 2, 4 write the letter for ^ach part 
on yo y r paper. Then beside it .write what you would write to 
f il^the blanks. ^ ^ ' ^ ' - , 



A f-amily drinks 5 quarts of milk each day. 



a) the unit of measure is 

b) The measure is 

c) The amouRt of milk is" Cs' ^f^^^^^ 



?^ -automobile weighs 286c pounds., 
'a) The unit of measure i|3 

•b) Thp mejasure' is [x y^o) . 

,c-)^ The automobile's* weight is fi^^^) . 

.The 'teacher 'S'. desk is 42 inches, long. , !, 
a}- .../Its! length-Is^ ^^^^ ul^<A^ J^ , 
.1?);^., Its mea'^re is T^^) * . 
c).." TI:^ unit of- measur^is 



. A^'-feal^ii-i-'te's distahgie from the earth was ^50 miles. 

a) .The .'di§tanoe fi3om the earth is^ ^'^<sro..%*UjL*^ \ . 

b ) The-n?72^- -^f /m^^asure- is 



c) me^siire' of the distance I3 , i ^S'O^ 



, 5. The unit to be used in this exercise is shown, "ffoints , 

t * 

. "are named on the r^y. Use your compass to find the 

measul'e of the segments. On your paper write the measure 
of the segment beside the letter for 'each part.- ^ 



A 

I — 



B 

_L_ 



9 P' 



F 



a) m AE 

bj ^ m ^ (2) 

c) m C^J 



d) m a5 {7). 

e) ^ m CF (^J 
:fj. , m^AF 



Y 



6. Using the 'unit and the segments in 5 write on^your 
paper what you would write to fill the blank in each 
part below. -May you choose more than one answer%for 
the blank? C'^ • f^^^^UL ^ ^ --/^ "j/*^^; )^ 



a)' m SF = 6. 

\) . ni ^BB = '2. 

c) m _j^:F_^~ 5. 

d) m PF = 1. 



V — 
£0, C^,. 'CO 



ERJC 
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7. , On your paper make the table lik^-the one bel)6w these 
line segments. Then use your rnjiler to help you fill in 
u 'the "number vuhich. belongs In each blank. 



C.^ _ ; — D. 

— ^ • ■ , 

Q,_ ' H 

To the nearest inch fb the nearest . To the nearest • 
' ■ -half -inch ' fourth-inch 

♦ • 



GH 



8. Oh your pape.r, wr'itei the letter,, for each jpart of this 

exercise/ Then beside it write what you would write to 
fill in the blanks for each part. 

If segments have these lengths, which one is longer? 
How Auch'^onger? 

, ? Which is How much 

, " . - Longer Longer 

a) 25 fnches or '1 foot? (isJ^^JiJ) {jJ^j^^^J^^ 
, b) 2 feet or -l yard? 

-1 ft. 2^n. or 2 'ft.? 

. d) 1 yd. -2 -ft. or' 6 ft.? ' '0'/^) 

e) 1 .-mile or 5500 ft.? 

.'f) 16 in. or 2 ft. '2 in.? • [ jl^.'^^ ) " ( /P^.) 

Z) 150 in. or 11 ft. 2 in.? j /if^.-XA^ .) , (^^."^ 



910 
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Add these measures. V/rite the answers on your paper beside 
Vthe letter: which names each part. V/rite each answer 2 \;ays. 
. a ) 6 yd ; 2 f t . , 
■ • "5 y<Jr 1 ft. 
2 yd. ■ g ft . 



b) 12 ft.- 11 in. 
16 ft. 5 in. 

"24 ft. 8 m; 



10. 



2 yd. 2 ft. -3 in. 
' 6 yd. ■ .1 ft. 10 in. • 
, ' '3- yd. 1 ft..n. in .^ ' 

Subtract these measures-. VJrite t^he answers on your paper, 
beside the- letter which names each part. 



-a) 5 yd. . 2 . ft 
•3- yd. 1 ft 



b) 6 yd. 2 ft. 11 "in." 



• - y yg. i ft . , \ 

■ ; c) 7 ft. 8 . in'. 
' 4 ft. 10 in. 



4- ^d 2 ft.- 5 In . 



11. ' Find *the perimeter of each polygon. On your paper write 
the answer "beside the letter which names each polygon. ■ 





^ft. Sin. 



c) 



•d) 




The^ segments are congruent 



2 ft. 6 in. 



ERIC 
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- • ' ■ • ' V / 

: .EXTENDING SYSTEMS OP NUMERATION ' ' . '• \^ 

1 ' ' ' • • *" • ■ / 

1., On your paper write the word'n'ames for-the' following 

numljers.. Letter the parts olf this exercise as they afe , 

^ lettered here. - ' \ - 

'■ • ^ .a) 2,556 (^21^ >^L^^ 

" 60,066 ( .^L^^^' ^^L^^-^J 
e) 66,066 ( .a^-^ ^^^^^*-*^' ^^^^'"^X , 
f ) 66,000 C^LiiX-^ ^ ) , , y/N^sr J 

- -g) 66,606 ^ • 

■ ^ h) 124,501 ^C^jL^^^-'h^^'^*-^-^'^^ 



2.* 'On your paper write the. numerals for the , following 

numbers. Letter the parts of this exercise as they are ' , 

\ 

,1 lettered here^. . , 

J a) • Two 'thousand five' huf^dred twenty. (^^^^iO^ 

b) Three thousand tl^ree hundred thij?tjr. 
"^c) Fifty-five thousand five hundred fifty-fiv^l (^^jif-^^^ 
d) Nine thousand seventy-six. 
^, ei One thousand sev^n hundred seventy^six. 

•• - . ' ' - 'A--" - 

f) Twenty thovteand two 'hundred 

g) One tho^:^sand itwo . LljOO^Z^ -.^^ 

h) Eleven thousand one hundred eleven. 



1 
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FACTORS AND PRIMES 

* i. Ori, youi^aper write the letter for each part of this • 

exercise/ Then beside it complete each statement^ Complete 
' the statement so thaJL each number is" a product ©f '5 
factors. Part a) is don© for you. 

* a) 24 = 2 X 3 X 4 • : 

; ,-b) 18 = (2 ^ 3 ^3}, ■ • - 

d) ^ 12 = i *3) 

e) * ■8,=- 



Zi> For' each set of 5 numbers write on your, pa^eryfce \/r 
smallest nxunber which has each '^^^t^L 5 niOJnJjerB as 'a 
factor. Letter each part as lettered here. 

a) 2, 5, .7 C?^) d) it, "6, 8 T^^J ^ 

/ b) . 2, 5, 4 e) 2, 4, 8^ f^'J* 

. c) 5, 7, 1 f) 5, 6, 9\0'0 

It • ; A 



5. Some bf the following numbers are prime ni^bers. Write 
the prime numbers on your paper. 




e) 510 

f) , 145 

,g) 57 (^^*<^ ) 

h) 101 f^eu^?) 



913 



4. Find two diffe^^ent prime factors of each of these numbers. 
Write the prime factors gn your paper. Letter the parts 
as they aro-^^-ertrEered ^here . ^ • ^.-^ 

a) ' '785 ^ d) 6,060 (^2.5,^5 

b) 5,0^2 fa. 5) . . e) ^,l>n' 

c/i \5,0§5 ^-^^ ^) ^ • 




ypur paper write the /et of all factors of each nu%er. 



Letter the parts as they are lettered here. 

' '/ . 



a-)- 
b) 
c) 
d) 



225 



3 9, is-^ zs, •fs-, -JS-j ^ 3^ ), 



6. Find the greatest common factor oY the following- pairs ybf 
nxunbers. Use ,6aine letters for your answers that are ^ 
used,' here. * , 



a) 
b) 

d) 



90, 84 ^"43 

.■90, sAo- {toy. 

* i 

72,. 60 0^) 



48/ 50, (0 
e> 12, ' 9 7^3 



91^ 
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7* Find the lowest corwno/i multiple of the 'numbers in each 
set. Write the lowest common multiple 6n your paper, • 
Letter the parts as ■ l.iettered h,ere. - ^ 



a) 
b> 
c) 
d) 
e) 
f) 



6, 8, 
6, '^5 



12 



5, 5, 9, 15 
K 8, 12" P^J 



9' r^'^jj ' ^ 



5, 6, ,5, 

5,' *5, 10, 12 Uc) 



We say tpat a n^ber is "factored completely" if ^it is 
the product of numbers which are all prime numbers. % 
FactoP completely each of the following numbers and 
write them on your paper afe in , a) which is' done for'^ 



you. 



a) • 65 = 5 X. 7 

b) 126= (3 » 3 0:^7) 

c) ' ii9^= (7x7) -■ 

,e) 55 =■ f^* 7) 

f ) . -105r- (sj-s-r.-?}. • , 

g) 1*5 = (j*3>'^) •■ 

h) ' 155 = fj'-3»3^5-3 / 

i) 1001 = // X 



FRir 



^15 
468" 
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EXTENDING MULTIPLICATION AND DIVISION 

1. ' ^nd the product for each product expression. 



a) 


5 


X 


'h6 = n 


[13?)' 


V • 


• 12 X 34 


= n 


f If ^ 


b) 


7 


X 


85 = n 




s)". 


25 X 67 


= n 




, 0)'- 


5 


X 


125 = n 






'~52 '^8 


"= n 






6 


X 


521 = n 




•i) 


> 76 ^ 9^ 


= n 








X 


1269 = 




■ Jk 


'58 X 83 


= n 





. 2» , rind t"Ae rtumber represented by .n ' to jaaka. each sentence true 
a)v^, 7 X n = 5'^02 * f ) • 58 x 15! - il^^i) 

. -b)" \ X 21'" = -*966 ^.^^^ §)'■' n. X 81 = 8667 f/'^^) 

c) n x^l8 = J^o6 (^''Z h) • lii x"i;65 = n (4^^^> 

. r; "d) 2>'- X n>l= 155$*.'^^^'^ .ij' •57 x 12^9 =-.n Cy^^^/sJ 

e) ' x*267 = n ' t.) n'>^ 125. = '9250 - (7#J 




i 



Find the numbers represented ..by ;EL and r_ f^r, each^- 
follovdng so that they are true mathematical sentences. ■ 

UQY = (n .X •i;5 ) + r . '*^>^ 'H] ' - ' 
596 = (n X 61) -r r -^^^J ;■ 

1292 =. (5'f X n). + r [ C 3> ".^yj -f-^} ^. 
5^15 = (55 X n) +^r'[C5-3.='^.^j^3 3j ^ ' 
86^15 = (n X 65) + r lU33^i^) 4' a] 
9772'.= (n X 75) + r [(733 )''73)-f^3j 
12,445 = (n x'l20) + r [f/dJ » ''^s ) V*^]. 
g4,8ll = (151 x-n;)"+r [C/^/v/lv3^.'^7j 

» * ' * ? ' 

In which oi^ these does n .represent" a factor of -the 
number given? C'^ r'*^ ^ ^ ^ * ' ' ' * 





a) 




b) 












e) 


4 ' 




fV 




s) 


/ 





916 

4-69 



1 



ERJC 
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!i. . For each sentence, find tt^e number that n must represent ' 
} to make the si^^fitence truje. *, > y , ' ' ' 

, ' ' a) 15'^.= (n X 57) + 24 ■ (a? -^/j, 

• ' ' • b)^ 3255 = (n X 24) + Cio±jss-) 

c) 6189 = (75 X n) + 57 (k) = g,'0 ^ 
, d) 9888 = -'(^ X 44 )■ + 52 lh = xx4)> 

5, . Find n In each of these. 

}^ ■ .' (5 x.7)% (6 x^7) = n' ('^7=77). ^ ' 

- . ' b.) (10 X 15) + (10>.x 2) = n 

^ ^ c ) ( 1^4 X 6 ) 4- (5 X 6)' = n (>? = /^) ;i} 

' * ' ^ ' d) (8 .-r 2) X 5 = n (ti^s-o) 

/ . e) 7- X (100 + 6) = n 

« f) (2 -r 4- 3) X 5 = n {h^^s-J 

Express 207 *as the product of two factors, ope of which 



■7. ' V/hat is -the product of 21 and the> next, odd number? 
' A 8, v/hat is the product of .21 .and the i^bct even n\iJnber? * 
9* is 360* a mul'tiple df A5? ^Mf^ 3 io^ ^^^9^ 



10* IS 15 a factor of 101 
t 



I— U I f f 



. / * - ^ ' 917- 

/■ • . '470'- 
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Using Multiplication and Division . 

11 . The width of a playground. Is 55 yards . Its length Is * 

\ 120 yarks. ^Find the area of the playground.(^2r^ - ; 

12. Tim sold ^5 papers each- day. .hpw many t^apers Qid he y 
' sell in the month of May? i^'S^ I = ^lJ/. ^ s 9~s- 

13. ► Three girls divided ^7 picture^ equaElly among them/ 'How 

many pictures did each girl get? C^^A^ c^t^^^^^^M U<..>'<JmJ 

How many more pictures do they need so ea^h girl will • 
* have 25 pictures? f^7-^>o= 7^ 



14. 'There were^ 79 o cookies on' a tray. How ^niany -dpzen 

• cookies' were there on the tray? f 75;.-^ ^.-^^"-"^ X. .4 '^^^ 

15 ' On another tray there were 5 tlme^ as many cookies'^as on ^ 
. .,-<'^ ' V. . . ^ . . . ^ : , ^, : ■ ^ f 

tiie tray in Problem li>. How many cookies, are ort that-^tray?/ 

How ^m4ny dozen cookies 'are on that tray? « 

'\6. How many dozen cookie^.are gn* both trays? ■ . ^ . 

, ^ ' • 918' * • . . . . 




♦ CONGRUENCE OF' COr^MON GEOI^ETRIC FIGURES ^ 

^ 1. Find^ the congruent segments in each figure. Tr^ce the 




2. use your compass and straightedge to copy each of the 
J' triangles whose interior is shaded. j>. 



P580 • 



3. Use your compass and straighteQg^ to draw a triangle 
using the gLven segments. 





,Can you' construct a. triangle, using these three line 



J 



5.' - V/hat would be true abqu*' the triangles constructed from , 
these three* line segm^ts? j^.J^^--'*-^ i^^ ^ •^ju.JLt^ 



ERLC 



What do^s this' statement mean? ' "Three , sides determine 



,a triaft^le." • 



920 




Use your compass and straightedge to copy the check mark 
made by Bill's- teacher . , ' ' ^ 

Bill's 85 
Problem - x 3S' 




s. 



775 
255 

.2525 . ^ ■ . * 

Does the check mark mean that ^^B^lJ^'s pr^iem has the right 
answer or t>he wrong ariswe^r? c^LtA ,*.vv-4 z*-^****^ /iM,' f-ro^-L^ 





Write, it words^ thgse matltgrnaticaJL sentences/ 



a) X /H aBQ'"^^ a DEF ^>uan'a ' AB > BC. ^-Z^<-^ j^SClui 

b) - ABc' ^ . A DEF • Vnd^ E^'T^* " ■ * 



J 



ADDirrOw' A«D'5U:BTRACTI0N'dP RATIONAL NUMBERS 



1^.- On your pat>er Vrite the letter'f or;.each part of this e:x^evcl&di '. 



"•'*Tl\^i>' beside It .write 'the one of ♦ >, 



< th^ t * you; 'would ^. . • j;- 



use to -f tli the blank sa^ach oSr the f olloi^^ng -wouj^. be a,. /T-. 



tru^ nia.thepia-tlcial sentence < 



. 1' 



> 



1 / 1.-'* 



r y s 



e,.) 




2. 'On your pap,er write.' the' i'etter for.^^'^h-'par.t 
* ~ Thejn besid^ if »Vi tee the lowest. comt^ixLjiepi<^i^ the ' 

rational' numbers' in the set". ... -.-■y, .. .. 



a). 



3. ■ 



1 



largest; Write i-t^'b^i 'youj^rpaf^ 




4 



On youu paper write the letter -foi* each part of this exercise 

Then beside^it write the number you v^0uldE use for \n to 

make the mathemafilcal ^enfence .true." - .. 

^> ^'^^t) • ") 1 + 5-." ■' ■ 



5. * On your paper "wri^^ the letter for each part of thi^ 

exercise. Then beside It.wt'ite the member you* would use 
fdr X to make the mathematical, s.entence tv)^, • 



6. ?'Qn your pap^ write the l^ter fbr each* part of this , 
exercise. > Then beside it wri^Q the number yoii would use 
for p." > : ' . ^ ^ ... 



ERIC 
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\ 



\ . 



«. 8. 



t;bpy each part of this exercise on yqnr paper. . Then fill 
each blank vfith + or , - so that ^'a), b), 'c)^ and 
d) ^ill be true mathematical sentences'. 



■a) }ij±jl±ll'-'y , 
b)-' f (+) i W f ■ f 



c 



^ 9 (,\. 7 12 _ h 

) S H -LX "8" - H 



On yoUr paper write the letter ft)r each part of this 
exercise. Then/beside , write the number for n so that 



the sentence wi;Ll be'tx^e. 



a) 

c) 
d) 



(6| + J) + n.= 10^, 



9, . .On your paper write the letter fot each part of this ^ercise. 
Then beside ±i write'^ the number for n so that the' sentence 
will be true.*- 



a 



(8.97 - ■^♦5lO't||",:=';4.^'V--(^ ^•^^••^ 

c) 7.88 + 5. 51-+ 6.5^ '^'^I^kx 

d) -6 + (i? + ii i;6:,5^.. \(f^^ip.{^) -'.y' ; ■ 

e) 8.54--4.83 = n (ip^n)",'- ' 

f) n = 9.5,4 - 5.89 
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MEASUREMENT OF AN6LES 



' I . 



1 . ' -On 



your paper wri teethe .Y^fc^ * V ♦// 

exercise. Beside the lietfcer, 5^:?itPe "mrd-- ..true jthe ^ -^^^ 
^statement\is true. If rb^>ta^ni§n^ is Jal3^e, :^ri.t^ . 



word false. 



^ a)* V measure of an;aA^le is/6 Tiiimber'. , ' / ^' _ . 

1 -b) 'The uni-t used foi? 'meapurin^ angles is:.ar^^^^^^i^ 

c) .A measure is not '^^^nuikber . l^^JLjti^>^C\. \ ^^V', . 

d) The measure '^s accurate, but is bnly approxiicra^ly. ■ ^ 

^ measu^Tis a pl^O^^^^r. 



e) The instrument ts^ea|*or angl^ 



f) ^'he sicj^ 



m « ; 



igle,are /ays. {! 



g) The common endpQint of jt/e t^o rays\ f 6rri4ng\ah' ki^gle 
i£^ the vei^tex. v x^^*-^ ^ / ^ . , ' ,^ : 

A) The measure of the angi;e depehdV^HPO^^ 

' of 'the, rays, {p^) \ \'* ' ' > / ,V " 




i) Every angle has one "ray dra^^n^or^^^ 
J) 



) The standard uhityof^rrgle ip^^§UPe^1^^Si^<e'^^^ 

k> The measure in degrees of each angle of 'eq\iil,a.fcdrti/ ^: 
'triangle is 6o. 

1) Angl^s fiiay be of ^ the sam'e measure but be*^ different *^ 
in positions. 
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- " -^Ek*-'* * In each figui?e below the measure in oieErees of certain 

v\ .^PpX^sy-'^^^b^hown. On' your paper w'r^e the 'l^'tter that 
j / i?^'^'^''^^^^- ^^.^-^^ whose measure in <^greef Is -not shovjn. ^ 

r'^-'^ ^ .^^^ letter wi;ite the measure of the angle in" 



' « . « 




a " 



■•■'■5-:.:-.-'" • -in/ABC ='62 





e) 



f) 



m^POQ = 9 



1 
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1.. ^ ' Oti ypyr pap^r writ^the letter for each part- of 'this 
' ' ^$cfernn.3e. Then beside it write the* word, or> words-, •tliat 
^;»^'';A^"-^ou wotild use to fill liffie blanks* • " ^ 



A 6^^^^..^^/ > '^..co^jy' } Is used as a un$.t for measurin3 
plane regions . ^ 

^b) ^ ^^imple closed curve se'par^tes j,a^ plane into 

! * ^ ' V ' ' 

^ » sets of poln-t3. >V - 

t ^^^"^ "^^^ union o^ a simple^closed cijrve and its interior, " 

I is^^^lled a ^^^^"-^^^ . ^ . 

d) To m^asyre^^rea of a re-gion we need a unit o? C^*^^^t>*>^} 

J * ' One standard unit' of area is a square region with 



1-inch isBides; this unit is callLed the 



f ) An area of 1 square yard is 'the same as an*^rea of . 

^^^^'-^y^J square feet. * J . 

g] L '^uare^ yards = square" fept. , . 

..h) ^2 • square f eetL- . square iiiches . » * - , 

i') 7 vsquprse feet and 2B square inches i/p^^X . * 
sqviare inches. ."^^ . . * ^ 

j) 20C^ square inches ^ . { U sjquare yard/s and. 
square .Inche? . • ' [ . ■ » 
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SI^^The polygops shovm belov; are. either rectangles or triangles.'" 

' ' ' >^ ' ' ' 

The numbers are the measures.. Find the measure in square 

, units/of .the ^area of each rectangular and triangular region 

* and write* it on your paper beside the name of the* rectangle \ 

or triangle, ' . • , . • . * 



a) 




A 

« 

P 









y -.12 






9 \ 




3 



c) 





A^ea^ of A ABD = (jo^^ ) 
y Area of ACBD = (s-^^^^*^ ) 
Area c of AaCD^^ = (^fj^^ )' 




\ Area of A ABD^== (/^f^^j^^*:^ 
• Area or A^CD = il^o^.^^) 
• Area oX ABCD ^ Lzio^.^^) 
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The txretfiminary edition of this volume yas prepared at a writing session 
held at Stanford University during the summer of 19^0, based in "part, on sm, 
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